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The general performance characteristics of an irreversible quantum refrigeration cycle using many non-interacting

spin-1/2 systems as the working substance and consisting of two adiabatic and two isomagnetic field processes are

investigated, based on the quantum master equation and semi-group approach. Expressions for several important

performance parameters such as the coefficient of performance, cooling rate and power input are derived. By using

numerical solutions, the cooling rate of the refrigeration cycle subject to the finite cycle duration is optimized. The

maximum cooling rate and the corresponding parameters are calculated numerically. The optimal region of the coefficient

of performance and the optimal ranges of the temperatures of the working substance and the times spent on the two

isomagnetic field processes are determined. Moreover, the optimal performance of the cycle in the high-temperature

limit is also analysed in detail. The results obtained here are further generalized, so that they may be directly used to

describe the performance of the quantum refrigeration cycle using spin-J systems as the working substance.
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1. Introduction

Recently, the investigation relative to quantum
thermodynamic cycles has attracted a good deal of
attention. The quantum master equation and semi-
group approach have been successfully used to inves-
tigate the optimal performance of the quantum ther-

[1-6] and

modynamic cycles working with spin systems
harmonic oscillator systems,[”"1 and some novel re-
sults have been obtained. The investigation on the op-
timal performance of quantum thermodynamic cycles
will be helpful to understand deeply the relationship
and distinguish between the quantum and the classical

thermodynamic cycles.

Like quantum thermodynamic cycles working
with harmonic oscillators,l” =12 quantum thermody-
namic cycles using spin systems as the working sub-
They

consisting of two

stance may have three typical cycle models.
are the quantum Carnot cyclel46:13]
isothermal and adiabatic (i.e. constant-polarization)
processes, Ericsson cycle'? consisting of two isother-

mal and two isomagnetic field processes, and Bray-

ton cyclel®! consisting of two adiabatic (i.e. constant-
polarization) and two isomagnetic field processes. In
the last years, many authors have concentrated on
the investigation of the optimal performance of the
spin quantum Carnot cycle and Ericsson cycle, and
deduced some important fundamental optimal rela-
Also,

Feldmann and Kosloff have investigated the optimal

tions and performance bounds of the cycles.

performance of the quantum Brayton heat enginel®!
and heat pump!® working with spin-1 /2 systems by
using the dynamical model which is based on the prob-
ability distribution of occupancy of the energy levels
evolving and a Pauli master equation. However, the
performance characteristics of a quantum Brayton re-
frigeration cycle working with spin systems, which is
simply referred to as a spin quantum Brayton refrig-

eration cycle, has been rarely investigated.

In this article, we mainly investigate the perfor-
mance of an irreversible spin quantum Brayton re-
frigeration cycle consisting of two adiabatic and two

isomagnetic field processes. General expressions for
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the coefficient of performance, cooling rate, power in-
put of the cycle are derived, based on the quantum
master equation and the dynamical semi-group ap-
proach of the quantum theory of open systems. The
important performance parameters of the cycle are op-
timized and the general performance characteristics of
the cycle are analysed. The curves of the fundamental
optimum relation between the cooling rate and the co-
efficient of performance are presented. The optimally
operating regions of some performance parameters in

the cycle are determined.
2.A quantum refrigeration cycle

First of all, we consider a quantum refrigeration
cycle operating between two heat reservoirs at con-
stant temperatures T}, and T,.. The working substance
of the cycle consists of many non-interacting spin-1/2
systems. In the quantum refrigeration cycle, the spin
systems are not only coupled mechanically to a given
“magnetic field” w(t), but are also coupled to a heat
reservoir at a temperature of T. Based on the quan-
tum mechanics, the Hamiltonian of the interaction be-
tween a magnetic moment M and a magnetic field B
is given by fI(t) = —M - B, where the magnitude of
the magnetic field can change over time, but is not
allowed to reach zero. For a single-spin quantum sys-
tem, the magnetic moment M is proportional to the
spin angular momentum S. When the direction of the
magnetic field B is chosen to be constant and along
the positive z-axis, the Hamiltonian may be given by
ﬂ(t) = QMBS' -B = 2,uBBz(t)S’Z, where pp is the
Bohr magnetron. As described in Ref.[6], one can re-
fer to w (t) = 2upB. (t) rather than B, as “the field”
for simplicity. It is clear that w is positive for the
spin angular momentum and magnetic moment are in
opposite directions. Therefore, the Hamiltonian of an
isolated single spin-1/2 system in the presence of the
field w(t) may be expressed as

H(t) = w(t)S-, (1)

and the internal energy of the spin system may be
given by

E=(H)=w(t)(S,) =ws. (2)

According to statistical mechanics, the expecta-

tion value of a spin-1/2 angular momentum S, is given

by .
(8.) = 5 = — tanh(§'w/2), (3)

where ' = 1/T’ (T" is the temperature of the spin
quantum system in energy units) and —1/2 < S < 0

(our units are such that & = 1). For the convenience
of writing, “temperature” will refer to 8’ (or 3) rather
than 7" (or T)).

Using Eq.(3), one can plot the cycle diagram of
a spin quantum refrigeration cycle consisting of two
constant-polarization and two isomagnetic field pro-
cesses, as shown in Fig.1. It can be seen from Fig.1
that in the cycle, the two adiabatic processes (i.e.
constant-polarization) are connected by the two iso-
magnetic field processes w = w; and w = wy with
wg > wi. The two isomagnetic field processes in the
cycle correspond to the two constant-pressure pro-
cesses in a gas Brayton refrigeration cycle, while the
two adiabatic processes in the cycle are identical to the
two processes that the polarization of the spin system
S = Sy and S, are kept constant.[®! Therefore, the
quantum refrigeration cycle shown in Fig.1 may be

referred to as the spin quantum Brayton refrigeration

cycle.
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Fig.1. The S-w diagram of an irreversible quantum

refrigeration cycle, where w is in Joule units.

In the two isomagnetic field processes, the spin
systems are, respectively, coupled to the heat reser-
voirs at constant temperatures 8 = (B, and 8 = [,
and the amounts of heat exchange between the work-
ing substance and the heat reservoirs are represented
by Qn and Q.. Due to the finite-rate heat transfer be-
tween the working substance and the heat reservoirs,
the temperatures (1, B2, (3, and (4 of the working
substance in states 1, 2, 3, and 4 are different from
those of the heat reservoirs and there exists a rela-
tion: B. > f1 > B2 > B4 > B3 > Pr. Using Eq.(3) and
Fig.1, one can obtain the following relations:

ﬂ3w2 = 52w1 (4)

and

Bawz = Prwr. (5)
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It is thus clear that, for a spin quantum Brayton
refrigeration cycle, there is an important relation,
B1/B2 = Ba/Bs, which restricts the temperatures of
the four states 1, 2, 3, and 4 in Fig.1. It is of interest
to note that the important relation is identical with
that of a Brayton refrigeration cycle working with an

ideal gas.
3. Several important performance

parameters

The coefficient of performance, cooling rate, and
power input are three important performance param-
eters, which are often considered in the optimal design
and theoretical analysis of the refrigerators. In order
to obtain the general expressions of the parameters,
the times of the heat-exchange processes have to be
calculated. To this end, we begin to solve the equa-
tion of motion that determines the time evolution of
the spin angular momentum.

Based on the semi-group formalism, the equation
of motion of an operator X in the Heisenberg picture

is given by the quantum master equation, 691416l j ¢,

where Lp(X) = Y va(VE[X, Vo] + [V, X]V.) is
a dissipation term O;Lnd originates from a thermal cou-
pling of the spin to a heat reservoir, V! and V, are
operators in the Hilbert space of the system and Her-
mitian conjugates, and 7, are phenomenological pos-
itive coefficients. For a spin system, VI and V', may
be chosen to be the spin annihilation and creation op-
erators: S_ = S'z — iS'y and S+ = Sm +i$'y, and
H = ws,. Substituting S’,, §+, ﬁ, and X = S,
into Eq.(6), one can provelf! that

ds
T —ae?P*[2(1 4 )8 + & — 1], (7)
where a and ¢ are constant parameters which describe
the interaction between the spin system and the heat
reservoirs and their reasonable ranges are a > 0 and
-1 < q<0; B, w,and S are, in general, dependent
on time.[® The solution of Eq.(7) is given by
St
ds

a ] ePw[2(1 + efw)S + P — 1]
Si

t=—

(8)

where S; and S¢ are the initial and final values of S
along a given path S(8’,w). Equation (8) is a gen-
eral expression of time evolution for a spin-1/2 sys-
tem coupling with the heat reservoir and the external
magnetic field.

Using Eqgs.(3) and (8), one can calculate the times
spent on the previous processes in the cycle. Substi-
tuting S; = Sy, Sf = S2, B = B and w = w; into
Eq.(8), one obtains the time of the isomagnetic field

process with w = w; as

1
B 2aeq,5cwl (]_ + eﬁcwl)

ty2

2(1 + e,@cwl)s’l + eﬁcwl —1
2(1 4 ePew1)Sy + efewr — 1 |°

(9)

X In

Similarly, substituting S; = S, Sy = S, 8 = By and
w = wy into Eq.(8), one obtains the time of the iso-

magnetic field process with w = ws as

1
T 9gedPnw: (1+ ePnws )

t34

2(]_ + eﬂhw2)5’2 + ebnwz 1

. (10
2(1 + ePuw2)S; + ez — 1 (10)

X In

Before considering further the times spent on the
two adiabatic processes, we first derive the first law of
thermodynamics for a spin system. Replacing X by
Hin Eq.(6) and using Eq.(2), one can obtain the rate

of change of the internal energy as

dE d oH .

Equation (11) shows that the internal energy change
of the working substance can occur either by transfer-
ring population from one level to the other (changing
S) or by changing the energy gap between the two
levels (changing w). The population transfer is the
microscopic realization of heat exchange, while the
energy change due to external field variation is as-
sociated with work. Consequently, Eq.(11) is the time
derivative of the first law of thermodynamics, and the
inexact differentials of the work and heat are, respec-

tively, given by[6:9:16—18]

AW = Sdw (12)

and

dQ = wdS. (13)
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It can be seen from Eq.(13) that there exist two adi-
abatic processes: d@Q = 0 and dS = 0. Consequently,
the times spent on the two adiabatic processes are
negligiblel! compared with those spent on the isomag-

netic field processes, and the cycle period is given by
t =112+ t3g. (14)

Using Eq.(13), one can find that the amounts of
heat exchange between the working substance and the
heat reservoirs in the two isomagnetic field processes

mentioned above are, respectively, given by

Sa

Qc=Q12=/

S1

wldS = wl(Sg - Sl) (15)

and
S

@ =Qui = [wds —ua(si- 5. (19)
Sz

The work input per cycle can be calculated from
Eqgs.(15) and (16) as

W = |@Qn + Qc| = (w2 —w1)(S2 — S1). (17)

From Egs.(9), (10), and (14)—(17), one can derive the
coefficient of performance, cooling rate, and power in-
put of a spin quantum Brayton refrigeration cycle.
They can be, respectively, expressed as
_Qe_ w1

w Wy — W1
B B4 tanh *(255)
 Batanh™(25;) — B4 tanh ™ (2S,)’

3

R :% = 2@&)1(32 — Sl)

y 1 In 2C151 + Cq
eBew1 Cl 20152 + Cz
1 2D185 + Do ]
+ n )
equh‘”Dl 2D:1S51 + Do

(19)
and

w
P :T = 2(1((.02 - wl)(SQ - Sl)

o 1 2C151 + Co
n
edBew1 Cl 2C152 + CQ

1 2D,Ss + Dy \ ]t
1 20
Ve, O <2D151 T+ Dy . (20)

where C; = 1+ ¢ePw1, Cy = ePe¥t —1, Dy = 14 w2,
and Dy = %2 — 1. On the basis of the expressions

of these parameters, one can discuss the optimal per-
formance of an irreversible spin quantum Brayton re-
frigeration cycle using many non-interacting spin-1/2

systems as the working substance.

Fig.2.
cle as a function of the fields (w1, w2). The graph
is presented for the parameters k7},=4.0J, k7Tc=2.0J,
wp=6.0J, w.=2.0J, ¢ = —0.5 and h = 1.

The dimensionless cooling rate of the cy-

4.0ptimal performance charac-

teristics

Using Eq.(19), one can plot a three-dimensional
diagram (w1, wa, R*) for given ¢, Be, Bn, wh, and we(wy
is the lower bound of w in the high-isomagnetic field
processes and w, is the upper bound of w in the low-
isomagnetic field processes), as shown in Fig.2, where
R* = R/(2aw.) is the dimensionless cooling rate. It
can be seen from Fig.2 that there is a maximum for the
cooling rate. According to Eq.(19) and the extreme
condition OR*/0w; = 0, we can obtain the following

equation:

_totta { 4B.(Ss — S1)el=r
B.Cy teabewn " (2C15; + C2)(2C1 55 + Cs)

Bewi
(g +1)ePeer 4 In 20151 + G\ | _ 0. (21)
C 2C152 + Cs

Equation (21) gives an optimal relation between
B2(wy) and B4(ws) for given ¢, B, Bn, wn, and w,
but it is too complicated to yield a simple analytical
solution. However, for given ¢, By, B¢, wh, and we,
the optimal curves between the cooling rate and co-
efficient of performance R*-¢ and the other optimal
characteristic curves (P*-¢, R*-wy, P*-wy, and w;/w;-
) can be plotted by using Eqs.(18)—(21), as shown
in Figs.3-5, respectively, where P* = P/(2aw,) is the
dimensionless power input. In these figures, the pa-
rameters kT, =4.0J, kT.=2.0J, w,=6.0J, w.=2.0J, and

g=—0.3 or ¢ = —0.5 are adopted.®!
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018 i T the maximum cooling rate and the smaller the corre-
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0.15 . 5;5 3 12 sponding coefficient of performance will be, as indicted
0.12- m g=-05|1 in Table 1.
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Fig.3. The dimensionless cooling rate R* = R/(2awc.) 3':
(solid lines) and power input P* = P/(2aw.) (dashed 2
lines) versus the coefficient of performance e. Curves 1 1 w2/wh
I and II are presented for ¢ = —0.3 and ¢ = —0.5, T ;;1"/;"
c
respectively. The values of the parameters kTc, kT},, 0 T |
wh, we, and ki are the same as those used in Fig.2. 0.0 0.5
€
0.5
0.16 R*-w; ’
- ewi // 0.4 Fig.5. The wi/wc-e and wa/wp-e characteristic
0124 ’ ’ curves. The values of the parameters k7., kT},, wy,
' // 0.3 we, g, and h are the same as those used in Fig.2.
& 0.08- 4 ¢
Sl % 0.2 It is also seen from the solid curves in Fig.3 that
; g
0.044 // when R < Rp,.x, there are two different coefficients of
X 0.1 . . .
)/ performance for a given cooling rate R: one is smaller
0.00 === . . 0.0 than e,,, and the other is larger than e,,. When
0.0 0.5 1.0 1.5 2.0 . .
€ < £m, the cooling rate decreases as the coefficient of
wiy

Fig.4. Dimensionless cooling rate R* (solid line) and
coeflicient of performance ¢ (dashed line) versus the
field wy. The values of the parameters kT¢, kT},, wh,

we, ¢ and h are the same as those used in Fig.2.

It is seen from the curves in Fig.3 that there exist
a maximum cooling rate Rn.x and a corresponding
coefficient of performance e, for a set of given pa-
rameters q, By, B¢, wh, and w.. Obviously, for differ-
ent given parameters, the maximum cooling rate Ry ax
and corresponding coefficient of performance ¢, will
be different. For example, for a given w, /wy, the larger
the temperature ratio Tt /T}, of the two heat reservoirs
is, the larger the maximum cooling rate while the
smaller the corresponding coefficient of performance
will be; for a given T./T}, the smaller the field ra-

tio w./wy of the external magnetic field is, the larger

performance decreases. It is thus clear that the region
of € < &y, is not optimal for a spin quantum Brayton
refrigeration cycle. Consequently, the optimal region

of the coefficient of performance should be
em < €< &, (22)

where €, = w./(wn — we) is the maximum coefficient
of performance of a spin Brayton refrigeration cycle.
When a quantum Brayton refrigeration cycle is oper-
ated in this region, the cooling rate will increase as the
coefficient of performance decreases, and vice versa.
This indicates that ¢, is an important parameter for
a spin quantum Brayton refrigeration cycle. It deter-
mines the allowable value of the lower bound of the

optimal coefficient of performance.

Table 1. Optimal parameters at the maximum cooling rate for given T./T},, we/wy and g = —0.5.
Te/Th we [why R} ax €m Pm Tom/Tam
0.48 0.3 0.1623 0.01249 12.998 0.0191

0.4 0.1309 0.01514 8.642 0.0179
0.50 0.3 0.1668 0.01211 13.777 0.0200
0.4 0.1354 0.01476 9.170 0.0181
0.52 0.3 0.1692 0.01186 14.103 0.0201
0.4 0.1365 0.01456 9.531 0.0186
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Using Eq.(22) and the above results, we can fur-
ther find that the optimal values of the power input
should be

P < P, (23)

and that the optimal ranges of the “temperature” of
the working substance in states 2 and 4 in the two

isomagnetic field processes should be

Pam = B2 > Be (24)

and
Bam < Ba < P, (25)

where the values of P,,, Bom, and B4, can be calcu-
lated from Eqs.(19)-(21) and have been listed in Table
1. From Egs.(4), (5), (24) and (25), we can obtain, re-
spectively, the optimal ranges of the “temperature” of

the working substance in states 1 and 3 as

Bim = Bamwom/wim < B1 < Buwa /w1, (26)

and

B3m = PomWim/Wam > B3 > Bewr /wa. (27)

Obviously, Eqs.(23)—(27) provide several significant
criteria for the selection of optimally operating con-
ditions. Thus, P, Bim, B2m, B3m and (4, are also
important performance parameters for a spin quan-
tum Brayton refrigeration cycle.

In addition, using Egs.(9), (10), (21), and (22),
one can find that the times spent on the two isomag-
netic field processes, t12 and t34, of the cycle should
be controlled to satisfy the following conditions:

t1g > (tlg)m (28)
and
t34 > (t34)m, (29)
where
1
t12)m =
( 12) 2aeq,@cw1m(1 + eﬁc"-’lm)
1 2(1 + eﬂcwlm)sl + eﬂco.qm -1
2(1 4 eﬁcwlm)52 + eBewim — 1
and
1
(t34)m

- 2ae9Bnwam (]_ + eBhWZm)

| 2(1 + eﬁ}.me)SQ 4 ePhwem _ 1
2(1+ eB}.me)Sl + efnwem — 1 |

If not, the quantum heat engine could not be operated
in the rational region.

Figures 3-5 show that the power input P and the
field ratio wy/wy, are of monotonically decreasing func-

tions of the coefficient of performance ¢, while the field

ratio wy/w. is a monotonically increasing function of
the coefficient of performance e. When #By = 8. and
B4 = Bn, one hase =¢,, R=0,and P =0. In such a
case, the refrigeration cycle attains its maximum co-
efficient of performance, but its cooling rate is equal
to zero so that it loses its refrigeration role.

It is worthwhile to point out that when the tem-
peratures of two heat reservoirs are high enough, i.e.
Pw < 1, the results obtained above can be simplified
considerably. For example, Eqs.(3), (14), and (18)-

(21) can be, respectively, written simply as

§=- 10, (30)
1 In (451 + Bew1)(4S2 + Brws)

i (4S5 4 Bew1)(4S1 + Brws) |’ (3D
Qw1 Sf
W T wy —w;  S1PB2— S2f4’ (32)
R :% = 4aw; (Se — S1)
[(451 + Bew:) (45 + Brwa)] ™
X In | (452 4 Bew1)(4S1 + Buw2)| (8)
P :? = 4da(wz —w1)(S2 — S1)
(451 + Bow:) (482 + Buws) | "
x In _(452 + ﬂcwl)(451 + ﬂhw2)_ ’ (34)
and
. (451 + Bew1)(4S2 + Puw2)
(482 + Bew:) (481 + Puws)
_ 4(52 - Sl)ﬂcwl —0. (35)

(451 + Bewr)(4S2 + Bewr)

R*/Rpax
o )n/ Rinax

(R

0 (em)h/er 1

efec

Fig.6. The dimensionless cooling rate R* versus the coeffi-
cient of performance € in the high-temperature limit. Dashed
(w,=6.0J), dash-dotted (w,=4.0J) and solid (w,=2.0J) curves
are presented for the parameters kT},=200J, kT.=150J,
we=2.0J, and ¢ = —0.5. The parameters (Rm)n and (em)n
represent the cooling rate and coefficient of performance at

the maximum (Re), respectively.
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Using Egs.(32), (33) and (35), one can generate
some fundamental optimal relation curves R*—e for
given fy, B., wy and we, as shown in Fig.6, where the
parameters k7,=200J, kT.=150J, w,=6.0J (dashed
curve), w,=4.0J (dash-dotted curve), w,=3.0J (solid
curve) and w.=2.0J are adopted. It is clearly seen
from the curves in Fig.6 that at high temperatures,
the R*—¢ curves of an irreversible spin quantum Bray-
ton refrigeration cycle are different from those of the
refrigeration cycle at low temperatures. The cooling
rate R decreases monotonically as the coefficient of
performance increases. When e, = 1, the R*-e curve
is approximately a straight line, i.e. the cooling rate
is approximately a linearly decreasing function of the
coefficient of performance. When the condition ¢, ~ 1
is not satisfied, the R*-¢ curve is convex for ¢, > 1,
When

e — 0, the cooling rate attains its maximum value

while the R*-e curve is concave for ¢, < 1.

Rpax- The maximum cooling rate

4a(52 — Sl)wlm
In[(4S; + Bewim)/(4S2 + Bewim)]

can be calculated from Eqs.(33) and (35), where

Ryax = (36)

Wim :(451 + ﬂcwlm)(4s2 + ,Bcwlm)
[(451 + ﬂcwlm)/(4‘s2 + ﬂcwlm)]
[4(S2 — 51)Bc] '

In such a case, an infinite power input is required.

x In

This indicates that the cooling rate of a practical re-
Thus, the states

of R = Rp.x and € = &, are two limited states and

frigerator cannot approach Ry .x.

the refrigeration cycle cannot be operated in the two
states, so that consideration must be given to both the
coefficient of performance and the cooling rate. Equa-

tions (32) and (33) just provide some theoretical bases

Ss

for the question of how to choose reasonably the two
parameters. For example, when we pay equal atten-
tion to both the coefficient of performance ¢ and the
cooling rate R, the product éR may be taken as an

(191 The cooling rate (Rp,)n and co-

objective function.
efficient of performance (¢,,), under the maximum R
condition can be calculated, as shown in Fig.6. It is
clearly seen from the curves in Fig.6 that there exists

a relation: (em)n/er & (Rm)h/Rmax = 1/2 for e, = 1.
5. Discussion

1. Tt is clearly seen from Egs.(9), (10), (14), (19),
and (20) that the cycle period is a monotonically de-
creasing function of the parameters a and g, while the
cooling rate R and power input P are monotonically
increasing functions of the parameters a and ¢g. This
implies that the larger the parameters a and ¢ are,
the larger the cooling rate R and power input P will
be. However, the two dimensionless parameters R*
and P* are independent of the parameter a. Thus,
Figs.3, 4 and 6 are true for an arbitrary value of the
parameter a.

2. When the working substance is composed of a
spin-J system (J=1/2,1, 3/2, 2, ---), the mean value

of the spin angular momentum can be written as(2%-2%]

S =(8.) = —JBs(BwJ), (37)

where —J < S < J and By(z) = [(2J +
1)/(2J)] coth[(2J + 1)z /(2J)] — (1/2J) coth[z/(2J)] is
the Brillouin function. Based on the quantum master
equation and semi-group approach, one can prove that
the general expression of time evolution for a spin-J
system coupling with the heat reservoir and the exter-

nal magnetic field is given by

ds

1
=" / B {2(1 + ePw)S + 2[J(J + 1) — M](efw — 1)}’

i

where M = (52) and (52) = J(J + 1). Using a simi-
lar method to that mentioned above and Eqs.(38) and
(19)—(21), we can analyse the performance character-
istics of an irreversible quantum refrigeration cycle us-
ing spin-J systems as the working substance. At high
temperatures, Eqs.(37) and (38) may be, respectively,
simplified as

S (39)

and
St

1 ds
t:_%s/2s+ﬂw[J(J+1)—M]’ (40)

where M = J(J + 1)/3. Comparing Eq.(39) with
Eq.(30), we can find that the heat amounts of the
two isomagnetic field processes in the cycle may be
obtained by multiplying the factor of 4J(J+1)/3 in
Eqgs.(15) and (16). On the other hand, it can be found
form Eqgs.(39) and (40) that the cycle period is still
given by Eq.(31). Thus, at high temperatures, the co-
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efficient of performance of the cycle using the spin-J
systems as the working substance is the same as that
of the cycle working with the spin-1/2 systems, while
the cooling rate and power input are 4J(J+1)/3 times
those of the quantum cycle working with the spin-1/2
systems.

3. The above discussion only refers to a single

spin-J system. For the working substance consist-
ing of many noninteracting spin-J systems, the coef-
ficient of performance is still true, while the work in-
put, power input, and amounts of heat exchange can
be obtained as long as the above results are simply

multiplied by the total number of spin systems.
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