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This paper focuses on studying a form invariance which can result in a Lutzky conserved quantity for a Lagrange

system. The criterion of the form invariance for the system is given. The necessary and sufficient condition under which

the form invariance is a Lie symmetry for the system is obtained. Lutzky’s result is utilized to prove that the form

invariance can lead to a Lutzky conserved quantity. Two examples are finally given to illustrate the application of the

result.
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1. Introduction

It is well known that a Noether symmetry is
an invariance of a Hamilton action under the in-
finitesimal transformations of groupl!~3! and a Lie
symmetry is an invariance of differential equations
of motion under the infinitesimal transformations of
group.¥ For a Lagrange system, if the Lagrangian
is replaced by the transformed Lagrangian, whereas
the form of the equations of motion is invariant, then
the invariance is called a form invariance.l’! Noether
conserved quantities can be found by using Noether

3.6-8 And they can also be obtained

symmetries.[®
by using Lie symmetries*7=14 as well as by using
form invariances.[®15=21] Lutzky obtained a few non-
Noether conserved quantities from the Lie point sym-
metries and the velocity-dependent symmetries for La-

22—24]

grange systems separately.! In this paper, we will

find Lutzky conserved quantities by using the form in-

variance.
2.Criterion of form invariance for

Lagrange systems

Consider a non-singular Lagrange system

From Egs.(1), one can find all of the generalized ac-

celerations as

qs:as(taqvin (821,2,-”,”). (2)

Choose the infinitesimal transformations of group

with respect to time and coordinates as

t* =t + 550(1‘:, q, q)7 q: (t*) = (s (t) + 568 (t7 q, q)

(s=1,2,---,n), (3)

where ¢ is an infinitesimal parameter, and &g, &, are in-
finitesimal generators. Under the infinitesimal trans-

formations (3), the Lagrangian L becomes L*

dg* .
) = Ltad) +eX0(L) + O(2)

(4)

L*=1L <t*7 q*a
where

p) 9 . .9
XM = fo, + fsa + (& — qsﬁo)%- (5)

S S

According to the definition!®! of a form invariance

for the Lagrange system, we have
Es(L*)=0 (s=1,2,---,n). (6)

Substituting Eq.(4) into Eq.(6), using Eq.(1), and ne-

glecting €2 and the higher-order infinitesimal terms,
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we obtain the criterion equations of the form invari-

ance as

E{XMIL)Y=0 (s=1,2,---,n). (7)

3.The necessary and sufficient
condition under which the form

invariance is a Lie symmetry

Introducing the operator
) (1) : e =210
X=X+ [(58 - QSEO) - qng]ﬁ’ (8)

and making the calculation, we have

EAXW(L)} — X®HE.(D)}

AN X))
<8q5 8t> dqs Ot
8¢ L\ 9&, OL
<3qs 3%) dqs dqi
9 OL\ 9y, OL
dt (aqs 8_q'k> g, Ok
d (98¢ . oL 350. -
"t (aqsq’“a_qk> gy ~ gy

(5:1727"'7n)' (9)

For the Lagrange system, the determining equations

of a Lie symmetry have the form

XHE, (L)} =0

Their equivalent forms are

(s=1,2,---,n). (10)

és 7q.séofzéoas :X(l)(as) (5: 1,2,"',’”).

(11)
Therefore, we have

Proposition 1 For the Lagrange system, the
necessary and sufficient condition under which the
form invariance is a Lie symmetry is that the right-

hand side of formula (9) vanishes, i.e.
0§ 9L

¢y L L4 ¢y, OL

dt 9qs ot 8q5 ot dt 94 qu
94, OL + &y, OL B &y, oL
 9q. Ay 8. Dy, 0qs Oqy,

_d (0, L) 0%, L
dt \ 94, "4, | T 9g.” aq ans

(s=1,2,--,n). (12)

Proof Substituting Egs.(7) and relation (12) into
formula (9), we obtain X(?{E,(L)} = 0. According

to the determining equations (10), we know that the
form invariance is a Lie symmetry.
Particularly, if the transformations are point sym-

metrical, such as
t"=t+ebo(t,q), q;(t")=qs(t) +e&(t, q)
(321,2,"',71), (13)

then relation (12) becomes

9q, | ot at \"*aq, ans

(s=1,2,--,n). (14)

If £ = 0, then the relation (12) becomes

<agk aL> o€, OL + 0&;, OL
0qs Oqy, 945 O 845 ddn
 0€ L
s=1,2,---,n). 15
T 9q. 00 ( ) (15)

4.Lutzky conserved quantity de-

duced from form invariance

Under the transformations (13), if the infinitesi-
mal generators &, & satisfy Eq.(10) or (11), then there

exists a conserved quantity for the Lagrange system!22!

g, .0 :
=2 <a§s — q38§j> —néo+ XV (InD). (16)

The result has been generalized to non-conservative
systems by Fu and Chen.?®/ Under the transforma-
tions (3) and &, = 0, if the infinitesimal generators &
satisfy Eq.(10) or (11), then there exists a conserved

quantity for the system!?3:24

aE, ¢,

P = = 4 XD 17
S+t +XOmD), )

where 02
D = det — . 18
<aq33Qk) ( )

We call the conserved quantity (16) as well as (17) a
Lutzky conserved quantity.

Using the form invariance, we can find the Lutzky
conserved quantity. We have

Proposition 2 For the Lagrange system, under
the transformations (13), if the infinitesimal generator
& = &o(t, q) satisfies the relation (14), then the form
invariance will lead to the Lutzky conserved quantity
(16).

Proof If the infinitesimal generator &, satisfies

relation (14), using Proposition 1, we know that the



No. 3

Form invariances and Lutzky conserved... 451

generators £, £s are Lie symmetrical. And we can sub-
sequently obtain the conserved quantity (16) by using
the Lutzky’s result.2?

Proposition 3 For the Lagrange system, under
the transformations (3) and £y = 0, if the infinitesimal
generators &5 = &,(t,q,q) satisfy relation (15), then
the form invariance will lead to the Lutzky conserved
quantity (17).

Proof If the infinitesimal generators &, satisfy

relation (15), using Proposition 1, we know that the

generators £, are Lie symmetrical. And the con-
served quantity (17) can be gained from the Lutzky’s
result.[23:24]

5.Illustrative examples

Example 1 The Lagrangian of a system with

two degrees of freedom is

1

L=+ &)~ (19)
Choose the infinitesimal generators as
Lo
o=0, &L=+ 1% &L=t (20)

2

They are form invariant and satisfy relation (14).

Proposition 2 gives the Lutzky conserved quantity
¢ =0, (21)

and it is trivial. Choose the infinitesimal generators

as
§o=&=0, &= (q1—dit) <Q2 — ot — %t2>. (22)

They are form invariant and satisfy relation (15).

Proposition 3 gives the Lutzky conserved quantity

1
@ =qo — ot — 5252 = const. (23)

Example 2 Consider a system of two degrees of

freedom with Lagrangian

1,. . 1, _
L==(df +43) + ~d1tg ~"(bt)

2 b

1
+ %42 In(1 + b*t?) (b= const). (24)

Choose the infinitesimal generators as
§o =2 =0,
1 1 ) 1,
&1=9a+ 5t (bt)dt —t|g1 + 8 (bt)
1
X {qg + % /ln(l + b%t?)dt

—t |:(}2 + %ln(l + b2t2)} } (25)

and Proposition 3 gives the Lutzky conserved quantity

1
o =g2+ o In(1 4 b*t?)dt

1
- t[q2 + o In(1+ b2t2)} = const.  (26)
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