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Nonthermal effect of dilatonic black holes’
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The quantum nonthermal effect of the spherically symmetric and rotating dilatonic black holes is studied. A

crossing of the positive and negative Dirac energy of particles occurs near dilatonic black holes. We find that the dilaton

coupling parameter a affects the energy of spontaneous radiant particles. The energy of particles decreases when the

coupling parameter a increases.
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1. Introduction

In general relativity, the stationary black holes
coupled to electromagnetism are described by the
Kerr—-Newman solutions. If one considers that grav-
ity couples to a Maxwell field and a dilaton field, the

action is!!]

S = —/d4ac\/_[ —2(V®)? —e 2?F?] | (1)

16

where @ and F),,, are a dilaton field and a Maxwell
field, respectively, a is a free parameter which gov-
erns the strength of the coupling of the dilaton to the
Maxwell field. When o = 0, the action reduces to
The black hole

solution for this case is the well-known Kerr—Newman

the usual Einstein—-Maxwell theory.

solution. When o = 1, the action is part of the low-
energy action of string theory. The case of a = /3
corresponds to the four-dimensional effective model
reduced from the five-dimensional Kaluza—Klein the-
ory. Furthermore, we may also include an axion field

H,,,. The low-energy action is then

ST d4;c\/_[ —2(Vo)?

_e—2¢F2 =

12e4¢H2] . (2)

In the model (1), nonrotating charged dilaton
black hole solutions with arbitrary coupling constant
o have been found.[*?! Explicit solutions describing
rotating charged black holes for arbitrary o have not

been found yet. However, for a = /3, the solutions

are known, ! and in the case a = 1, an exact rotating
dilatonic black hole solution is derived by Sen!®! in the
model (2).

tion is the familiar Kerr—Newman solution. The cou-

When a = 0, the rotating charged solu-

pling plays some important roles in black hole physics.
Koga and Maedal'l have studied the evaporation of
the spherically symmetric and rotating black holes
with dilaton coupling via Hawking’s quantum radi-
ation. They found that the dilaton coupling constant
«a drastically affects the emission rate. In addition
to quantum thermal effect depending on the tempera-
ture, there is also an important quantum nonthermal
effect in the spacetime of the dilatonic black holes.
This is a spontaneous radiation independent of tem-
perature. In this paper, we will study the nonthermal
radiation from the dilatonic black holes. We expect

that the coupling constant dependence is noticeable.
2.Nonthermal radiation from

spherically symmetric dilatonic

black holes

The spherically symmetric exact solution with ar-

bitrary coupling constant « is given byl

2 _ A(’") 2 4 R*(r) 2
ds® = (T)dt (T) d
+ R? (r) (d(92 + sin? Od¢ ) (3)
a=-2, b= am(-7) @
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where

A(r) =(r—ry)(r—r-),
R(r) =r (1 — r;>a /Gt

- 7 (5)
and A; is the ¢ component of the four-potential A,,.
The outer and “inner” horizons r, and r_ are related
to the mass M, the electric charge @ of the black hole,

and « as

(1+ a?) [M + /M- (1 a2)Q2]

r:l: = (1 :i: a2) ’ (6)
when |Q| = Qumax = V1 +a2M, ry and r_ coincide.
However, when 7, = r_ = (1 4+ o?)M, the area of

the black hole vanishes for « # 0, therefore it is not a
black hole solution.!?!

Motions of particles with charge e and mass m
in curved spacetimes are described by the Hamilton—

Jacobi equation
gt < 95 _ eA#> <88—S - eA,,) +m?=0, (7)
xl/

dah
where S = / Ldr is the Hamilton—Jacobi principal

function, and A, is the electromagnetic field four-
potential in the spacetime. Inserting Egs.(3) and (4)

into the Hamilton—Jacobi equation (7), one obtains
R[0S Q\* A (05\* 1 (05)
Aot T r2\ar) TR\ 00
1 as\*
4+ — = + =0. 8
R2sin’ 6 <3¢> i ®)

The Hamilton—Jacobi equation (8) in this spacetime

can be made separable, by setting
S =—wt+ F(r)+ H(0) + ¢, (9)

where w = —95/0t is the energy of the particle, and
l = 05/0¢ is the azimuthal component of the angular

momentum. Then, the radial equation of Eq.(8) is

s Q\’
ar\? F (“’ N e?) (m? R? + \)

where ) is a constant. Because (dF/dr)? > 0, we have
2
R* <w — 69) — A(m?R?* 4+ ) > 0. (11)
T

This is the condition that the energy of particles have
to satisfy in this spacetime. Adopting the equality in
Eq.(11), we have

wi :egi%\/A (A + m2R?). (12)

The distribution of the energy levels of the Dirac vac-

uum is given by
and w <wy. (13)
The forbidden region of the energy is

wy <w < wd. (14)

The width of the forbidden region is

Aw= %«/A CIZESY) (15)

(i) When r — oo, wgt — +m, and Aw = 2m. The
distribution of the Dirac energy levels becomes that
in the Minkowski spacetime. (ii) When r — r, =
M + /M? — (1 — a2)Q? (the event horizon), A = 0,

and we have

w0:w+:w7: cQ
PR T M P -1

(16)

The width of the forbidden region vanishes at the

event horizon,

Aw = 0. (17)

Therefore, there exists a crossing of the positive and
negative energy levels near the event horizon. When
wp > +m, the particle can escape to infinity from the
event horizon. This means that there is radiation from
the region near the event horizon. This quantum effect
is independent of the temperature of the black hole.
This is the Starobinsky—Unruh process of spontaneous
radiation.

From Eq.(16), we see that the energy of parti-
cles is dependent on the coupling parameter . When
a = 0, it reduces to the results of the Reissner—
Nordstrom solution. To see how the energy of par-
ticles wg at the event horizon varies with the coupling
parameter «, we plot the specific energy wg/e of the
particles in Fig.1. We assume the mass of the black
hole is conserved. Figure 1 shows wp/e as a function
of a for four values of Q/M: 0.6, 0.8, 0.9, 1.0 and
for the extreme case (Q = Quax = V1+ a?M). We
notice that as the electric charge of the black hole @
increases, the energy of particles increases; and as the
coupling parameter « increases, the energy decreases.
The increase of wy/e with Q/M is larger at low val-
ues of a than at high values of «, and wq/e for each
value of Q/M intends to coincide at the large values

of a. This means that the stronger the coupling, the
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smaller the effect of the electric charge of the black

hole on the energy of particles.
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Fig.1. wg/e versus the coupling parameter a for

several values of Q/M. Q/M = 0.6 (the dashed
line), Q/M = 0.8 (the dotted line), Q/M = 0.9 (the
dot-dashed line), Q/M = 1.0 (the solid line), and
Q/Qmax = 1.0 (the dot-dot-dashed line).

3. Nonthermal radiation from ro-

tating dilatonic black holes

Next, we consider the nonthermal radiation from
rotating dilatonic black holes. Because we do not yet
have explicit rotating black hole solutions for all val-
ues of a, we will study the Sen black hole (a = 1).
We first summarize the Sen black hole. The rotating

dilatonic black hole with coupling constant o = 1 is

given by!®!
Y —a%sin?6
ds? = — —Qa dt?
2asin® 6
=7 S;n [(r2 + a2 — 287) — ¥] dtde

A
+ = dr? + Ad6?

sin? 6

A

[(7‘2 +a? — 2ﬂr)2 — Ya?sin? 9} de¢?,
(18)

where A = r2 — 28r +a?cos?0, and ¥ = r? — 2ur + a2,
= —psinh®(0/2). This metric describes a black hole
solution with mass M, charge @), angular momentum
J and magnetic dipole moment P, which are related

to parameters u, o and a as

M = Q= Lsinho,

V2

1
—pasinho.  (19)

V2

(1 + cosho),

J= %(1 + cosho), P =

It will be more convenient to express u, o and a in
terms of the independent physical parameters M, J
and Q. From Eq.(19), we obtain

2 2v2QM
u:M—Q—,sinhU— V2Q a=

2M 2M2 — Q2 20)

e
U

The outer and “inner” horizons rﬁ' and r, are
given by the mass M, electric charge @ and angular

momentum J of the black hole as

2 2 JZ
—%i <M 2QM> —ap @)

+ _
=M

and then the regular horizons exist if

2
|J| < M? — Q (22)
Thus the extreme limit of the black hole corresponds
to |[J| = —@Q?/2. For the extreme Sen black holes,
Tﬂ' and r coincide. The angular velocity Qy of the

Sen black hole at the event horizon is[®!

J
Qz 4 \/(2M2 _ Q2)2 — 42
(23)
The location of the infinite red-shift surfaces of the
black hole is determined by

2 =

M |2M? —

M—Q—2j: <M

Wi Q2> —J—200529 (24)

2M M?

Therefore,

spheres, i.e.

in the Sen spacetime there exist ergo-

outer ergosphere 7‘}'1' <r< r:',

inner ergosphere 1, <r <7 . (25)

In the Sen spacetime the four potentials are

Ay = Ci’" A=Ay =0, Ay = % sin20.  (26)
Inserting Eqs.(26) and (18) into Eq.(7), one obtains
the Hamilton—Jacobin equation of particles6~1% in

the Sen spacetime

2 (2) 4 (25Y 4 (asime?S 4 L OSY’
ar 90 asind G ¥ G0 96
1< as  as

2
- - 2 —
B— +a 99 + Qer> +m°A=0, (27)
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where B = 12 4a? —2fr. Separating Eq.(27), we have
the radial equation

2
<(31_15> :% (—Bw + al + Qer)2

1 2/(,..2
—E[m (r* —2pr) + 7], (28)

where A is a constant, w = —9.5/0¢t is the energy of the
particle, and | = 95/0¢ is the azimuthal component of
the angular momentum. The condition (dR/dr)? > 0

corresponds to

(—Bw +al + Qer)’ — ¥ [m?(r? —2Br) + A] > 0.

(29)
Adopting the equality in Eq.(29), we have
woi = % [al + Qer + /X (m2(r2 — 26r) + )\)} .
(30)

The distribution of the energy levels of the Dirac vac-
uum is given by
w>wi and w<uwg. (31)
The forbidden region of the energy is
wy <w < uwg. (32)

The width of the forbidden region is

Aw = %\/2 2P — 28+ AL (33)

1) When r — oo, electromagnetic effects can be
, g

neglected, and we have
wE = £m. (34)

The distribution of the Dirac energy levels goes to
that in the Minkowski spacetime. The width of the

forbidden region is
Aw = 2m. (35)
(i) When r —
M — Q?%/(2M)]? — a2, we get
VI , we g

_ _al+ Qery
wo = wg = wg =—75

which is different from the results of the Kerr—
Newman black hole. The width of the forbidden region

vanishes at the event horizon, i.e.

M — Q?/(2M) +

T =

(36)

Aw = 0. (37)

Therefore, there exists a crossing of the positive and
negative energy levels near the event horizon in the
Sen black hole. Nonthermal radiation takes place near

the event horizon.
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Fig.2. The behaviour of wp/e as a function of Q/M
for J = 0.01M?2 and [ = 0. The solid line corresponds
to the Sen black hole ( = 1), and the dashed line

corresponds to the Kerr-Newman black hole (a = 0).

For the Kerr—Newman black hole, we know

al + Qery,
= —F 38
wo ,,1121 + a2 ) ( )

where r, = M + 4/ M? — a? — Q?. It is obvious that

the energy of spontaneously radiant particles is de-
pendent on the coupling parameter «. Figure 2 shows
the variation of specific energy wp/e with Q/M for
the Kerr—Newman black hole (o = 0) and the Sen
black hole (o = 1). In Fig.2, we consider the black
holes with a small angular momentum, which is fixed
at J = 0.01M?2, and the spontaneously radiant parti-
cles with the zero azimuthal component of the angular
momentum (i.e. [ = 0). We see that the energy of par-
ticles near the Sen black hole is smaller than that of
the Kerr-Newman black hole. The behaviour of the
energy of particles is very similar to that of nonrotat-

ing black holes.
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4. Conclusion

In summary, we have studied nonthermal radia-
tion of the spherically symmetric and rotating dila-
tonic black holes. We give the expressions of the pos-
itive and negative energy states of particles in the
dilatonic spacetimes. The positive energy state in-
terlaces with the negative state in a region near the
event horizon. Therefore, spontaneous nonthermal ra-

diation takes place in the overlap region. We have

discussed the effect of the dilaton coupling parameter
a on the nonthermal radiation. We find that as the
dilaton coupling parameter « increases, the energy of
particles decreases, and the more the electric charge of
the black holes, the larger the effect of & on the energy
of particles. For the spherically symmetric dilatonic
black holes, the larger the coupling parameter «, the
smaller the effect of electric charge of the black holes

Q.
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