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In this paper, the Lie-form invariance of the Lagrange system is studied. The definition and the criterion of the
Lie-form invariance of the Lagrange system are given. The Hojman conserved quantity and a new type of conserved
quantity deduced from the Lie-form invariance are obtained. Finally, two examples are presented to illustrate the

application of the results.
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1. Introduction then from Egs.(1) all the generalized accelerations can

) be obtained:
The research on symmetries and conserved quan-

tities of a mechanical system possesses important the- Gs = as(t, 4, 9)- (4)
About the sym-

metry, there are mainly the Noether symmetry,*—3!
[2—10] [11—16]

tical and tical signifi .
oretical and practical sighiticatice Definition The symmetry that is both a Lie

symmetry and a form invariance is called a Lie-form

the Lie symmetry the form invariance,

. invariance.
etc. And about the conserved quantity, there are

. . . ForaL tem, the determini ti
mainly the Noether conserved quantity!'=3! the Hoj- or a Lagrange system, the cetelmining equations

. f the Li t
man conserved quantity,*7!8] a new type of conserved ot bhe Lie symmetry are

quantity'®! and so on. Previous studies on symme- ¥ (@) (B.(L)} =0 5)
tries and conserved quantity are all carried out from a * .
certain kind of symmetry to seek a type of conserved The criterion equations of the form invariance are
quantity. In this paper, the Lie-form invariance is first

defined, from which two kinds of conserved quantities E, {X(l)(L)} -0, (6)
are found.
2.Definition and criterion of the "here
. . . 0 0 . .0
Lie-form invariance XM = Sog; + &g+ (& — dslo) 5o
qs qs
The differential equations of the Lagrange system ) . . ) .9
are X® = xW L [(€, — ¢.60) — qS50]£~ (7)
E,(L)=0 (s=1,...,n), (1)
According to the above definition, the following result
where

~d o 7]
Sooat 9qs  0gs

(2)

are the Euler’s operators, and L = L(t,q,q) is the
Lagrangian of the system. Suppose that the system is

not singular, i.e.

0*L
det [ == 0, 3
¢ <3q53Qk> 7é ( )

can be obtained easily.
Criterion If the generators of infinitesimal

transformations &y and &, satisfy

{xemwl} + {mxowl} <o, ®

then the corresponding symmetry is a Lie-form invari-

ance of the Lagrange system.
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3.The conserved quantity de-
duced from the Lie-form invari-

ance

Under some conditions, by using the Lie-form in-
variance, both the Hojman conserved quantity and a
new type of conserved quantity can be obtained.

Proposition 1 Under the special infinitesimal
transformations that have unchanging time (¢, = 0),

if there is a function u = p(t,q, q) such that

Oag d
a4, +alnu 0, (9)

then the Lie-form invariance will lead to a Hojman

conserved quantity

10 19, d
In = 11 94, (Hés) + ﬁaqu(/«tafs) = const.,  (10)
where B 5 5 9
_ - = yo— — 11
@ o o dqs e dq, 1

Proof According to the Definition, a Lie-form
invariance must be a Lie symmetry, that is to say, it
satisfies

dd da da, d
ETRr T i
de dt oq 9q;, dt

From expressions (10) and (1

&k (12)

2), by using Hoj-
man’s proof method, Proposition 1 can be proved.

Proposition 2 If there is a function Gg =

Gr(t,q,q) such that

- d - . d
Y AR 1) 1) 2 G =
XO@) Lo+ XV XD} + ZGr =0, (13)
then the Lie-form invariance will lead to a new type
of conserved quantity
aXW(L)

Ir = XML (L)éo +
9qs

(&s — ¢s&o) + Gr = const.
(19)

Ef 9
3150 ) B4,

Proof According to the Definition, a Lie-form

Here

. 9 d
(1) a,
X 60 +£s <dt£s

invariance must be a form invariance. When a form
invariance satisfies condition (13), there is a new type

of conserved quantity (14).
4. Illustrative examples

Example 1 The Lagrangian of the Toda crystal

lattice with three mass points is

L= (‘h + ‘J2 + ‘I3) exp(q1 — q2)

2
— exp((h - QB) - eXP(QS - ‘h)- (15)

Take generators as follows:

=0, &L =L=E8&=1, (16)
then we have

EXM(L)] = XP[EL)] = 0. (17)

So, generators (16) are Lie-form invariant. Expression

(9) gives

d
Iny=0, 18
3 B (18)

from which we obtain

p=1 (19)

and
p=q +q2+ g3 — (d1 + g2 + gs)t. (20)

From expressions (16) and (20), by using Proposition
1, the conserved quantity expression (10) yields

Iy =3lq1+q2 + g3 — (1 + 2 + ¢3)t] " = const. (21)
This is a Hojman conserved quantity of the system
deduced from the Lie-form invariance.

Notice that the Noether conserved quantity de-

duced from generators (16) is
IN = ¢1 + g2 + g3 = const. (22)

Clearly, it is different from expression (21).

Example 2 The Lagrangian of a system with

two degrees of freedom is

1

L= [ + 45 (q2)] — 9(a2), (23)

where f and g are both continuously differentiable
functions of g¢s.
Take generators as follows:
EO =0,

Si=q+t, =0 (24)

It is easy to prove that the corresponding symmetry

is Lie-form invariant, and

d

—_— :1
dté.l )
(1)( ) ZQIv

xW {f((l)(L)} —1. (25)
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Substituting expressions (24) and (25) into expression
(13), we obtain
Gp = —t. (26)

And expression (14) gives
Iy = ¢1 = const. (27)

This is a new type of conserved quantity of the system
deduced from a Lie-form invariance.
Notice that the Noether conserved quantity de-

duced from generators (24) is

1. .
In = qu + g1t — g1 = const. (28)

Obviously, it is different from the new type of con-

served quantity.
5. Conclusions

The previous studies on symmetries and con-
served quantities are all carried out from a kind of
symmetry to seek a type of conserved quantity. In this
paper, a new kind of symmetry, the Lie-form invari-
ance, is defined. The main result of this paper is that
the new symmetry can lead to not only the Hojman
conserved quantity but also a new type of conserved

quantity.

References

[1] Li Z P 1993 Classical and Quantal Dynamics of Con-
strained Systems and Their Symmetrical Properties (Bei-
jing: Beijing Polytechnic University Press) (in Chinese)

[2] Zhao Y'Y and Mei F X 1999 Symmetries and Invariants of
Mechanical Systems (Beijing: Science Press) (in Chinese)

[3] Mei F X 1999 Applications of Lie Groups and Lie Alge-

bras to Constrained Mechanical Systems (Beijing: Science

Press) (in Chinese)

] Mei F X 2000 Acta Mech. 141 135

] Zhang H B 2002 Chin. Phys. 11 1

[6] Zhang Y 2002 Acta Phys. Sin. 51 461 (in Chinese)

] Mei F X 2003 Acta Phys. Sin. 52 1048 (in Chinese)

| Zhang Y 2003 Acta Phys. Sin. 52 1832 (in Chinese)

] FuJ L and Chen L Q 2003 Chin. Phys. 12 695

] Liu R W and Chen L Q 2004 Chin. Phys. 13 1615

] Mei F X 2000 J. Beijing Inst. Technol. 9 120

] Mei F X 2001 J. Betjing Inst. Technol. 21 535 (in Chinese)
[13] Mei F X 2001 Chin. Phys. 10 177

] Wang SY and Mei F X 2001 Chin. Phys. 10 373

| Wang S'Y and Mei F X 2002 Chin. Phys. 11 5

] Zhang Y and Mei F X 2003 Chin. Phys. 12 1058

] Hojman S A 1992 J. Phys. A: Math. Gen. 25 1291

| Wu H B 2004 Chin. Phys. 13 589

]

Wang S Y, Shang M and Mei F X 2003 J. Betjing Inst.
Technol. 23 271 (in Chinese)



