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Exact travelling wave solutions to some nonlinear equations of fifth order derivatives are derived by using some

accurate ansatz methods.
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1. Introduction

The dynamical behaviour of a complicated sys-
tem has been considered as one of the frontier sub-
jects in the study of nonlinear dynamics. It is con-
cerned with not only the behaviour of time evolution,
but also the structure of space. Thus, the research is
difficult. Cross and Hohenberg!!! presented a good re-
view of the research on this problem and pointed out
that there are four ways to study it, i.e. 1) numeri-
cal simulation, 2) qualitative analysis, 3) perturbation
method and 4) finding exact solutions. During the last
several decades, great progress has been made in the
construction of exact solutions of integrable and non-

integrable nonlinear systems.

At present, there are several methods to find
exact or approximate solutions, such as 1) the in-
verse scattering method, 23] 2) the Backliind trans-
formations,[*5] 3) the Painlevé analysis,/® 4) the Lie
group method,[”! 5) the direct algebraic method and
rank analysis method.[8=14 Tt is worth mentioning
that the so-called rank analysis method is a power-
ful tool to construct exact solutions to nonintegrable
dynamical systems. Meanwhile, it is simple to realize

and practical as well.

In this paper, by proposing some new ansatz, we
find exact solutions to some fifth order dispersive non-

linear wave equations:

(A) the second modified

equation in the
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Korteweg—de Vries (KdV) hierarchy (SEMKdV)[?!
Up + Op (Uge + IOU(UI)2 + 10u2uy, + 6u5) =0, (A)
(B) water wave equation (WWE)['6]
U + Uy + C1UU, + C2U3, + C3UL ULy
+ cqutizy + csus, + couug = 0, (B)

where c; are real constants.

Here the travelling wave solutions to the above
listed equations are considered to be in the form
u(z,t) = u(§) with £ = @ — At, where A stands for
the wave speed, and they will be detailed in the next

section.

2.Approach and exact solutions

2.1. Exact solutions to SEMKdV

Inserting u(§) with £ =  — At into Eq.(A) yields

the following reduced ordinary differential equation
“u+ u® +10uu? + 10u?u” 4+ 6u® =0 . (1)
Assume that
u” = au® + bu® + cu, (2)

where a,b and c are real constants to be determined.
Then,
b2
u® =6a%u® + 10abu’ + 10 <§ + ac) u?
+ 5beu? + Pu,
w2 _a a4

2b
5 U + gu?’ + cu?. (3)
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Inserting Egs.(2) and (3) into Eq.(1), we have h=_ 2 3
20p6 (2p3 +3ps + @),
5 2 2
2a* +5a +2 =0, b<a+ —> =0, A\—c*>=0, c:l<_& + BsPa 31’31;47’5 + Dabs
3 5\ pe pB 2036 2036
which yield two sets of solutions: ~ 9p2p3 5pa2ps (p3pa +P4p; + 5192]06)04)’
B 2pef 2pg8
a=-2, b=0, \=c?% A =1+ psc+ pec?,ps # 0,
a:_l, b=0, \=c2 — paps — pi + 15pepr # 0. (8)
1
Thus, the expected solutions are b :W(—ng —3ps + @),
'Pé
2 2
u = /e sech[Ve(€ = &) ¢ :% ( _ P P?);;x N 31;31;455 N 5452
+ 2,/c sech[/c(€ — &)] (4) oo P el
 5paps  5paps  (P3pa + paps — 5P2P6)a>
2 )
with ¢ being an arbitrary positive constant and A = 2. pef 2ps /3 2p5
A =1+ psc+ psc?,
2.2. Exact solutions to WWE
DPse #07
Substituting u(z,t) = u(§) with £ = z — A\t into — (psps) — p? + 15pepr # 0. (9)
Eq.(B) and integrating the resultant we obtain
3p7
— = T 5 a9
(1—Nu+ C—IUZ + eu” + €3 — ¢4 u'? 2p3 + 3ps
2 . 2 1 n 3papr
c= — —
e+ eu® + = =0, (5) pstps\ 27 2ps+3ps )
A=1 +p4cvp6 = 07
with the integration constant neglected. Consider the
e ¢ ps + s # 0,2p + 3ps # 0. (10)
following two cases.
Case 1 ¢5 # 0 in Eq.(5). In this case, we can __ 3pr
assume u to be in the following form 2ps + 3ps’
__ 3papr
' = bu? + cu, (6) b2 2p3 + 3ps’
A=1+ pac,
which is a candi(%ate for the. travelling Wéve solution Ps = — p3,pe = 0, p3 £ 0. (11)
to Eq.(5). Inserting Eq.(6) into Eq.(5) gives the fol-
lowing algebraic equations: __ D5 ,
10p6
2 _
PLtpac+poc” =0, ¢ =— | — 50p3p§ + 2p3p + 2pspips
57Ps
+ psc + pab + psc + 5pgbe = 0
Parbse T pab i ps be ’ + papey + 10p2P4P5P6> ,pe # 0,
10 b? b 2b =0
p7+§P6 + ps +§p3* ) :p5(p3+p5)’
h Cg 15p6
ZV o p;/_ 30 Po /‘ 65’(11’5 T ’:‘ P 102’ Ps - A =1+ pac + psc?,2ps + ps # 0,
c3 —c4)/2, p2 = c1/2 and p; = 1 — A. Solving the
— — +5 0. 12
above algebraic equations we have the following sets PsPa = PaPs + 5p2ps # (12)
of solutions __ b5
10p6 ’
_ b3 + D5 . P4
5p6 ’ - 5p6 )
_ pa(ps + ps) pa(ps + ps)
p2 _577 p2 :77
D6 9pe
r _p5(ps +p5) A =1+ psc + pec?,
15pe ’
_ ps(p3 +ps)
X =1+ pae + poc?,ps £ 0. (7) P e e tps 2 0pe 20 (13)
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Here where ps = ¢5, ps = €4, pa = c2, p3 = (c3 — €1)/2,
p2 = ¢1/2 and py = 1 — A. Solving the algebraic
— 2 _
=V/(2ps + 3p52) 120psp7, equations (16) we arrive at the following four sets of
B=— Psbs _ Ps + 15p7, solutions:
Pe Ps
d ].Obp(;
an ag=——,
) ) 2p2 +3ps
2p3pa 3pspaps  Pap as =0,
v = 10pyps + 5paps — —— — - ==, 2
D6 Pe Pe _ 10p2ps — 2pspg — 3paps
- )
Then we conclude that Eq.(5) has the following 52p 5P6
solution: P1 == Cps = € Pe; (17)
aq =0 5p5 + 4p3 =0
=3 e[ Yo ai ’ ’
u= 2bsech [ 5 (z — At fo)] - 910p? )
or 3(paps + 13p2ps)
3c NEYZ P4
u= %CSCh {2(53 — At — fg)] 13pg’
2
with ¢ > 0 and the parameters b, c, ¢y, ¢3, c3, ¢4, C5, Cg, pL = 36p; : (18)
A satisfying the relations in Eqs.(7)—(13), respectively. —SG?LPG S — 0
If the parameters in Eqs.(7)—(13) are not particularly Pe =% 2p3b+ Ps =5
specified, it implies that they can be arbitrary. ap = — ;—4,
Case 2 c¢g = 0in Eq.(5). In this case we set o, _Paps b22
2 =
u=ayv + agv?, v =bv?® + cv, (14) p2pz
— T T
where a1, as, b, c are real constants to be determined. bs
Then we have P1 == CP4; (19)
70ps
4 ay = — )
u’ ——a2bv + (—alagb + 4a2c>v 3ps
_ 35(12paps — P4P5)b2
2 5 34,2 2 a2 == 272 ’
+ ( -ajb+4dajazc |v° + ajcv”, p3
3 P2
n _I)_5,

10
:?azbv?’ + (4azc + a1b)v? + ajcv,

70 10
u® = 3 asb?vt + — [13a2bc + ab :|
+ [16ayc? + 5a;bcjv? 4 a;c®v. (15)

Inserting Egs.(14) and (15) into Eq.(13) and compar-
ing the coefficients of v with the same powers we ob-
tain that

aZb[5ps + 4p3] = 0,
a1cpe + aicps + aipr = 0,

70 13
?GQbQPG + [4CL§C + ?allhb} Ps
8
+ <§a1a2b + 4‘1%0)173 +a3p2 =0,
10 9 9
35 13asbc + a1b” | ps + (bajazc + aib)ps

10 2,
+ —azbpy + §a1b + 4ayjazc | p3 + 2ajazps =0,

3
(16axc? + 5a1bc)ps + ateps + (4aze + a1b)py
+ ajcps + aips + azpy = 0, (16)

P1 = —Cps — C2P6:
Pip3 — 13papapsps + 15p3pg = 0. (20)
Returning to the original coefficients ¢;’s, we find

that Eqgs.(17)—(20) generate the following solutions to
WWE:

15ccs o[/
= — 9% cech? | Mg —
u alv s + 2¢4 { 2 (f 50)]
or,
15¢cs 2 [ve
225 sch? | XS (¢ - 21
C3+2C4 |: 2 (f 50) ’ ( )
5 -2 —
with ¢ = 2108 T 20204 T €263 >0, A =14ccy+c2es;
5C4C5
1365¢2 4[Ve
— h A _
vy 169(2c5c4 + 13c1c5) [ 5 (6~ %)
or

1365¢2
169(20204 + 136105)

[

st | Yot -a|, (22)
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36c2
S0 A=1- 2

. Co
with 2coc4+13c1¢5 # 0, ¢ = " 13cs cs 169c¢s

and 2c¢3 + 3c4 = 0;

u =a1v + a2v2

—— | Yoie - )]
Cq
+ 92590}1 {\/_(f 50)}
Cq
or
202 s | (60| + st | - 0)| (29
withcs =0, 2¢3+3c4 =0,¢c = —% >0, = 1—%
and !
u =av + azv” = 3501205 sech” [ﬁ(f - 50)}
2¢c;
35(6 —
_ wsech [f - 50)}
or
35cic5 2[Ve
35(6 —
- Bloaes est) [ Yo(e e, o1

with 2c3 + 3c4 = 0, 4c3c2 —

c:c—1>0and/\:1+002+c Ccs.
264

The exact bell-shaped solitary solution(the first

26¢q cacacs + 15¢2 c5 =0,

part of (24) here) was obtained by using the ansatz
u(€) = My/(1+y)?,y = e in Ref.[17].

2.3. Remarks

It should be pointed out that the algebraic equa-
tions here are solved by using Mathematica. The gen-
eralized fifth order equation (B) can appear when we
consider the higher order approximation in the prob-
lem described by the KdV equation.[*?!

In fact, if the nonlinear term u® in Eq.(A) is taken
to have a polynomial of degree less than 6, then the
same ansatz here applies.

There exist some other nonlinear equations sim-
ilar to the fifth order KdV, and the second order or-
dinary differential equation ansatz can be applied to
them.

3. Other nonlinear equations

3.1. The second equation in the KdV hierarchy
(SEKdV)!!9]

g + g (Uae + 10Uty + 5(uy)? + 10u®) = 0.

Inserting u(§) with & = & — At into the above equa-
tion and integrating the resultant under the boundary

condition u(—o0) = 0 we obtain
—u+ 10u® 4 5(u')? + 10un” +u® = 0.
The same ansatz as that in Eq.(6) will lead to

b2 +4b+3=0, bc+3c=0, A\=c?

which give
b= -3, A=c
Thus
u= g sech? {g(f - fo)}
or

—5 csch’ {%(5 - &»] ,

is the wanted solution to the SEKdV equation, where

c is an arbitrary positive constant and A = ¢2.

3.2. Sawada—Kotera equation (SKE)I']
Uy + 45u2uz + 15U, Uypy + 15UULe, + Use = 0.

Treating it in the same way as the previous, we obtain
its corresponding reduced ordinary differential equa-
tion

—u+ 15u® + 15uu” + u® = 0.

Therefore, by using the same ansatz as that in Eq.(6)
the explicit solution to SKE is

u= Ssech” {%(5 - fo)}
: —Sesch” {%(f - fo)] ,

with ¢ being an arbitrary positive constant and A = ¢2.

3.3. Kunin equation!!?!

Ut + Uy + HU3y + 2quuz + ﬂuu?)z
+ Suyus, + 3rulu, = 0.

The ansatz (6) enables us to obtain its corresponding

solution
3rp— (6 +28)q \/_
RO {2 % ]
. 3ru—(0+2B)q Ve
T o’ | Ye o]
where ¢ = 23— (6 +26)q) >0, A=1+ pec.

(04 5)(6 +26)
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3.4. Benney equation!!?]

Ug + PUz + PU3; + QUse — UUSE — 2UzUz, = 0.

The ansatz (6) enables us to obtain its corresponding

= sea?| V(e o)

solution

or

4 2

o {ﬁ(f - 50)} ,

WithC:*g >0, and A = p+ uc + ac.
e

3.5. Kaup equation!*?!

up + usy + 30uusy + THupUye + 180u?u, = 0,
whose reduced equation corresponds to

45
2+ u + 30un” + 7u'2 +60u® = E,

where F is an integration constant. Obviously, we can

use the following ansatz:
u=A+v, v =b?+cv

to obtain the solution

= A<1 — 3sech? {%(5 - fo)D

A<1 + 3csch? {%(5 - gO)D

with A = ¢® + 30Ac + 18042, c = —3A or ¢ = —24A,
and A <0, E = —-)\A+6043.

4. Conclusion

We have obtained several solutions to the gen-
eralized fifth order nonlinear wave equations. We will
further apply these ansatz methods to other nonlinear
evolution equations of coupled or reaction-diffusion

system in the future study.
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