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In this paper, the three-dimensional radial position-dependent mass Schrodinger equation is exactly solved through

mapping this wave equation into the constant mass Schrodinger equation with Coulomb potential by means of point

canonical transformation. The wavefunctions here can be given in terms of confluent hypergeometric functions.
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1. Introduction

In recent years, there has been growing inter-
est in the investigations of the position-dependent
mass Schrodinger equation,! =17 because solutions to
this equation are comprehensive applications in dif-
ferent fields of material science and condensed matter
physics such as semiconductors,'8 quantum well and

(191 3He clusters,2?) quantum liquids, 2!

quantum dots,
graded alloys and semiconductor heterostructures,??!

etc.

The point canonical transformation (PCT) ap-
proach is one of the most important methods for solv-
ing the Schrodinger equation with constant mass in
non-relativistic quantum mechanics.?3] Recently, this
method was extended to solve the position-dependent
mass Schrodinger equation and the exact solutions
of the well-known solvable one-dimensional equa-
tions were successfully obtained*8! and the three-

dimensional harmonic oscillator was also discussed.4!

In this paper, we will employ the PCT approach
to solve the three-dimensional position-dependent
mass Schrodinger equation with Coulomb potential.
By mapping this equation into the constant mass
Schrodinger equation, its exact bound state solutions

are obtained.
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2.Action of the PCT map on the
three-dimensional Schrodinger
equation

The three-dimensional position-dependent effec-

tive mass Schrodinger equation with physical poten-

tials is given by[*17]

@ w1 Ay ey
dr2  m\r dr r2

+2m[E — V(r)]}R(r) =0, (1)

where E is the energy, [ is the angular momen-
tum, V(r) is the real potential function and m’' =
dm(r)/dr. On the other hand, the three-dimensional
radial Schrodinger equation with constant mass, po-
tential function U(p), angular momentum A and en-
ergy ¢ is given by

2 A(A4+1) _
{d_p2 —— 2[e — U(p)]}w(p) =0. (2

Performing the following transformations on Eq.(2)
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we obtain

&g N (4
dr2 g q)dr g dg

Comparing Eq.(4) with Eq.(1) we obtain the following

conditions:
g(r) = Va'/m, (5)
(CRERE ==
=~ (gr)) o] + 5
+%ﬂm+U@)+E%HW—F@m®
where

It will be shown in next section that for a given mass
m(r) we choose a transformation function ¢(r) to de-
termine g(r) in terms of Eq.(5) and then deduce the

energy spectrum E and function V(r) by means of

Eq.(6).

3. Application to the Coulomb

potential
The Coulomb potential is given by!24
Z
U(p)=——. 8
(p) p (8)

By substituting Eq.(8) into Eq.(2), the bound state

energy spectrum and wavefunction are respectively

given by[24
Z2
En:iZ(A—}—TL—}—].)Z, (9)
Un(p) = Bn(Bp)"* exp[—Bp]F(—n,24 + 1,26p),

(10)
where F( ) denotes hypergeometric functions, B, is

the normalized constant and

z

p= A+n+1"

(11)

In this paper, we consider the position-dependent
mass m(r) = ar* and use the PCT function ¢(r) = r?,
where a, A and v are nonzero real parameters. For
simplicity, only the case v = 1+ A/2 with X # 2, i.e.

(q¢')?/m =constant, is considered. Substituting them
into Egs.(5) and (6), we obtain

P
IESESYCY

20 P? 1
En = TRFANZ(AD) +n+ 1) (13)

V(r)= (12)

Ry (1) =byr D02 2 expl 1372
x F(=n,24(1) + 1,2y T2 (14)
where P is a real potential parameter,

4aP 1
2420240 +n+1’

and A(l) can be calculated from the following equa-

V= (15)
(
tion,
161(1+1) = 4(2+ X)2A(A+1) = 3A2 + 12X, (16)
In order to check the results given by Egs.(12)—(16),
we discuss some cases of real parameter A:

Case 1 For A = 0, ie.

position, the potential function, energy spectrum and

m is independent of

wavefunction can be expressed as

P
Vir)=—-—
() =-",
B o
2(1+n +1)2

R, (r) :bnr”lexp[f’ylr]F(fn, 20+ 1,2v7), (17)

where v, = aP/(l+n+1).
Case 2 For A = 1, the potential function, energy

spectrum and wavefunction can be expressed as

P

r3/2’

Vi(r)=
_ 2aP?
9(Ax(l) + n+1)%’
R, (r) anr%(/lz (l)""l)"r%exp[_ryyﬁ/z]
x F(—n,245(0) +1,2y9r%/2),  (18)
4aP

9(Ax(l) +n+1)
lated from following equation,

E, =

where v = and A3(!) can be calcu-

161(1 + 1) = 36A5(Ay + 1) 4 9.

Case 3 For A = 2, the potential function, energy

spectrum and wavefunction can be expressed as

Vi) =1,
aP?

8(A3(l) + n+1)%’

R, (r) :bnr2(A3(l)+1)+%eXP[*'YS7‘2]

x F(—n,243(1) +1,2ysr%),  (19)

E,=—
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where v3 =

aP

= and 4;3(l) can be calcu-
4(A3(l)+n_|_1) an 3()Caﬂ e calcu

lated from following equation,

4a(l+1) =1643(A3+ 1) + 3.

4. Conclusions

dimensional position-dependent mass

equation.

In this paper, we have investigated the three-

Schrodinger

It has been shown that by means of a

proper transformation, we can map this wave equa-

tion into the constant mass Schrodinger equation with

the Coulomb potential, and then, the energy spectrum

and wavefunctions can be obtained exactly.
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