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1. Introduction

Quantum entanglement has played a very im-
portant role in quantum information processing such
as quantum teleportation,[l] quantum Cryptography,[2]
quantum dense coding!®! and parallel computing.!*!
However, the physical characteristics and mathemat-
ical structures of entangled states have not been well
understood.

For pure states the separability is quite well un-
derstood. However, for multipartite quantum mixed
states even no well defined measure of entanglement
exists, for the separability problem is more compli-
cated. A multipartite quantum state pa,a,..4, Is
called separable (not entangled) if it can be written
as

PALAs.. A, = ZQipiAl Qpit? @ @ phn, (1)
where p;At, p;42, ... p;An are the density matrices
for systems Aj, As,..., A, respectively, ¢; > 0 and
>; ¢ = 1. This is equivalent to the condition

pasAs.a, = Y P02 @ 1612612 @ -

® | ) ui ", (2)

where |1/J;41>, |¢;42>, e |,u24"> are normalized pure
states of systems A, As,..., A, respectively, p; > 0
and ) . p; = 1. Much effort has been made recently to
analyse the separability and quantitative characteris-

tics of quantum entanglement. Werner!® has pointed

out first that separable states must satisfy all possi-
ble Bell inequalities. Peresl® has discovered a very
strong necessary condition for separability (the PPT
criterion). This criterion is further shown to be also
sufficient for 2 x 2 and 2 x 3 bipartite systems.!"!
In view of the quantitative characteristics for entan-
glement, Bennett, et al have succeeded in computing
the “entanglement of formation” ! and thus Wootters
has obtained a separability criterion for 2 x 2 mixed

states.[19 The “reduction criterion” [11:12]

is equivalent
to the PPT criterion for 2 x N composite systems
but is not sufficient for separability in general cases.
Besides, there are also many other criteria such as
majorization,[!3] entanglement witnesses,[71%1% and

matrix realignment.!16:17]

The separability in 2 x N quantum systems!'8!
and the separability in R x N (or 2 X 2 X N) quantum
systems!!®] have been investigated in terms of Hermi-
tian matrix. In this paper we generalize the results.
In Section 2, we show that some quantity in relation
to Hermitian matrix is positive if a quantum state in
2x2X---x2x N quantum systems is separable. In Sec-
tion 3, we generalize the results to RXRX--- X Rx N

quantum systems.
2.Separability in 2x2x--- X2 x N

quantum systems

We first consider the separability of the mixed
states in multipartite quantum systems with the di-

mension 2 X 2 X 2 x N.
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Let the dimensions of systems A, As, A3z and Ay
be 2,2,2 and N, respectively. A given state pa, 4,454,
can be written as

PA A Az A, =12 @ T @ I, ® Ly

3
LY enener)

Jji=1
3
Y e ener

j2_1

+ Z LeLAY @ LY

jz=1

+ Z AW er,®eneLl!?

JiJ2
J1,j2=1
- () (13)
3 13
+ Z )\ ® I ® )‘ ® LJ1J3
J1,j3=1

3
+ 3 Lol e oLl

12733
J2,j3=1
3
+ Z )\(1 ® )\(2) ® A(S) ® L(123)
J1 J13273°
J1,j2,J3=1

(3)
where /\( ) (Jr = 1,2,3;7 = 1,2,3) are Pauli matri-
ces, Lo, L(l) L@ p® a2 ;a3 (23 ;(123)

Ji 7 T2 7 77337 TTJ1J2? U313 32337 TTJ1)233)
(J1, 42,73 = 1,2,3) are N-dimensional Hermitian ma-

trices. A separable state
PALAA3A, :Zpl|¢;41><w;41‘ ® ‘¢?2><¢;42‘
A A A A

® |v; ) {v;® | @ wi W w; ], (4)

can be also written as

1
PAy Az AsAq 221%5 <I2 + Z m Ajy >

Jj1=1
(2)4(2)
5 <IZ + Z al]z/\h >
Jj2=1
1
o2 (n+ 2 a) el
Jjz=1
(5)
where (aly), afy), a3)), (af), 0}, o)) and (a7, a3,

(3)

a,;3’) are real vectors on the Bloch sphere and satisfy
3

3 3
Z a) =1 Y@ =1 Y @) =1

Jj2=1 Jja=1
(6)

Comparing Eqs. (3) and (5), we have

1
= § Spiat )l

(1) _ A4
Lj1 - Q Zalhpl |’
2 4
L;Z) = Zamplhu A [,

(3) _

A4
Lja - Z al]apl |

(12) _ 1 (1, (2) As
lejz - g Zazhamzpl|w ><wz |7

%

13 1 1) (3) .
LG = 5 2 abjafpilwit) i),

%

23 1 2) (3)
ngji = g Za£]3a§]3p1|w ><w;44|>

123) A
gl]z]s = Zazh zgz 1J3p1|w ><wi4|' (7)

Let 263 l;L; and vector (Iy,ls,...,lg3) denote

3 3
Z Z lJ(:)LET) + Z l.71.72 J1J2

r=1 jr:1 J1,j2=1

(13) (23)
+ Z lh]s J113+ Z l]z]s J2J3

J1,33=1 J2,J3=1

foy

J1,d2,53=1

123) 123)
J1j27s J1J2]3

and (lgl),lél), ... ,lg;?)) respectively, we will be able
to deduce the following theorems.

Theorem 1 If p4, 4,4, 4, is separable, then 4Ly —
Z?il l;L; is positive for any vector (l1,ls,...,lg3) of
unit length or less.

Proof From Eqgs. (7), we can acquire

63
ALy — Y LL;
j=1

3 3 3
1 (r) (r) (12) (1) ,(2)
:g pi(4 N Z Z ljr @ij, — Z l]l]z g, Ay
i r=1j,.=1 J1,j2=1
- (13) (1) ,(8) _ s () .9)
1 23 2 3
- Z lJlealjl iJ3 Z lj2j3aij2aij3
J1,J3=1 jo,jz=1
3
123 1) (2 4
— Y 8 aDala@) Wiy wie (8)
J1,J2,73=1

Applying Egs.(6) and the assumption of the theorem,
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we can obtain

63
ZZLJ_SZM [z
"l

+ Z 1]1 1]2

3 3

RDIPICH

r=1j,=1

Ji1,J2=1
. (2) (3)y2
2
+ Z 1]1 1_73 Z (az]2a1]3)
J1,J3=1 Jj2,33=1
3
2) (3 A A
bY@’ e
J1,J2,53=1

+ 03 x14+035x1

1 1
<= = (1
_8;10 2(

+C3 x 1w ) wi|

1
4% 3 3 pilut) i) )
63
This means that 4Ly — Z [;L; is positive.  QED.
j=1
Theorem 2 If py,a,4,4, is separable, then
63
tr <7Lg — ZL§> > 0.
j=1
Proof From Egs. (6), the inequality
> 1
> ala, < 50+1)=1 (10)

=1

can be obtained. And from Egs.(7) we can obtain

tr(7L3 — i M?)
i D[ (32 )

r=1j,.=1

(2)
+ Z al]lakh l]zaka

J1,J2=1

(3)
+ Z alJlak.h l]sakJa

J1,J3=1

(3)
+ Z alJ2akJ2 l]sakJa

Jj2,J3=1

(1) ,(2) ,(2) ,(3) (3) Ag| Agy)2
+ Z aljlaf) o)) alfal) )| (wiwid)]
J1,J2,53=1

_64 szpk

+ C§ x D][{wf|wi)|
>0. QED. (11)

(C3 x1+C35x1

2

Now we generalize the results to 2x2x---xX2x N

quantum systems.

A, and
2 and N, respectively. A given state

Let the dimensions of systems Aq,A4,,. ..,
An+1 be 2, 2,. .

PA;As...A,,, Can be written as

PALA>. A, qy

n 3
®IQ®L0+2212®"'
r=17j,=1

©LLY +...

—L®--
®,\§:)®...

3
fY e

Jieedn=1

~eAMerLit o (12)

Ji---Jn?

where /\g-:) (j- =1,2,3;7 = 1,...,n) are Pauli matri-
T 1-n . .
ces, Log,... 7L§'T)7 . 7L§'1...j3’ (J1y++-yJn = 1,2,3) are

N-dimensional Hermitian matrices. A separable state

szlwAl

i@l
(13)

PA1Az.. . Anyy

can be also written as

PALA>... Ayt
1 1,
1 1
:Z%(b ) e
J1=1
<I2+Z ) ® ), (14)
In=1

1 @ Z(?1)))’__,7((71) (n) _(n)

where (a;,”, a;)’, iy "5 Q75 Q43

vectors on the Bloch sphere and satisfy

) are real

Y@y =1 )

Jjn=1

3
Z ZJl
Comparing Egs.(12) and (14), we have

Ly = 2n Zpl n+1

1 1 n A,
L5 = 5u D aiilpili ) (i,

(1m) _ 1 (1)
Ly = g 2%

n+1|
)

n A, An
ol pil ) (it (16)

Now we deal with the separability in a way sim-
an 1

Let » I;L;
j=1
n 3
,l4n_1) denote Z Z l](-:)Lg-:) +

r=1j,.=1

ilar to that for Theorems 1 and 2.

and vector (Iy,l5...
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3 . . .
- Z [em) () o (l(l) ;) l(l"'n)) We begin with the following lemma.
= Judn g1 dn R Lemma!'? The density matrix of a pure state is
Jisensdn= .
respectively, then we have the following theorem. given by
Theorem 3 If fflfz"”"“ is separable, then R2_1
(1) 2" 1L, —ZJ.ZI l;L; is positive for any vector p— l <EIR n Z a§r) /\gr)> 7 (20)
(I1,13...,l4n_1) of unit length or less; 2\R =T

(2) (2" - DI - 327051 13) > 0.
Proof Applying Egs.(16) and the assumption of

the theorem, we can obtain

4" -1 4" -1

> bk < Sy 3 5
7j=1
n 3
£ @)+
r=1j,=1
3
LY @®a) ]ml oy |
Jiy-- ,jn—l

_QHZpZ (14+CLx1+C2x1+--

+Cp x 1)\/11 Y g "“I
—9gn— 1 x — Zpl n+1 n+1| (17)

In the last step the equality

CL+C2+---+Cr
=(CP4+CL+C24 .-+ C") = C° =2" —1(18)
has been used. We can also have
41
tr((2" — 1)L2 — Z L?)
vaﬁwzzmm
r=1j,.=1
(2)
+ Z alJlale 7-]2 asz +--
J1,j2=1
1 n n nt+1|, Ant1 2
bY el afely ) it
J1edn=1
= Zplpk "1 —(Clx 14
n Anti1|, Anta 2
+ O < D[y ™ g,
>0. (19)

The theorem follows from Egs.(17) and (19).

QED.
3.Separability in RXRX---xRxXN

quantum systems

where I is the R-dimensional identity matrix, ag-t)

is the expectation value of )\;:) and /\5-:) (Jr =

1,2,...,R? — 1) are generators of SU(R), then
R’>-1
(M) 1
> (a;)) =2(1— 7). QED. (21)
Jr=1

Applying the above lemma, the inequality

aMam < Lo LY oL
Zwa’w—z ") R

jr=1

=2<1 - %) (22)

can be obtained.
A, and
A given

Let the dimensions of systems A;, Ao, ...,
Ap+1 be R, R,.. .,

state pa, a,..4,,, can be written as

R and N, respectively.

PALA>. . Apiy
n R?-1
=Ip® - @Ig@Lo+Y > Ip®@---
r=1 j,=1
oA @ @Ipe L) +
R>-1
+ > AWeeaPerim (23
Jiyeeesdn=1
where A;C) (jr = 1,2,---,R* — 1;r = 1,...,n) are
generators of SU(R), and Lo,...,Lg-:),...,Lg:::?n)

(J1s-++rdn =1,2,---, R? — 1) are N-dimensional Her-

mitian matrices. A separable state

szldf‘“

An An
PALAs .. At @@ ) g

(24)
can be also written as
PALA> ... Apiy
(1
S (2 o) o
Jji=1
1 n n n n
HE 3 D) @ . (25
Jn=1



No. 2

Separability criteria for multipartite quantum... 261

Comparing Egs.(23) and (25), we have

0 Rn sz n+1

L —
]1 2Rn opn—1 Z 1]1p1|u1

n+1|

n An
O,

1ooem 1 1 n n A,
L§'1---j3 = Qn 5]1) ' Sjjplmz +1><N¢ H"(ZG)
R?"—1

Z l;L; and vector (l1,l2,...,l(r2n_1)) de-

j=1

LN Lo 4 S ey (tom)

r r 1---n 1--n
mote » S UTLY 44 ST LG
r=1 j,=1 JiseesIn=1

,l&z n)l) (R2— 1)) respectively, we will

and (11,19
have the following theorem.

Theorem 4 If py, 4,4 is separable, then

(1

itive for any vector (Iy,la, ...,

nt1
" 2

R?"—1 :
Lo—32;- lL; is pos-

l(gan_1)) of unit length

([ 252 - )

Proof Applying (22) and the assumption of the

or less;

theorem, we can obtain

R2"—1

> d;L;
j=1

R?"—1

n Rz—l
Srg| X @Y S gl
i r=1 j.=1

i=1
R?-1
R2 1 n 2 Apnita Anta
SO SR« R o [T
.7.17"'7.7.":1
1 1, RR-1)
<Y pz(1+ ==
<om zi:p 5 5O+

+(BERD) ety

1 R(R
—_ 1 i n+1 n+1 2
;(1+ 2 )anp | (27

R?*"—1
Z l;L; is positive. We

j=1

and %(1—{— R(E— 1)>

can also obtain

<iRZI

7'Jrak]r
r=1 j,.=1
oW g (n) (n)
+ Z 22" @ij1 Phejy “alJnakJn>:|
cin=1
Ang1) Angiy2
X [ 1]
1 R(R—-1)\"
> el 1+ 22—2) -1
R2n%€:1’pk|:< + = >
R(R-1) , RYR-1)2 ,
- ( 5 C, + 52 C,+
R(R-1\" 2
(P o) |t
>0. QED. (28)

4. Conclusion

We have investigated the separability of mixed
states in multipartite quantum systems. Some quan-
tity in relation to the Hermitian matrix is positive if

x2x N (or Rx R x
- X R x N) quantum systems is separable.

a quantum state in 2 X 2 x ---
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