Vol 14 No 2, February 2005
1009-1963/2005/14(02)/0393-05

Chinese Physics

© 2005 Chin. Phys. Soc.
and IOP Publishing Ltd

Molecular field theory for nematic liquid
crystal film with finite layers’

Zhang Zhi-Dong(

FR), Li Jing(Z #), and Wei Huai-Peng(ZLIAIE)

School of Sciences, Hebei University of Technology, Tianjin 300130, China

(Received 28 May 2004; revised manuscript received 29 September 2004)

The nematic liquid crystal film composed of n molecular layers is studied based upon a spatially anisotropic pair

potential, which reproduces approximately the elastic free energy density. On condition that the system has perfect

nematic order, as in the Lebwohl-Lasher model, the director in the film is isotropic. The effect of the temperature is

investigated by means of molecular field theory. Some new results are obtained. Firstly, symmetry breaking takes place

when taking account of the temperature, and the state with the director along the normal of the film has the lowest free

energy. Secondly, the N-I phase transition temperature increases as an effect of finite sizes instead of decreasing as in

the Lebwohl-Lasher model. Thirdly, the nematic order is induced in the layers near the surface in the isotropic phase.
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1. Introduction

Based upon anisotropic dispersive forces, Maier
and Saupel?! constructed a molecular field theory for
nematic liquid crystals. Lebwohl and Lasher® made
a Monte Carlo simulation on the model system con-
sisting of cylindrically symmetric particles confined on
the sites of a simple cubic lattice with interacting pair
potential

Vij = —ei; Pa(82; - ). (1)

Here P; is the second-order Legendre polynomial, 2
and ij are unit vectors along the symmetry axes of
molecules ¢ and j respectively. &;; is equal to e if
the particles ¢ and j are nearest neighbours and is
equal to zero otherwise. Based upon the symmetry
of molecules and that of liquid crystal phases, a phe-
nomenological description of the pair potential*] can
be given.

Recently, Gruhn and Hess!® proposed an addi-
tive pairwise interaction on a simple cubic lattice. It
reproduces approximately the elastic free energy den-
sity for the lattice, so that the parameters defining
the pair potential can be expressed in terms of the

elastic constants. Such a type of pair potential is spa-

tially anisotropic; i.e. it depends not only on f)z - £2;,
but also on sz - 73; and f.?j - 735, where 7;; is a unit
vector pointing from the centre of mass of molecule ¢
to the centre of mass of molecule j. Then, a Monte
Carlo simulation on para-azoxyanisole (PAA) in ho-
mogeneous nematic phase was made by Romano.!”]
In addition, the bulk properties of the liquid crys-
tals, their surfaces and their behaviour in restricted
geometries (e.g. polymer-dispersed drops, thin films,
mesogens in porous media) are of great interest. Ro-
mano has dealt with the above potential model on

two-dimensional lattices.[®!

In this paper, we investigate nematic liquid crys-
tal film composed of m molecular layers (n is fi-
nite). Firstly, on condition that the system has per-
fect nematic order, the director of the film is deter-
mined. Then, the order parameters are calculated in
the molecular field approximation and the nematic—
isotropic (N-I) phase transition is studied. Emphasis
is put on the comparison between the present result
and that of the Lebwohl-Lasher model.

2.Director in the film with per-

fect nematic order
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Consider f)i, i.e. the three-components of a unit
vector associated with a three-dimensional simple cu-
bic lattice. The pair potential suggested in Ref.[6]

takes the form

Vi =< APa(ar) + Patay)]
+ u(aiajbij - %) + Py (by;)

T plPy(as) + P2<aj>1P2<bij>}, (2a)

a; =i -y, a; =y, b= 1012 (2b)

The potential parameters are related to the elastic

constants K; as follows:

1

)\25/1(21(1 —3K2—|—K3), (3&)

1% :3A(K2 - Kl), (3b)
v :éA(Kl _ 3K, — K), (3¢)
p:%A(Kl —K3), (3d)

where a factor A, with the dimension of length, is in-
troduced. When A = u = p=0 and v=-1, the pair
potential reduces to that given in the Lebwohl-Lasher
model. Here and after we also call the pair potential
given by Eq.(3) as model 1. There is another map-
ping scheme from the elastic free energy density to the
potential parameters (called model II).[Q] However, it
does not lead to a correct expression of the critical
field when dealing with Freedericksz transition'® and
will not be discussed in this paper.

The surfaces of the film are assumed to be normal
to the Z axis so as to remove the homogeneity in the
Z direction but not in the XY plane. We label the
molecular layers parallel to the surfaces by m, with
m=1 and m = n denoting the two surface layers. In
the hypothesis of perfect nematic order, 2 coincides
with the director of the liquid crystal (the statistical
average of fl) and the total free energy coincides with
the total intermolecular energy. This is equivalent to
assuming that the temperature is 7=0. In addition,
we parametrize the director by the polar angle 6 be-

tween the director and the surface normal Z:
2 = (sin6;, 0, cos 8;), (4)

and 0; = 6,,, if molecule 7 is in the mth layer. For
molecule 7 and its four horizontal neighbours in the
same layer, the unit vectors 7;; are given by
Tyl = (_1) 0, 0)5
f’iS = (05 _170)5

Tip = (1>0>0)a

74 = (0,1,0). (5a)

Its two vertical neighbours in the adjacent layers are

TAiS - (ana _1)? fiﬁ = (0707 1) (5b)

The total interaction energy of one molecule in the

mth layer can then be written as

(=2}

—25{ A+ p)(3sin? @, — 1)

-3)+}

1
+25<9,u+1//\p>

+u<sm O

3 1
+ 8(1 - 5mn){ |:)\ + ipcosz(gm - 0m+1) - ip:|
3 2 2
X i(cos O + cos* 0, p1) — 1
1

+ p [cos O, €08 Oy 1 cOS(Or, — Oppy1) — 5}

1

2

+e(1- 5m1){ {)\ + gpcos2(9m —0pme1) — %p]

3
+v {5 c08? (O, — Opy1) —

X [;(COS2 O + €082 0,y 1) — 1]

1
+u [cos B, €08 O,y 1 €OS(0ry, — O,y 1) — 5]

+y{gcos2(9m—eml) - %]} (6)

]- - 5mn)7

since the molecules in the first layer have no lower

Here we have two factors (1 — d,,1) and (

neighbouring molecules and the molecules in the nth
layer have no upper neighbouring molecules. The to-
tal energy of the sample per unit area of the surface is
obtained by summing up the single molecular energies

(Eq.6) over all the m layers:

Y F(m (7)

m=1

L\JIQ

where o is the molecular density per unit surface.

The total free energy given by Eq.(7) should be

minimized with respect to all variables 6,,. It leads to
the necessary condition
oF
= 0. (8)

a0,
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Substituting Eq.(7) into Eq.(8) yields
e(BA\+3p + p)sin26,, — (1

3
X {5psin 20 — Omt1)

— Omn)E

3
X |:2(COS2 O + €052 0, 11) — 1}

3 3 1
+ 5 |:A + 5PCOS2(6m — 0m+1) — 2p:|

- 0m+1)

+ gu sin2(0,, — 9m+1)} —(1=ém1)e

X sin 20, + 1 cos 6,41 sin(26,,

3
X {Epsin 2(01 — Om—1)

3
X {5(0052 O + cos? 0, 1) — 1]

3[. 3 1
+ 3 {)\ + 5P cos (0 — Om—1) — Ep}

X $in 20, + 1 cos 6,1 sin(26,,, — 0, 1)
+ %u sin 2(0,,, — 9m1)} =0,
(m:1,2,---,n). (9)
One can demonstrate that
Om—1="0pm =0mi1 =10 (10)

are the solutions of the n — 2 equations for m =
2,3,---,n — 1. For homogeneousness, the two equa-

tions for m=1 and m = n reduce to
(BA+3p+ p)sin20 = 0. (11)

Substituting Eq.(10) into (7), we find that

2
F =o¢ {(n -2) <§u + 31/>
+ (3\ 4 3p + p)sin? 0

+ <5IJ + gu> —2(A+ p)} . (12)

Equation (3) gives 3A+3p + u=0, and the director in
the film is isotropic, i.e. the same result as given in
the Lebwohl-Lasher model.

3. Effect of finite temperature

From the viewpoint of molecular statistical the-
ory, at nonzero temperatures the liquid crystal
molecules have a distribution of orientations about the
director in the nematic phase. The orientational sin-
glet distribution function of molecules g(™ (£2) must
be defined for each molecular layer. In the molecu-

lar field approximation,!'! the pseudo-potential can

be written as

1—mn/v 2, 12;)g

where the pair potential V(f?,-, f)]) is given by Eq.(2)
with 2, = (sin O; cos @;,sin O; sin J;, cos O;) and
df2; = sin ©;,dO;d®;. The orientational singlet dis-

tribution function is then in the form

1

R 1
m(0)= _
g'"™ (£2;) Z(m)eXp[ hoT

70 = [ exp|= v (@) ac

B

Vi (@, )} (14a)
(14b)

Iterative method!*213] is used to solved the set of
functional equations. We can define each distribution
function ¢(™)(£2) at L x L discrete points limited in
the domain 0<cos® <1 and 0< @ <2w. For integral

calculations, we choose the Gaussian point order
ho(1—1/v3+2k), he(l+1/vV3+ 2k),
for values of cos@; and
ho(1—1/vV3+42k), he(l+1/V3+ 2k),

for values of @, where £ = 0,1,2,---
1/L and hg = 27/L.
Since ¢g(™ () (m = 1,2,---,n) are correlated

with each other, in numerical calculations the number

7L/2_17 h@:

of molecular layers n is limited. If the orientational

distribution functions are known, one can calculate

the tensor order parameters in each layer:[13:14]

m 3 1 s
QLY =/<§9a9ﬂ— 55aﬂ>g( '(2)ae,

a,f=X,Y, 2. (15)

If there are more than one set of solutions for
g(m)(fZ), the stable one is determined by the mini-

mum of free energy of the film

F a[ Z/ V) (2)g"™ (2)d0

e / d™(@)n g™ (2)d2]. (16)
m=1
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Numerical calculation is made for PAA. The po-

tential parameters given by Eq.(3) are chosen asl”]
A =0.79039, p= —1.0611, v = —1, p = —0.43668.

In numerical calculation, we introduce the scaled tem-
perature t(t = kT'/¢) and choose L=60.
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Fig.1. Layer dependence of the tensor order parameters at
t=1.5 for model I. (a) The director is along the Z axis, i.e.
the director is vertical to the film. (b) The director is along
the X axis, i.e. the director lies in the surface plane of the
film, in which the biaxial order is induced in the film, i.e.

Qyy # Qzz near the surface.

For illustration, we choose a film composed of
n=16 molecular layers. On account of symmetry, only
half of the layers need to be considered. Figure 1
shows two sets of the solutions for the tensor order
parameters at t=1.5. In one set of the solutions, Qzz
is the maximum of three non-zero tensor elements Q .
(e = X,Y,7Z), i.e. the director of the film is along the
7 axis. In another set, Q xx has the maximum value
and the director is along the X axis. The former has
lower free energy and represents the stable state of
the nematic film. The latter has higher free energy,
since biaxial order is induced in this state, i.e. there
are QQyy 7# Qzz near the surface of the film. Tak-
ing account of the temperature, in the film, symmetry
breaking takes place. This effect does not appear in
the nematic film represented by the Lebwohl-Lasher

model, i.e. the director is spatially isotropic even if

at finite temperatures (see Fig.2). In fact, for cer-
tain nematics, the director is well established in the

free surface of the sample instead of being distributed

randomly.[*?]
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Fig.2. Layer dependence of the tensor order parameters at
t=1.3 for the Lebwohl-Lasher model. (a) The director is along
the Z axis. (b) The director is along the X axis. The free en-
ergy is degenerate in both states and the director is spatially
isotropic.

When the temperature is near the N-I phase tran-
sition temperature of the bulk system (t.=1.6327), the
solution for the isotropic phase of the film will ap-
pear. The N-I phase transition temperature of the
film is determined by the free energy at t.=1.6363
(See Fig.3). We note that, different from the Lebwohl-
Lasher model, the N-I phase transition temperature is
higher than that of the bulk system (See Table 1). For
the Lebwohl-Lasher model, the tensor order parame-
ters are zero constantly for the isotropic phase and so
the N-I phase transition temperature decreases due
to the effect of finite sizes. But in model I, the tensor
order parameters approach zero only in the middle of
the film in its isotropic phase, i.e. nematic order is in-
duced in layers near the surface in the isotropic phase
(see Fig.4), and instead, the N-I phase transition tem-
perature increases as compared with that of the bulk
system. For very thin film (with the number of molec-
ular layers n < 8), the N-I transition may change from

first order to second order, but it is not definite.
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Fig.3. The scaled temperature dependence of the free
energy density for nematic film composed of 16 molec-

ular layers. The N-I phase transition temperature is

Fig.4. The layer dependence of the tensor order pa-

rameters for the isotropic phase at the NI phase tran-

te=1.6363. sition temperature t.=1.6363.
Table 1. The N-I phase transition temperature for nematic film composed of n
molecular layers and for the bulk system.
Number of layers 4 8 16 32 Bulk system
Model 1 — 1.6422 1.6363 1.6342 1.6327
Lebwohl-Lasher model 1.2331 1.2904 1.3100 1.3167 1.3212

4. Conclusion

For liquid-crystal films composed of finite molec-

ular

model gives the ordinary results.

layers, the spatially isotropic Lebwohl-Lasher
But the spatially

anisotropic pair potential gives some surprising new

results.

Firstly, taking account of the temperature,

symmetry breaking takes place, and the state with the

director arranged along the normal of the film has the

lowest free energy. Secondly, contrary to the Lebwohl—

Lasher model, the N-I phase transition increases in-

stead of decreasing due to the effect of finite sizes.

Thirdly, in isotropic phase, nematic order is induced

in layers near the surface.
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