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By using the mapping method and an appropriate transformation, we find new exact solutions of nonlinear

Gross—Pitaevskii equation with weak bias magnetic and time-dependent laser fields. The solutions obtained in this

paper include Jacobian elliptic function solutions, combined Jacobian elliptic function solutions , triangular function

solutions, bright and dark solitons, and soliton-like solutions.
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1. Introduction

The study on nonlinear property of matter wave
has received much attention due to the experimental
realization of Bose—Einstein condensation (BEC) in
weakly interacting atomic gases.!!*2] The most spec-
tacular experimental progress achieved is the demon-
stration of atomic four-wave mixing,®4 the observa-
tion of solitons® 9 and matter-wave amplification/1"]
in BEC. Conceptually, a kind of macroscopic quasipar-
ticle soliton provides a link of BEC physics with fluid
mechanics, nonlinear optics, and fundamental particle
physics. Bright and dark solitons in BEC correspond
to the attractive and repulsive interactions (s-wave
scattering length a < 0 or @ > 0). Recently, theo-
retical and experimental studies have mainly concen-
trated on the dynamics and stability of dark solitons
of two-component BEC.

The nonlinear excitations of BEC in magnetic
trap can be described by the Gross—Pitaevskii equa-
tion

2 2
it = = 0+ T alyl
+ y[n1 + ng sin(v7)]e, (1)

where 7 is the time, y the coordinate, M the atomic

mass, and a the scattering length between atoms; n;

and mo are bias magnetic and time-dependent laser-
field parameters, respectively. By the following di-
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we can rewrite Eq.(1) as
1
luy = —gUea elulPu + z[b + csin(wt)]u,  (2)

where x is measured in units of ¢ = 1um, a charac-
teristic length unit in this type of experiment, t in
units of me?/h, u in units of the square root of nga®,
the maximum density in the initial distribution of the
condensate, and the interaction constant is defined as
€ = 4mngas?, with a being the interatomic scattering
length. It is very difficult to solve a variable coef-

The bright soliton solu-
11-13]

ficient nonlinear equation.

tions of Eq.(2) have been obtained when ¢=0.!
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Very recently, Liu et al obtain the exact bright and
dark soliton solutions of Eq.(2) by applying the in-
verse scattering method and selecting the appropriate

transformation.[14]

The construction of the exact solutions of non-
linear partial differential equations (NLPDESs) is one
of the most important and essential tasks in non-
With the help of exact solutions,
when they exist, the phenomena modelled by these
NLPDEs can be better understood. They can also
help to analyse the stability of the solutions and to

linear science.

check numerical analysis for these NLPDEs. In re-
cent decades, many powerful methods to construct
exact analytical solutions have been proposed, such
as the inverse scattering method,*® Bécklund trans-
formation and Darboux transformation, 1! Painlevé
truncation expansion,!”’ 1% the homogeneous balance
method,[2%! sine-cosine function method,?! tanh-
function method,[2223] and Jacobian elliptic function
method.[24727] Very recently, a unified method called
the mapping method has been developed to obtain the
Jacobian elliptic function, solitons and periodic func-
tions to some NLPDEs.[?8—33] Compared with the pre-
vious methods mentioned above, the mapping method
gives more general solutions without much extra effort
and without repetitive calculations. What is remark-

able about the mapping method is that it allows one

to find both the Jacobian elliptic function, triangu-
lar functions and solitons using the same unique pro-
cedure. More importantly, the method permits the
classification of the solutions depending on three pa-
rameters.

The rest of this paper is organized as follows.
In Section 2, we simply introduce the mapping
method.[2®] In Section 3, applying the method, with
the aid of Maple, we obtain abundant explicit and ex-
act solutions of Eq.(2), which include Jacobian elliptic
function solutions, combined Jacobian elliptic func-
tion solutions, triangular function solutions, bright
and dark solitons, and soliton-like solutions. The final

section gives a short summary and discussion.
2. The mapping method

The key idea in this generalized indirect method
is to take full advantage of the solutions of an auxil-
iary ordinary differential equation (the first kind of
Jacobian equation containing three parameters) to
construct abundant families of Jacobian elliptic solu-
tions for the above-mentioned equation. The auxiliary

equation reads
2 2, A

where ¢’ := d¢/d¢, € = &(z,t) and A, B,C are con-

stants. Equation (3) has the following solutions:

5(¢) 4 B c,
sn¢;cdé = ené/dné 2m? —(m?+1) 1,

cné —2m? 2m? — 1 1 —m?2,
dné —2 2 —m? m? —1,
nsé = i; dc = cclTng —(m? +1) m2,

ncé = 1/cné 2(1 — m?) 2m? — 1 —m?,

nd¢ = 1/dn¢ 2(m? — 1) 2 —m? -1,

cs€ = cné/sné 2 — m? 1 —m2,
sc = snf/cné 2(1 — m?) 2 — m? 1,

sd¢ = sn¢/dné 2m?(m? — 1) 2m? —1 1,

ds¢ = dn¢/sné 2m? —1 m2(m? — 1),
mené + dné -1/2 (1+m?)/2 —(1—-m2)?/4,
nsé + csé 1/2 (1—2m?)/2 1/4,

ncé + sc€ (1-m?)/2 (1+m?)/2 (1 —m?)/4,
nsé £ ds€ 1/2 (m? —2)/2 mi/4,

sné =+ icné; \/%:if T ont m?2/2 (m? —2)/2 m?2 /4,
msné & idng; — 1/2 (1 - 2m?)/2 1/4,

1+ cné
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sné m2/2  (m?—2)/2 1/4
1 :I:ddlgf ’
_ane 2 _ 2 2
M 2 @y oD
ot G-m2/2 (m?t1)/2 (1-m?)/4,
1+ snéf
sn
— 1—m?)?/2 2+1)/2 1/4
dngicng ( m)/ (m + )/ /7
cn, 4 5
S S m /2 m? — 2)/2 1/4,
VT2 + dnt 2 mi=y/ / (4)
where i2 = —1. The Jacobian elliptic functions Step 2 Substituting Eq.(9) along with Eq.(3)

sn¢ = sn(&,m), ecné = cn(€,m) and dné = dn(&, m),
where m(0 < m < 1) is the modulus of the elliptic
function, are double periodic and possess properties

of triangular functions, namely
sn2¢ + cn?¢ =1,
dn?¢ + m2sn?¢ = 1,

d

—sné = cnédné,

d¢

4 né — —sned

d—gcnf = —snédn¢,

difdng = —mZcnésné. (5)

In addition, we see that other solutions are obtained
from solutions (4) in the case of degeneracies as fol-
lows.

When m — 0, the Jacobian elliptic functions de-
generate to the trigonometric functions solutions of
the given NLPDE i.e.

sn{ — sinf, cn —cosf, dn&é—1. (6)

When m — 1, the Jacobian elliptic functions degen-
erate to the solitonic solutions of the given NLPDE

ie.
sn{ — tanh¢, cnf — sech{, dn€ — seché. (7)
Given a nonlinear NLPDE with, say, two vari-
ables: z,t,

P(uzvutvuzzvuttaumh"') =0. (8)

Step 1 We assume that Eq.(8) has the following

solutions:

u(mat) = Zultﬁn(f), (9)

,n),& =¢&(x,t) are all
unknown functions of z and ¢, ¢(&) satisfying Eq.(3).

where u; = u;(z,t), (¢ =0,1,- -

The parameter n can be found by balancing the
highest order derivative term and the nonlinear term

in Eq.(8) (n is a positive integer).

into Eq.(8), extracting the numerator of the resulting
system, we can obtain a set of algebraic polynomi-
als for ¢*(¢)(i = 0,1,--).

these terms ¢‘(£) to zero, we have a system of over-

Setting the coefficients of

determined PDEs with respect to unknown functions
fui(i=0,1,---),&}

Step 3 Solving the above system by use of the
symbolic computation system Maple, we would end
up with the explicit expressions for u;, (¢ = 0,1,---,n)
and £ or the constraints among them. Thus, accord-
ing to Egs.(4), (6),(7),(9) and the conclusions in Step
3, we can obtain many families of exact solutions for

Eq.(8).
3. Exact solutions of Eq.(2)

In order to obtain some exact solutions of Eq.(2),

firstly we make the transformation
u(z,t) = V(x,t)exp(iO(z,t)). (10)

Then substituting Eq.(10) into Eq.(2) and setting the
real and imaginary parts of the resulting equation
equal to zero, we obtain the following sets of partial

differential equations:

1
— (b + csin(wt))V =0, (11)
1

Balancing the highest order derivative term V,, with
the nonlinear term V3 in Eq.(11) yields n = 1. There-
fore, by the use of the mapping method, we assume the
solutions of Egs.(11) and (12) in the following special

forms:

<
—~
B
~
~

Il

f)+h®)p(&), & =p(t)z+q(t),(13)
I'(t)x + 2(t), (14)

o
—
B

<~
~—

|

where f(t), h(t), p(t), q(t), I'(t) and 2(t) are functions
of t to be determined, with ¢(§) satisfying Eq.(3).
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Substituting Eqgs.(13), (14) and (3) into Egs.(11), 3.1. Jacobian elliptic function solution
(12) and collecting coefficients of power of z*¢!, and

C + B2 + é¢4 (k=0,1;1 = 0,1,2,3) with the aid Using the solutions of Eq.(3), we obtain the fol-
2 ) b ) ) )

of Maple, then setting each of the coefficients to zero, lowing Jacobian elliptic function solutions of Eq.(2):

we can obtain the following set of over-determined

partial differential equations with respect to unknown

mC’l

derivative functions {f(t), h(t), p(t), q(t), I'(t), O(t)}: Uy ==+ NG sn(§)
2
fe=0, (15) xexp(i(Fﬂ:—}—Om;_let)), (25)
h; =0 16
t ) ( ) — 4 mC1 d
pi=0, (a7) ue =+ ~ed(d)
+pl'=0, 18 41
qt 1p ( ) xexp(i(Fm-l—Q—m + C12t>>a (26)
~ CARp? +eh® =0, (19) 2
2 — 4 mC
3h%f =0, (20) ua =+ J=en(d)
W +b in(wt)) =0, 21 2m? — 1
(T + b+ coinur) @ cop(i(re o+ 2 ot)). e
(2= S(Bp* = I'*) +3ef%) =0.  (22) c
ug =+ —1dn(§)
Solving Egs.(15)—(22) by means of Maple, we obtain vV—E
. . 2 - 2
the following results: X exp <i <F:c +6+ 2m 01215> >, (28)
A C
=0, p=Ci, h==+\/20C, =+ —
f p c 1 5z 1 us \/Ens(f)
I=—bt+ < cos(wt ‘1
+WCOS(W)+C27 XeXp<l<F-T+0_m2+ Cl2t>>7 (29)
b c
=C; | =t? — — sin(wt Ct+C>, C
¢ 1(2 2 Sin(wt) = Cat + G ug = + —=dc(€)
b2, 1 5 1 5 c? 9 Ve
=— —t°+ -bCst* + - (BC; — — — C3)t 241
6 9 2 2( 1 2w2 2) xexp<1<F$+0—m2+ 012t>>) (30)
be . .
+ Et sin(wt) — s sin(2wt) . V1 —m2C;
bc cC2 . ’LL7 - \/g nc(f)
+ = cos(wt) — el sin(wt) 4+ Cy, (23)

_ 2m? -1 _,
xexplil e 4+0+——Cit) |, (31)
where C;, C5, C3 and Cj are arbitrary constants. 2

Hence,the solution of Eq.(2) reads . m?2 —1Cy

A . BCY §
= _— 2 —
u= [ —Crd(E)exp <1<F:c +0+— )) (24) X exp <i<rm +0+ 2m Cft>>, (32)
where ug ==& %CS(Q
€
b c
= =C —t? — — sin(wt) — Cyt + C —m?
& =pr+q 1(m+2 w251n(u)) 2t + 3>7 xexp<i<F$+9+2 2m Clzt>>, (33)
c
'=—bt+ — t C. /
+ o COS((U ) + Oy, Uin = + ﬂsc(g)
b2 3 1 2 1 62 2 v \/g
0=——t°+ bOst” — S| 5 +C3 |t 2
6 2 2\2w x exp| il I +9+2_m02t (34)
. 2 plil 'z 5 1 )
+ —tsin(wt) — — sin(2wt)
w2 83 mym? —1C
be cCy up =+ —————sd(§)
+— cos(wt) — — sin(wt) + Cy, Ve
w w

. 2m? -1
with ¢ being the solution of Eq.(3). X exp <1 <F$ +0+ 9 o t> >’ (35)
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U2 =

u13 =

U4 =

U5 =

Ui =

Uiy =

uig =

U9 =

U209 =

U21 =

U2 =

U23 =

Ci

£ Las(o

x exp( T'z+60+ 22 let)>,
£ =L (men(€) & dn(e))

" exp( revos Hen)),

& (as(e) £ (6))

x exp< (Fw—|—9+ TZWLQCft»,

& YL () 5c(6)

x exp( (F:c+0+ ! +4m2012t>>,

£ 5 () £ 5(6))

x exp< <Fac—|—9+ 24 2Cft>>,

£ 5t (n(€) & ien())

con(i(raves "))

v ¢1——mdrrll(<?> on(e)

xexp( <Fac—|—9+

m2 —2
1 Cft)),
1

+ 9 (men(€) + idn(€))

2y/e
X exp<<Fx+0+ 1- 2m2012t>>’
G
24/e 1 +cn(€)
X exp( (FI—|—0+ TzleCft>>,
mC;  sn(§)
2/e 1 £dn(¢)
xexp( <F;U—|—9+ 24 2012t>>7
vm?2 —1C;  dn(§)
24/e 1+ msn(§)

2 + 1 9
xexp< <Fac—|—9—|— 1 Clt>>,
n V1—-—m2C; cn(€)

2y/e  1=%sn(¢)

1+m

Xexp< <Fx+9+

2
Cft)),

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(45)

(46)

(47)

o (1 -m2)Cy sn(§)
2ye  dn(£) £ en(§)
X exp( <F;c+0+ ! +4m Cft)), (48)
I m?Cy cn(§)
®=E S iome + dn(¢)

xexp( <F;U+9+

24 Cft)), (49)

3.2. Soliton solution

When m — 1, we can obtain soliton solutions.

Family 1 dark soliton solution (¢ > 0(a > 0))

Ugg = ﬂ:% tanh(§)exp(i(I'z + 6 — C’ft)) . (50)

Family 2 bright soliton solution (¢ < 0(a < 0))

UQ7::|:

\/Cl_ssech(f)exp< <Fa:+0+ =or )) (51)

The solutions (50) and (51) are also obtained in
Ref.[14] by applying the inverse scattering method.

Family 3 soliton-like solutions (¢ > 0(a > 0))

Usg =+ % coth(&)

X exp< <Fa: +60-Ct >) (52)
Ugg = % %sech(f) coth(€)
X exp <i <F:v + 6+ %Cft)) , (53)

ugo =+ - \/_(1 + sech(€)) coth(¢)
x exp< <Fac e 401%)), (54)
up =% - \/_(tanh( )  isech(€))
v exp< <Fa: 4o icﬁ)), (55)
L O
2z 1 £ sech(€)
x exp< <m+e Lo >> (56)
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3.3. Triangular function solution
When m — 0, we can obtain triangular function solutions.
Usz = & @ csc(exp|i|l 'z + 6 — —C’2t (57)
Ve 27!
e () Fz+6- Lo (58)
uzy =+ —=sec(§)ex x - =
34 \/g p 51
L9y 3 Iz 460+ C?t (59)
uzs = = —= tan({)ex x
35 NG p 1
L o t(¢) Iz +6+C# (60)
uzg = £ —= cot(&)ex x
36 NG p it
uzy =+ % csc(§)(1+ cos(f)))exp( (I’x +0+ C’1 )> (61)
Usg =+ %sec(f)(lisin(f))exp( (Fa:—l—@—i— c? >> (62)
Cy  sin(é) . 1 _,
:|:2\/_1:|: s(f) p<1<F:c+0+4C’1t , (63)
Cy  cos(§)
iQ\/—lﬂ:SID(f)eXP< <F;c—|—0+ -C? >> (64)

4. Summary

Based on the mapping method and the use of
symbolic computation system Maple, we have con-
structed explicit, rich and new solutions, such as Ja-
cobian elliptic function solutions, combined Jacobian
elliptic function solutions, triangular function solu-
tions, bright and dark solitons, and soliton-like solu-

tions to the nonlinear Gross—Pitaevskii equation with

weak bias magnetic and time-dependent laser fields.
At the same time, we have successfully recovered the
previously known exact solutions in Ref.[14] by using

the inverse scattering method.

Acknowledgement

The authors would like to thank Professor Sen-

yue Lou for helpful discussion.

References

(1] Dalfovo F et al 1999 Rev. Mod. Phys. 71 463
[2] Leggett A J 2001 Rev. Mod. Phys. 73 307
[3] Deng L et al 1999 Nature 398 218
[4] Trippenbach M et al 2000 Phys. Rev. A 62 023608
[5] Burger S et al 1999 Phys. Rev. Lett. 83 5198
[6] Denschlag J et al 2000 Science 287 97
[7] Dutton Z et al 2001 Science 293 663
[8] Strecher K E et al 2002 Nature 417 150
[9] Huang G et al 2003 Chin. Phys. Lett. 20 802
[10] Inouye S et al 1999 Science 285 571
[11] Chen H H and Liu C S 1976 Phys. Rev. Lett. 37 693
[12] Chen H H and Liu C S 1978 Phys. Fluids 21 377
[13] Alonso L M 1982 J. Math. Phys. 23 1518
[14] Liu X Q et al 2004 Commun. Nonlinear Sci.
Simul. 9 361
[15] Gardner C S et al 1967 Phys. Rev. Lett. 19 1095
[16] Matveev V B et al 1991 Darbouz Transformations and
Solitons (Berlin: Springer)

Numer.

[17] Zhang J F 2002 Chin. Phys. 11 425

[18] Lou S Y 1998 Z. Naturforsch. 53a 251

[19] Lou S'Y 2001 Chin. Phys. 10 897

[20] Wang M L 1995 Phys. Lett. A 199 169

[21] Cao D B et al 2002 Phys. Lett. A 297 68
[22] Malfliet W 1992 Am. J. Phys. 60 650

[23] Yan Z Y 2003 Chaos, Solitons Fractals 16 759
[24] Liu S K et al 2001 Acta Phys. Sin. 50 2068
[25] Liu S K et al 2002 Acta Phys. Sin. 51 1923
[26] Parkes E G et al 2002 Phys. Lett. A 295 280
[27] Fan E G et al 2002 Phys. Lett. A 292 335.
[28] Lou SY et al 1989 J. Math. Phys. 30 1614
[29] Li HM 2002 Chin. Phys. Lett. 19 745

[30] Li H M 2002 Chin. Phys. 11 1111

[31] Li HM 2003 Commun. Theor. Phys. 39 395
[32] Li HM et al 2004 Acta Phys. Sin. 53 349

[33] Emmanuel Y 2004 Chaos, Solitons Fractals 21 209



