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The divergences at all levels for the statistical entropy of a plane symmetry black hole arising from the massless

Dirac field are considered using the brick-wall model. It is shown that if we ignore the usual contribution from the

vacuum surrounding the system, then the statistical entropy consists of two parts: one is the linearly divergent term

which has the geometric character, the other consists of two logarithmically divergent terms which are not proportional

to the surface area of the horizon. The entropy of the Dirac field on extremal plane symmetry spacetime background

has higher divergence than usual.
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1. Introduction

Employing the brick-wall model,[!! many re-
searchers have studied the divergence structure of the
statistical entropy of spin fields in various black hole
backgrounds and pointed out that there exist logarith-
mically divergent terms that depends on the spin of
the field considered and not only the degeneracy.2—?!
Therefore, the whole expression of the entropy of a
spin field does not take the form of the scalar field. In
this paper we try to calculate the statistical entropy
of a plane symmetry black hole arising from the Dirac
field using the brick-wall model. We begin in Sec-
tion 2 by considering the Dirac field in this black hole
background. In Section 3 we drive a basic formula via
brick-wall method for the entropy. In Section 4 we
calculate the black hole entropy. Conclusion is drawn

in Section 5.

2.Dirac field equation

The metric outside the plane symmetry black hole

can be written as:[6]

ds? = Bdt? — B 'dr? — C(da? + dy?), (1)
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where 1/2 < N < 2, and
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C =(ar)V. (2)

In curved spacetime, the massless Dirac spinor

field equations read(”]

(D+e—=p)Fi+ (8 +7—a)F, =0,

(A+p—7)F+ (0 +p—T1)F =0,

(D+e" —p")Ga+ (6 + 7" —a")Gy =0,

(A+p" =G+ @+ —7)G2 =0, (3)
where & = (Fy,Fy,G1,G5)T is the four-component
spinor, D, A,§,0 are ordinary differential functors,

and a, 3,7, - are Newman—Penrose spin coefficients,

which are defined by[s]

D =1"9,, A=n"0,, 6§ =m"'o,,

_ 3% _ — v _ o= v
k=1l,,mtl’, m™=—-n,,m"N", p=I1,,m'm",

— —~ U v — v

A= —ngmtm’, o=l,m*m", p=—ng,m"m",

_ (7% _ — v
T=lmtn’, v=—n,,mn",

i npy _ oz
€= 2(lml,n IV —my,m*1"),

_ 1 I W=V = o=V
o= i(u;vn m” — my,,mtm"),



No.3 Divergence structure of the statistical entropy ... 469
B = l(lenumv — mymPmY), In order to reduce the Dirac field equations (3), we
% introduce the following transformations on the Dirac

v = E(lw,n“n” — my,minY), (4)  field functions:

where (I#,n*, m#, m*) is the null tetrad vector which

satisfies

", =ntn, =mtm, =m"m, =0,
"m, =lMm, = n*m, = n*m, =0,

Mn, = —m"m, = 1. (5)
According to the conditions (5) and the metric

(1), we can take the null tetrad vector as

v = (5 VB0
"= Hff“)

b — L(O 0.—_L _1L>
ﬁ ) ) ﬁ’ ﬁ )
1 1 1
nt=—10,0,——,i— |. 6
5(00-Fi) ©
From the metric (1) and the null tetrad vector (6),
we obtain the spin coefficients and ordinary differen-

tial functors using the Newman and Penrose formula

(4):
K/:WZEZ)\:U:U:TZQZ/BZO,
VBC' B
p=p=- v = ;
2v/2C 4v/2B
p__L 9 VBd
V2Bt 2 or’
A:LQ_I_QE’
2B Ot 2 Or
s__ Lo 10
- V2C 9z 20 0y’
= 1 0 i 0
§=——— 24 2 7
20 0z /2C Oy ™)

5B'C' +2CB" + 4BC"

1
F1 = —R_l/g("‘)ei EtS—l/Q(may)v

VG
Fy =R q/5(r)e” Et5+1/2(93, Y),
G1 _R+1/2( r)e NSy a(z, ),
Gy = ——R_ iBtg , 8
2= \/5 1/2( T)e” +1/2(90 Y)- (8)

Substituting Egs.(7) and (8) into the Dirac field equa-

tions (3), we obtain the following equations:

d2R,1/2 (CB2)I dR,1/2
32

= dr2 + 2 dr
iE

%(C’B — CB') 4+ CE?

BB'C' +2BCB"
+ 3 ~ BN |R_1p=0, (9
d®Ry1/2  (CB?) dRyq)»
CBZ + / + /
dr2 2 dr

B
+ [IQ(C’B — CB') + CE>

N 5BB'C' +2BCB" + 4B2C'
8

— B)\?

Ri1/2=0,
(10)
02 0?
<8x2 + 9y ) Sii/2 + A° St1/2=0. (11)
The solution of Eqgs.(11) is a plane wave,°! so the
separation constant can be written as A2 = m? 4 n?2.

3. Basic formula

Using the WKB approximation with R4 /5(r) =
¢%%(") | we find that Egs.(9) and (10) yield the radial

wave number k(r,m,n, E) = 0,.S:

k_1/2 =(CB?) /2 [CE2 +

ky1j2 =(CB*)7? {CEQ +

B'C'"+2CB"
8

1/2
S B — (m? + n2)B} ,

1/2
B — (m? + n2)B] , (12)

with the brick-wall boundary conditions: R_j,5 = Ry =0 at 7 = r, + € and r = r, + L, where 0 < & <y,

L > ry,. Then the number of modes with energy smaller than F is

rn+L
// dmdn— / [Zk_,_l/g(r,m,n,E) + 2k_1/2(r,m,n,E)] dr

hte

E2
* 8C

/’“h+L Cdr
3 e B2

8C

B'C' +20B"\B]*? 5B'C' +2CB" + 4BC")B1%/?
( + ) } +[E2+( * + ) } . (13)
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The free energy at inverse temperature ( is given

by
Zln(l + e_ﬁE).
E

Using Eq.(13) to determine the density of states, we

—BF = (14)

obtain the free energy

1 dg(E)
r—_L "4
dE

[
0

1+ o—pEY

4 rhn+L C o
e
3 Th+e€ B 0

y { {Ez L (B'C'+20B")B

In(1+ e_'BE)

(E)dE

e PEQE
1+e PE

r/z

4. Statistical entropy

6) to
study the statistical entropy of the Dirac field for

In the following we will use the formula (1

nonextremal and extremal plane symmetry spacetime

background.
4.1. Nonextremal spacetime background
In this case, B can be factorized into

6a

B(r) = W(T (17)

- Th)n(T)v

where 7, is the event horizon. The surface gravity of

the horizon is

8C . B'(ry) _ 3a? 7(rn) (18)
. [E2 L (BB'C"+2CB" + 4BC")B] 3/2} 2 NeN-1) )
8C
L Substituting Eq.(17) into Eq.(16) and ignoring the
= Tr(4 )f( ) / BCQd usual contribution from the vacuum surrounding the
3 B L Tnte system as 't Hooft did, we can obtain the divergence
T Fall
_ ¢(2) / " ﬁ (BC)" _ B'C ] (15) of the entropy of the spin field with 8 = By = 27 /k,
3 | ... Bl 2 4
TP A 1
The entropy corresponding to Eq.(15) is 177 12123
LOF 7TI(4)¢(4)N2(2N — 1)?
S =35 2733a4—N “
” L
_28T(4)C(4) )/h*L cd x In _+@b11 = (19)
5 @ )., B B
2) [mtEd B'C here A, = C(ry) is th f the hori -
N ¢( )/ r [(BC’) ] . (19) w ere. h .(rh) is the area of the horizon corre
B Jryte B sponding to unit zoy-plane, and
!
a = | ——=
) |,
1 [3(7N - 4 N+2,.2N-2 2 M
- ( )a r n CJ)V - m , (N 7& 1)
, K 2(2N -1) 2a8r (N =1)ry
T 1 [3(7N — a)aN RN 2 (N =1) (20)
K 2(2N — 1) 2aNr? B
Eq.(19) shows that the entropy of the spin field =~ Where
has both linearly and logarithmically divergent terms.
In particular, when N=1, so long as m2M? > ry = (TM + /72 M2 —3a2Q2)/3a2,
302Q?, B can be written as
r_ = (TM — \/72M? — 3a2Q?)/3a?, (23)
6
B(ry=—(r —my)(r—r_) (21)
r_ being the smaller positive root corresponding to
B'(ry)  3a2(ry —7_) the inner black hole horizon and r}, the larger positive
K = (22)

root corresponding to the outer black hole horizon.
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From Eq.(19), we can obtain the entropy

o _TPAC®ALT | TEA()
a 12723 e | 2733a®
L <2 L
In—+>2-%b;In— 24
x In E + 5 11n o (24)
where
< r? )I 4.2 6 .3
ag=|—- =27a"k® — 54a°K”,
(r—1_)?
T="h
1 [9a3 Q?
by =— | — . 25
! n{ 2 +2arﬁ] ( )

The leading term of the Eq.(24) is in agreement with
the result of Ref.[10].

4.2. Extremal spacetime background

In this case, when N=1, and 7m2M? = 3a2Q?, B

can be written as

6 2
B(r) =" (r =), (26)
r

where r, = mM/3a?. This shows that the inner and
outer horizons coincide, the black hole becomes ex-
tremal. Similar to the previous section, we can derive
the entropy of the Dirac field on the extremal plane

symmetry spacetime background

_w |:i ﬁ+3ﬂ+ln£]
g

In comparison with Eq.(24) we observe the addi-

tional cubic, quadratic divergences in Eq.(27).
5. Conclusion

We have investigated the entropy of the Dirac
field on the nonextremal plane symmetry space-
time background using WKB approximation and then
The result (19)
shows the entropy of the spin field has both linearly

make use of the brick-wall model.

and logarithmically divergent terms, where the linear
divergence can be reduced to the form proportional
to the horizon area, but the logarithmical divergences
depend on the black hole characteristics and there-
fore can not be regarded as a nonessential additive
constant and neglected, so the whole entropy is not
proportional to the scalar one.

We have also considered the Dirac field on the
extremal plane symmetry spacetime background for
N =1. The entropy is given by Eq.(27), which shows
that the entropy of extremal black hole has higher di-
vergence than usual. From Eq.(22) the Hawking tem-
perature of the coinciding horizons vanishes. If this
temperature is accepted, Eq.(27) for the entropy also

vanishes, which satisfies Nernst’s theorem.

77 2733a3 | 3e3  2e2 €
¢(2) [2ar,  3a®?—-1_ L
In=|. 27
* 16 € * 2a " € (27)
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