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The position- and momentum-entopic squeezing properties of the optical field in the system of a nearly degenerate

three-level atom interacting with a single-mode field are investigated. Calculation results indicate that when the field is

initially in the vacuum state, it may lead to squeezing of the position entropy or the momentum entropy of the field if the

atom is prepared properly. The effects of initial atomic state and the splitting of the excited levels of the atom on field

entropies are discussed in this case. When the initial field is in a coherent state, we find that position-entropy squeezing

of the field is present even if the atom is prepared in the ground state. By comparing the variance squeezing and entropy

squeezing of the field we confirm that entropy is more sensitive than variance in measuring quantum fluctuations.
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1. Introduction

The squeezing effect of an optical field has been
an attractive subject in quantum optics. Since Yuen!!!
proposed the concept of the squeezed state in 1976,
squeezed light, due to its potential applications in op-
tical information technology, has been studied exten-
sively, and important achievements in both theory and

e.2713] Tt has been shown

experiment have been mad
that the squeezing of light can be realized through
interaction of an optical field and atoms, so investiga-
tion of field squeezing in an atom—field interaction sys-
tem is significant. In many theoretical studies of field
squeezing in the past, the Heisenberg uncertainty re-
lation is used to judge the presence of squeezing in one
of the quadratures of the field according to whether its
variance is less than the corresponding vacuum limit.
In many situations, however, variance tends to overes-
timate quantum fluctuations, because it involves only
statistical moment of the second order and does not
include higher-order moments. A more proper mea-
sure of fluctuations is the information entropy of the
system. Recently, Fang et al,[3% starting from the en-
tropy uncertainty relation,!®! put forward the concept

of entropy squeezing, and made possible the highly

sensitive measurement of the field squeezing effect. In
this paper, we investigate the entropy squeezing ef-
fect of the field in the system composed of a nearly
degenerate V-type three-level atom interacting with a

single-mode field.
2.Model and state vector

Consider a system in which a single-mode optical
field interacts with a V-type three-level atom having
a ground level |a) and two closely lying excited lev-
els |b) and |c), as indicated in Fig.1. In the rotating
wave approximation and the interaction picture, the

Hamiltonian for the system can be written as

Fig.1. Energy structure of the three-level atom.

Vi =g(e™ ¥ [b){ala + €*4"a*|a) (b])
+g(e¥c)ala+ e aT|a)(c]), (1)
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where a(a™) is the annihilation (creation) operator of
the field, |7) (5] (4,5 = a,b, ) is the atomic-transition
|7) to i), A is the detuning of the
field, g is the coupling constant between the field and
the transition |a) <« |b) or |a) <> |¢), and h is taken
to be unity. We assume the atom is initially prepared

operator from

in the superposition of states |a), |b) and |c):
%a(0)) = cola) + c1[b) + c2lc),

(Ieol” + Jer]” + [e* = 1), (2)

and the initial field is in an arbitrary state which can

be expanded in terms of Fock states as

|b¢(0) ZF n).- (3)

The state vector for the atom—field system at time

t = 0 (when the interaction begins) is then

[#(0)) =) Fuleola,n) + e1lb,n) + esle,n)],  (4)

where the first index in the kets on the right-hand side
denotes the atomic state and the second indicates pho-
ton number. By inspecting the Hamiltonian (1), we

may write the state vector of the system at time t as

Mg

(Ola,n + 1) + Cpn(t)|b, n)

,n( )e;m)] + D(t)]a,0). (5)

From the Schrodinger equation

2 w(0) = Vi), (6)
we obtain
iC’am(t) =gvn + 1[eCy . (t) + e 7410, (1)),
iCon(t) =gv/n 17410, (1),
iCe.n(t) =gVn + 1€ C, (1),
iD(t) =0 (7)

Con(0) =F,y100,
Cy,n(0) =F,c1,
Cen(0) =F,ca,
D(0) =Fyeo. (8)

Eqgs.(7) and (8) can be solved to obtain

Z A; pexpli

3
Cc,n(t n+ Z zn zn* )

=1

X Ai nexpli(A;n + A)t],

Cbn _A)]

g*(n+1)

3
Canlt) = m ; (A~ Xin)A; nexp(idint),
D(t) =Fyco, (9)
where
1
An = (An = A2n)(A1n = Asin)
x {[g*(n+1) + (A = A2.n)(A = A3,n) ] Frca
+ g*(n+1)Fpco
+ QW()\z nt Az — A)Fiico},
A27n (>‘17n - )‘Z,n)()‘&n - )‘2,71)
x {[g*(n+1) + (A = An)(A = A3,n)] Frca
+g*(n+1)Fpcy
+9vVn+1(A1n + Az — A)Fpiicol,
1
A37n B ()‘l,n - )‘3,n)()‘2,n - )‘37n)
X {[g? + (A — M) (A = X)) Fucr
+g*(n+1)Fpey
+ gm()‘l,n + A2, — A)Foyicol,
A1,n =0,
A2 =v/2¢%(n+ 1) + A2,
A3 =— V/2¢%(n+ 1) + A2 (10)

The reduced density operator for the field is

Tra (|2 () (2 (D)), (11)

pi(t) =

where Tr, means the trace is taken over atomic vari-
ables. In the position representation and the momen-
tum representation, the expressions for the Fock state

|n) of the field are
2y71/2
exp(—z
(zIn) = {ﬁ] H,(z),

(pln) = %{%rw

respectively, where H,(z) and H,(p) are Hermite

H(p), (12)

polynomials.

3.Field entropy squeezing



338

Zhou Qing-Chun et al

Vol. 14

The position entropy and momentum entropy of

the field are defined asl67]

-/

(zlpt|x) In(z|p¢|x)da,

(plpt|p) In(p|pt|p)dp, (13)

where the density matrix element can be obtained
from Eqgs.(11) and (12),

0o 2

> Canlzln+ 1) + D(z|0)

n=0

> Cynlaln)
n=0

(z]pe|x) =

y (14)

o0

Z Cenlzln)

n=0

2
+

+

We obtain (p|p¢|p)by replacing = with p in (14). The
entropy uncertainty relation of position and momen-

tum is

exp[S. (B))explS, (8)] > e. (15)
We here introduce two quantities

5.(t) = explSu(t)] — /7,

55(t) = exp[S, ()] — Ve, (16)

When 6, < 0 (6, < 0), the position (momentum) or
z(p) component of the field is squeezed.

3.1. The field initially in the vacuum state

In this situation, F,, = 6,0 in Eqgs.(4)—(10), and

12 —=
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gt

0
Fig.2. §. and §, of the field for co = cos 27 c1

Eq.(14) reduces to

elore) =P VB o0) + DO
+ 2 0, ) + e P (17
lonph =2 Byt + Do)
+ 226400 +1Cealt)?), (170)
where
Canlt) :%[(cl ~ e3)(1 — cos Do)
“ i (e1 + ¢2) osin o],

(92 + A%)ey + gPer
25

+ cos ()t

A .
+ iﬁcol sinﬂot}e‘At,

Ceoft) = (%)( e

1\2
+ <ﬁ> [9201 + (92 + AZ)CQ] cos 2t
)

A .
- i% sin !)ot}elm (18)

0
with 29 = /2¢% + A2. Substituting Eqs.(17a), (17b)
and (18) into (13) and (16), we obtain the position and
momentum entropies of the field. It is obvious that
both 6,(t) and §,(t) are periodic functions of time.
In the following we consider three cases for the initial

atomic state.

0.4
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1 0
= ¢z = —sin—, A/g=0.5 and different 6 (solid line:

V2

0 = 7/4; dashed line: § = 2x/5; dash-dotted line: §=3x/5).
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Fig.3. 6,(to) as a function of 0 for cg = cos 3

1 (%
c1 = cy = —sini (solid line: A/g=1, dashed line:

V2
A/g=0).
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Fig.4. 0,(to) as a function of A for ¢y = cos 2
1

0
c1 = cg = —25in§ (solid line: 0 = 27 /5, dashed
line: 6 = 7/2).
1 0
3.1.1.

Co = COS —, C] = Cy = —sin —
2 2

2

The evolutions of ¢, (t) and 6,(t) are presented in
Fig.2. Both their periods are 7 = 7/4/29% + A2, but
the momentum component of entropy can be squeezed
while the position component cannot. The squeezing
depth is determined by the population distribution an-
gle 6 and the detuning A. The maximum squeezing
of momentum component occurs at to = (2m+1)7/2,
where m=0, 1, 2.... Figure 3 displays 6,(to) as a
function of 6 for two given values of detuning, and
Fig.4 illustrates variation of d,(ty) with detuning for
given 6. Entropy squeezing reaches its maximum at
0 = 0.3747 and A=0 (i.e. the atom is degenerate).
The amount of maximal squeezing is about 15%. For

@ = 0, the atom is initially in the ground state, and

no entropy squeezing exists in either component since
dp(t) = 6,(t) = 0. We will see entropy squeezing is
possible for an initial atomic ground state and an ini-
tial coherent field in Section 3.1.3.

1 .0
3.1.2.

Co =COS o, €1 = —C2 = Esmg

The time-evolutions of §,(t) and d,(¢) in this case
are periodic with a period 7 = 27/, twice that
for the case of 3.1.1, as shown in Fig.5. Contrary to
Fig.2, the position component of the field now exhibits
squeezing while the momentum component does not.
If the atom is degenerate, i.e. A =0, 6,(t) and d,(t)
are always null, indicating that there is no squeez-
ing. We also see that the entropy squeezing depth in
Fig.5(a) is smaller than that in Fig.2 (b) for the same
parameters A and . The maximal entropy squeez-
ing takes place at A =~ 1.5g, rather than A = 0 as in
3.1.1. Variation of d,(tg) with 0 takes a shape similar
to d,(to) in Fig.3, and the maximal squeezing remains

15%.
h

3.1.3. ¢y = cos 2’ c1 =e'?sin 5,02 =0

Time-evolution periods in this case are 7 =
ZW/\/W for A # 0 and 7/y/2g for A = 0.
The effects of initial atomic state on field entropy
squeezing are shown in Fig.6. Both components of
the field may display entropy squeezing in a certain
range of #, and the maximal squeezing takes place at
time tg = (m + 1/2)7 for the position component and
to & (m+ 1/2)7/2 for the momentum component.
From Fig.6 we see the squeezing of either component
of the field is intermittent.
squeezing depth vary with A and 6. The influence of
¢ on 0,(t) for 8 = w/4 and A = 2g is illustrated in
Fig.7. It also affects the shape of the evolution curve

Squeezing duration and

besides the squeezing depth and squeezing time.

We have mentioned that if the atom is initially
in the ground state, there is no entropy squeezing for
the field. Calculations also show that when the ini-
tial atomic state is an arbitrary superposition of the
two upper energy states, field entropy squeezing never
occurs. In both cases, either D or C, o in Eqs.(17a)
and (17b) is null, so we come to the conclusion that
the field squeezing is due to the interference of the

zero-photon and one-photon field states.
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3.2. The field is initially in the coherent state

,ﬁn/Q

F,, = exp[—7/2] ek

(19)

where 7 is the initial mean photon number of the field,
and we have chosen the phase of the coherent state to
be zero for simplicity. Here, we only consider the case
where the atom is in the ground state at ¢ = 0. In or-
der to compare the entropy squeezing and the variance
squeezing of position component, we write down the

variance of the quadrature operator z = (a+a*)//2:
(x)?

(Arz)® =(z?) —
S (nlprln)(1 + 2n)
n=0

1

2
n(n—1)

(n+1)(n+2)]

[iwpfn WO

n=0

+ (nlpsn — 2)
+ (n|pjn +2)
1
T3

+ (nlpgln + 1)vVn + 1} . (20)

The matrix element in (20) is given by

<n|pf|m> :Cb,ncl;k,m + CC,"C:,m
+ (Ca,n + FO(sn,O)(C;Ym + F05m,0)a (21)

0.4
(a)
a 0.2
3
E 0.0 \//\ \fj
-0.2
0 2 4 6 8 10

gt
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where
Canl(t) 2&[A2 +2¢%(n + 1) cos 2,1]
a,n -QT% g nl],
Fng(n+1)
Co,n(t) =
x [A(1 — cos 2,t) — 182, sin Qnt]e_mt,
Fog(n+1)
Cen(t) =— — 0z
X [A(1 — cos 2,,t) + 182, sin 2,t]e'>.(22)
with 2, = 1/2¢%(n+ 1)+ A%in the above equa-

tions. Based on equations (20)—(22), (A¢z)%can be
evaluated. The result is presented in Fig.8. If
(Afx)? — 1/2 < 0, the position component of the
field is squeezed. The position-entropy squeezing can
be seen from Fig.8. Comparison of (a) and (b) in
Fig.8 indicates that, when 0 < gt < 1.37, both ex-
hibit squeezing, but Asz does not show while 4.,(t)
still shows field squeezing during 1.37 < gt < 2.04
and 4.01 < gt < 4.86. The difference comes from the
fact that A¢z includes only the second-order statisti-
cal moment of the density matrix while §,(¢) includes
more. Thus we come to the conclusion that entropy is
more sensitive to the field squeezing effect and entropy
realizes the highly sensitive measure of squeezing. It
is easily seen that 0, (t) also exhibits squeezing if Asx

shows squeezing at the same time.[4©!

1.0

(b)

0.5

SR

gt

6(t)

Fig.8. Variance in the z component (a) and evolution of §; (b) for a field initially in a coherent
state and the atom initially in the ground state (A=0, n=0.5).

4. Conclusions

We studied the squeezing of the field in the sys-
tem of a V-type three-level atom interacting with a
single-mode field by considering the field position and
momentum entropies. We found that the field may be
squeezed during the evolution of the system if the field
is in the vacuum state or coherent state. The squeez-

ing duration and depth of the position and momentum

entropies depend strongly on the initial atomic state
and the energy splitting of the excited levels of the V-
type three-level atom. The squeezing is due to the in-
terference of zero-photon and one-photon field states.
We confirmed that entropy is more suitable and accu-
rate than variance in measuring quantum fluctuations
for an initial coherent cavity field interacting with a

three-level atom.
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