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Based on the modified formula of Rapini-Papoular, the equation and boundary condition of the director of weak

anchoring nematic liquid crystal (NLC) cell have been obtained in the case of existence of the surface elastic energy
term K13. The influences of K13 on the threshold field and the saturation field have been studied in detail with the

methods of analytical derivation and numerical calculation. A new method of checking whether K3 exists or not is

given in theory. Combining with the previous work, we also propose an experimental plan to measure the value of K3

with a wedge-shaped planar-aligned weak anchoring NLC cell. The numerical experiments are carried out to verify the

feasibility of our method.
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1. Introduction

At present, the study on the surface elastic en-
ergy is the focal point in surface physics of liquid crys-
tals, which originates from the question of whether the
(0n)? term exists in the expression of total free energy.
According to Frank,!! the free energy density of ne-
matic liquid crystals (NLC) caused by the deformation

of the director nm can be expressed as
1 2, 1 2
fF =§K11(V . n) —+ §K22(n -V X TL)
1
+ §K33(’n x V x n)Q.

But some researchers/? pointed out that there should
be an additional two terms up to the order of (dn)?

in frp. They are

Fos :%(K22 + KoV - [(n-VIn—n(V-n)|, (1)
f13 =K13V . (nV . n) (2)

So the total free energy density fq should be

fa=fr+ foa + fis- (3)

The contributions of the two terms, fos and fi3,
to the total free energy eventually can be written as
surface energy. Consequently, we call these two terms

surface elastic energy.

In recent years, there have been some contro-
versies® 12l about whether these two terms exist or
not. There are two theories: one considers that the
two terms do not exist because of the restriction of
elastic theory. The other!3 considers that they do
exist and regards that this problem is one of the cen-
tral problems of the physics of liquid crystals. Re-
cently, Stallinga et all'* have studied the effects of
the Ky3 term on the electrically controlled birefrin-
gence (ECB) cell, but the conclusion is not gratifying
given their experimental inaccuracy. Reference [15]
made further investigation in theory about the phys-
ical effects induced by the K;3 surface elastic energy
term and pointed out that the existence of the K3
term can change the property of the Freedericksz tran-
sition. However, no definite conclusion can be drawn
from the above studies. As whether these two terms
exist or not should be examined by experiments fi-

nally, we search for some new experimental methods
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to measure the value of Kj3.

In this paper, we study the influences of the sur-
face elastic energy term K3 on the threshold field
and saturation field of weak anchoring NLC cells. A
new method of checking whether K3 exists or not by
threshold fields of two different modes is given if both
of the Freedericksz transitions in them are second or-
der. Combining the results of Ref.[15] with that of our
work, we also provide a feasible experimental method
to measure the value of K;3. In order to verify the
feasibility of our method, numerical experiments are

also carried out.
2.Fundamental equations

Considering a weak anchoring NLC cell the same
as that in Ref.[15], two substrates lie at z=0 and z = [
in Cartesian coordinates respectively. The oz axis lies
in the lower substrate plane. Assuming the two sub-
strates are identical, we see that the easy directions
e in both substrates are identical along the oz axis.
An external magnetic field H is applied to the LC
medium. There are two cases: (1) H is along the oz
axis and the director n of the LC deflects from the ox
axis in the zz plane; (2) H is along the oy axis and
the director deflects from the oz axis in the zy plane.
Denote the deflection angle in both cases by 6, the
director n is expressed as n = (cos,0,sin @) for the
first case, and n = (cos8,sin 6, 0) for the second case.

Before we write out the Gibbs free energy, two
points need to be explained. One is the surface an-
choring energy and the other is elastic free energy.

According to Jéomel'®! and Sugimura et all’7! the
surface density of anchoring energy can be written on

the basis of Rapini-Papoular (RP) formula as
1
gs = _EA(n ’ 6)2' (4)

If we consider the term of (n - e)* as a modification,

we have
b= rAe e (), ()

where ( is the modified constant. Formula (4) is called
the unified formula, and Eq.(5) is a modification of

Eq.(4) and equivalent to the following form:['8-24

1
gs = 2Asin2 0(1 + (sin®6). (6)

On the other hand, if we adopt an ideal interface,
the constants K3 and Ks4 in Egs.(1)—(3) should be

replaced by the effective elastic constants K73 and K3,

in Pergamanshchik’s theory.[!8]

For the first case of external magnetic field H
along the oz axis, the total free energy of the system

can be written as

I
1
G:S{/ dz{(—Kucos20
0 2

1 a9\’ 1
+ §K33 sin? 9> <a> - §XaH2 sin? 6

— K{5 cos B sinp—
z

0
de

+ K5 cos 6 sin 915

l

1
+ 5 Asin® (1 + C sin” o)
1 . 2 . 9
+§Asm 0,(1 + ¢sin® 6;) ¢, (7)

where 6y and 0, are the values of 6 at z =0 and z =1,
respectively. Because the free energy G is minimal in
a stable state, we can obtain the equation and bound-

ary condition by applying the calculus of variations to
Eq.(7):

d?6
(K11 cos® 0 + K3 sin? 0)

dz2

de

+ sin 0 cos 0( K33 — Ku)d—
z

+ XaH?sinfcos § = 0, (8)

with the boundary condition

. oy do
(K11 + K3) cos® 0 + (K33 — Ki3) sin® 6o) e

z=0
=Asin 6y cos0p(1 + 2¢ sin? 6o)

Z_O) , )

de
where — is a function of 6y. This boundary con-
z
z=0
dition is also given in Ref.[14] and meets the require-

ment in Ref.[13].
Equation (8) with the boundary condition (9) has

two trivial solutions:

1, . d [df
_§K1351n290d—00<£

0

SINSIE

0

We call & = 0 the uniform solution and 6 = T the
saturation solution. In addition, there is also a non-
trivial solution called the disturbed solution. In order
to express the equation and the boundary condition
of the disturbed solution definitely and make our cal-
culation easy, we introduce a new state parameter u

and a new variable v.
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Let

. 9 sin” @ sin? @
u=sn“0,, v=——, vy= (10)
) . 2 ) ) )
sin“ 0,, sin“6,,

where 6,, is the value of 8 at z=[/2.

Furthermore, we introduce the reduced quantities

simultaneously,
H s K11
h —_—— = H —
H /<l V' Xa >
A-l G
= = — 11
“Toky YT 2K, S (11)

then Eq.(8) can be expressed as
™
—h=1.
9 1
The boundary condition (9) can be expressed as

kE vo(1 —uvg)
1K1
1+k 1+ yiuvg

1 1-Q Yu
X[l—vg Q 1—|—’yuv0}}

1+ yuv

v (1 — uwg)
% \/(1 —vo)(1 + yuwg)’

and the reduced free energy can be expressed as

1
g =u [If —o 1, — 2k\/”°(

(12)

—v)(1— uvo)Il

1 4+ yuvg
—I—avo(l—}—Cuvo)}, (13)
where
oK
K
_ K33 — Kn
Ky
Ky — Ky — 2K,
' K1+ Kiy
and
1-— 1-
Q=uo+(1 +7>u\/ il =)y, )
I = /1 L LE7uv g, (15)
vo 2¢/v(1—v) V 1 —uv
1
v 1+ ~yuv
I :/ do, 16
2 v 2¢/v(1—v) V 1 —uv (16)

I _/1 1 1+ ~yuv
3 v 2¢y/v(1 —v) V 1 —uv
1

(1 + yuw)(1 — w) dv. (17)

The derivation of the above equations is cumbersome
and thus is omitted here.

The above equations are to be used for the dis-
cussion of critical fields. It is necessary to point out
that all the above equations are appropriate for the
first case of external magnetic H applied along the oz
axis. As for the second case of H along the oy axis,
we can easily prove that the above equations can be
obtained only by letting K11 = K33 = Ko, K{3=0,
ie. k=0, o' = (Al)/(2K22) in the above equations.

3.Influences of K3 on the critical
fields

3.1. The threshold field

Suppose that at the threshold and the saturation
point, the director changes continuously with the ap-
plied field. This is to say that the transitions are of
second-order. First we discuss the threshold field hyy,.

For u = 0, Eq.(14) becomes Q = vy. Substituting
it into Eq.(12) yields

e Vo
I |y=0 = . 18
tlu=o 1+26\V 1= v, (18)
From Egs.(11) and (15), we obtain
™
Ehth - Il |u:0 ) (19)
1
1
L, = / ———dv =cot™! o (20)
- v 2¢/v(1 —v) 1 —wg

Combining Eq.(19) with Eq.(20) gives

cot <ghth> = Yo (21)

1-— Vo '
In addition, from Eqs.(18) and (19), we obtain

« Vo

T 1+2k

(21)

T
—h
2 th

1—’00'

Eliminating the common term

0 i Egs.(21)
— U

and (22), we obtain an equation about the threshold
field Ay ultimately

cot Ihth = L+ 2k zhth- (23)
2 o 2

Equation (23) reflects the influence of surface elas-

13 on the threshold field hyy,. If let-

tic term k =

11
ting £ = 0 in Eq.(23), the equation just becomes the
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universal formula for threshold field, which is in the
absence of K;5.[1% On the other hand, since k¢, > 0
always holds, from Eq.(23) we can have the condi-

tion of k > 5 which is consistent with the result in

Ref.[20].

We now discuss our results using numerical cal-
culations. Figure 1 shows the relation between the
threshold field hi,, and the surface elastic term k for
different «. In Fig. 1 we can see that the value of hyy
will decrease with the increase of k; and for fixed k,

hin increases linearly with a.

1.0
0.8
3= o6
<
0.4 1
0.2 T
-0.4 0.0 0.4 0.8
k

Fig.1. The hyy, versus k curves for various a.

3.2. The saturation field

Now, we discuss the saturation magnetic field

hgat- For u =1, Egs.(11), (12) and (15) become
™
ahsat =1 |u:1 ) (24)
a(l+2¢) 1+~
I = 25
tuzt (1+~v—2)V1—v (25)
\/1 +v
Il u 1= 2
vo 2V 1 — U

=/1+~vtanh ™! /1 — vp. (26)

From Eqgs.(24), (25

tion of hgyy.

), and (26), we can obtain the equa-

1+7—-2k 1 =

1 T
th | ———hgat | = —hgat-
“ <w1+~/2 t> a(l+20) VIty2 ™
(27)

Equation (27) reflects the influence of surface elastic

term k = —2 on the saturation field hgy. If k =0 in

Eq.(27), it just becomes a universal formula of the sat-
uration field, in the absence of K3, and is consistent
with the result in Ref.[19].

Next we discuss our results using numerical calcu-
lations. In Fig.2, v = 0.25 is adopted. We can see that

the value of hg,; increases with increasing K13. This is
just the situation opposite to the situation threshold
field hyy,.

. |
| /

1.0 4 a=1, (=0.1 /

0.5 -:;/// a=

0.0

hsat

Fig.2. The hgat versus k curves for various « and (,
v = 0.25.

3.3. Measurement of £ with two thresholds

The value of k can be determined by two different
deformations of liquid crystal cells. One is the splay
transition. It corresponds to the first case of apply-
ing external magnetic field H to the cell along the oz
axis. In this case the threshold field is obtained using
Eq.(23) in Section 3.1. The other is the twist transi-
tion, which corresponds to the second case of applying
external magnetic field H to the cell along the oy axis.
In this case the threshold field is denoted by hy{; and
can be obtained just by setting Ki; = K33 = Koo,
K},=0, i.e. k=0, and o' = (Al)/(2K22) in Eq.(23),

T 1w
cot <2 ih) =23 the (28)
Combining Egs.(23) with (28) yields
ke — h/h cot(ﬂ'hth/Q) . g -1 (29)
hen cot(mhi, /2) o '

This is an important formula we derived to de-
termine k. If the unified formula of Jéromel'®l and

Sugimura et all!™ is confirmed, then g/ in Eq.(29) is
a

(6] K22
— == 30
o K11 ( )
Otherwise, denoting the anchoring strength with Ag
for the case of H along the oz axis and A, for the
case of H along the oy axis, we obtain
a  Ap K

— =022 31
o A@ K11 ( )



390 Guan Rong-Hua et al

Vol. 14

If the parameters Ki1, K22, Xa, I, Ag, A, are
known and the threshold field Ay, and h{; are mea-
sured by experiments, the value of k will be deter-
mined by Eq.(29). So we can judge whether Kj3 ex-
ists or not, based on the calculated results. Examples
of curve k versus hy, are shown in Fig.3, in which the

solid line corresponds to Ag = A,,.

1.0
0.8
0.6 1
0.4 " Ap/Ap=10
0.2 -

0.0 AolAe=5

—0.2 1 Ag/A‘P=1

-0.41

0.0 0.2 0.4 0.6 0.8 1.0

Fig.3. The reduced threshold field hy, versus k for
different AQ/A<P, with K22/K11 z0.67, a’'=0.1.

4. Experimental measurement of
K3

Nowadays, there are some methods to measure
the surface elastic term K;3. However, there is a
large discrepancy among values obtained by different
authors.[2°:21] We now propose a feasible experimental
procedure to measure the value of Kis.

We adopt a wedge-shaped planar-aligned weak
anchoring NLC cell (see Fig.4). There is a small an-
gle ¢ between the two substrates. ¢ is so small that
the two substrates can be treated as parallel with each
other in a small region and the formulae we obtained
in the previous section are still valid in this small re-
gion. But, for the whole liquid-crystal cell, the up-
per substrate is not parallel to the lower substrate.
The thickness [ of the liquid-crystal medium is vari-
able. That is to say, the reduced anchoring strength

Al
« (a = 2K11> is variable.

=t

[ 0 ] z

Fig.4. A liquid-crystal cell with two unparallel sub-

strates.

Equation (23) and Ref.[15] show that both the
threshold field and the property of the Freedericksz
transition are connected with o and the first-order
Freedericksz transition will occur when « is small
enough. So, for our liquid-crystal cell, the position
corresponding to the transition on the curve shifts suc-
cessively with the increase of the external field H, and
there is a first-order transition appearing at the place
where [ is small.

At the threshold point, we have free energy g = 0.
From Eq.(13) we know that this requires

(i) w = 0. This means that a second-order tran-
sition occurs in the cell. The threshold field can be
obtained using Eq.(23). That is:

l a 1+2k
cot | = X ch = \/XaKllch- (32)
2\ K, A

(ii) u # 0, but

1—vo)(1—
12— oL, — zk\/vo( vo)(1 = uo) |

1 4+ yuwg

+ avp(1 + Cuvg) = 0. (33)

This means that a first-order transition occurs in the
cell. In this case, besides Eq.(33), there should be a

boundary condition

k 1-—
i vo( uvg)
1+k 1+ yiuvg

1 1-Q Yu
X{l—vo Q _1+7uvo}}

1+ yuv
1+ k14 yiuvg

=a(1 + 2¢uvy)

o vo(1 — uwp) ’ (34)
(1 —vp)(1 + yuwy)
and the threshold field is
2 |Kn
Hy=1; - . 35
w=n 35 (35)

The value of k can be gained by substituting the
values of the threshold field Hy;, and the corresponding
experimental transition position [ into Egs.(32)—(35).

Before carrying out the numerical experiment, we
first discuss the shift direction of the transition bound-
ary. Supposing that the transitions are of second-

order at the threshold point, from Eq.(32) we can
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The re-
sults are illustrated in Fig.5, in which parameters
are A ~ 2 x 1077Jm 2,22 y, = 0.97 x 10~ 7cgs, 3!
K1 =58 x 10712N,24 . = —0.1.

obtain the relation between H;, and [.

Hy,/1074T

0 5 10 15 20 25 30
I/pm

Fig.5. The curve of Hyy(l) versus [ with A = 2 X
1077Jm ™2, xa = 0.97 X 10~ 7cgs, K11 = 5.8 x 107 12N,
k=—0.1,¢=0.2

From Fig.5, one can see that the position of tran-
sition [ is inversely proportional to the threshold field
H;,. That is to say, with the increase of Hyy, the
transition position will shift to the place with smaller
[. So, we can conclude that with the decrease of [,
a second-order transition occurs, followed by a first-
order transition.

Generally, the values of parameters K11, K33, Xa
appearing in the above equations can be found easily
by consulting reference books; Hiy, and corresponding
[ can be obtained by experimental measurement. But
A and ( are unknown quantities for they are related
to measuring techniques, and k is just the quantity we
want to determine.

In order to eliminate A and ¢ and obtain the value
of k, at least three measurements must be performed.
With the increase of external magnetic field, we choose
the three measurements as follows.

(1) The position I(V) of the second-order transi-
tion boundary and the corresponding magnetic field
Ht(ﬁ) (2) The first position I(?) of the first-order tran-
sition boundary and the corresponding magnetic field
Ht(ﬁ) (3) The second position 1() of the first-order
transition boundary and the corresponding magnetic
field Ht(}?:) The shift process of the transition bound-

ary with the increase of magnetic field is shown in
Figs.6(a)—(c).

the transition boundary

L

the transition region the uniform region

(1)

H=H{)

(b)

the uniform region

the transition boundary

I

the transition region

1(2) (1)
2
H:Ht(h)

the transition boundary (c)

?

the uniform region

the transition region

OO
H:H‘(:)

Fig.6. (a) The Freedericksz transition at 1) under thresh-
old field Ht(}ll)for the first measurement. (b) The Freeder-
icksz transition at [(2) under threshold field Ht(ﬁ)for the
(c) The Freedericksz transition at
13) under threshold field Ht(s)for the third measurement.

second measurement.

There are seven unknown parameters in Egs.(32)—
On the

other hand, among the three measurements, [(!) and

(35): they are k, A, ¢, uy, vo1, Uz, Voz.

Ht(ﬁ) must satisfy Eq.(32) because the transition is of
second-order. (), Ht(fl) and 1), Ht(}?) must satisfy
Eqgs.(33), (34) and (35) because the transitions are
of first-order. Thus seven equations can be obtained.

Thus we can determine the seven unknowns.

We carry out numerical experiments by choos-
ing the first- and second-order transition parameters
from Fig.6 given in Ref.[15]. The results are given in

Table 1.
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Table 1. Numerical result for k& with the parameters ya = 0.97 x 10~ 7cgs,

K11 =5.8 x 10712N, K33/K11 = 1.25.

The first measurement

(The second order transition)

The second measurement

(The first order transition)

The third measurement

(The first order transition)

11 /10=5m HY /10747 12 /10=5m HP 10747 13 /10=5m HY 1047
29 382.634 11.6 639.685 5.8 917.439
Ax2x1077Jm 2 ¢=0.2 k=-0.1

5. Conclusions

The equilibrium equation and boundary condition
for the director are obtained taking into consideration
Ki3. The influence of K3 on the critical fields of
the weak anchoring NLC cell have been discussed in
detail. A new method of detecting K3 is given in the-
ory and a feasible experimental procedure to measure
the value of K3 is also proposed, which is verified by
numerical calculation. Conclusions can be drawn as
follows.

1. Both the threshold field Hi;, and the saturation
field Hg,; are seriously affected by the surface elastic
term Ki35. With the increase of K3, the value of Hy,

increases, but Hyy, decreases.

2. The surface elastic term k = Kj3/K;y; can

be determined by two threshold fields if both of the
Freedericksz transitions at the threshold points are of
second-order. One threshold field corresponds to the
application of an external magnetic field perpendicu-
lar to the substrates, and the other corresponds to the
field applied parallel to substrates.

3. Adopting a wedge-shaped planar-aligned weak
anchoring NLC cell, we can determine the value of k
experimentally by measuring the position of the tran-
sition on the curve and the corresponding threshold
field.

It is a basic problem in liquid crystal physics
whether K73 surface elastic energy term exists or not,
which has not been solved yet. We need to investigate
it thoroughly by using different methods and test the

results experimentally.

References

[1] Frank F C 1958 Disc. Faraday Soc. 25 19
[2] Nehring J and Saupe A 1971 J. Chem. Phys. 54 337
[3] Barbero G and Oldano C 1985 Nuovo Cimento D 6 479
[4] Barbero G, Gabbasova Z and Osipov M A 1991 J. Phys.
II 1 691
[5] Pergamenshchik V M 1993 Phys. Rev. E 48 1254
[6] Lavrentovich O D and Pergamenshchik V M 1994 Phys.
Rev. Lett. 73 979
[7] Faetti S 1994 Phys. Rev. E 49 4192
[8] Faetti S and Riccardi M 1995 J. Phys. II 5 1165
[9] Ponti S 1995 Phys. Lett. A 200 165
[10] Stallinga S and Vertogen G 1996 Phys. Rev. E 53 1692
[11] Barbero G and Faetti S 1996 Phys. Rev. E 54 5866(c)
[12] Yokoyama H 1997 Phys. Rev. E 55 2938
[13] Pergamenshchik V M 1998 Phys. Rev. E 58 R16
[14] Stallinga S, van Haaren J A M M and van den Eerenbeemd
J M A 1996 Phys. Rev. E 53 1701

[15] Guan R H, Huai J X, Liu J J and Yang G C 2004 Acta
Phys. Sin. 53 2676 (in Chinese)

[16] Jérome B 1991Rep. Prog. Phys. 54 391

[17] Sugimura A, Luckhurst G R and Ouyang Z C 1995 Phys.
Rev. E 52 681

[18] Pergamenshchik V M and Zumer S 1999 Phys. Rev. E 59
R2531

[19] Yang K H and Rosenblatt C 1983 Appl. Phys. Lett. 43 62
[20] Faetti S 1993 Lig. Cryst. 15 807

1] Madhusudana N V and Pratibha R 1990 Mol. Cryst. Liq.
Cryst. 179 217

[22] Haller I 1972 J. Chem. Phys. 57 1400

[23] Blinov L M and Chigrinov V G 1994 Electrooptic Effects
in Liquid Crystal Materials (New York: Springer)

[24] Marusiy T YA, Reznikov YU A and Reshetnyak V YU
1987 Mol. Cryst. Lig. Cryst. 152 495



