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A new simple loop algebra 5M is constructed, which is devoted to the establishing of an isospectral problem. By

maklng use of the Tu scheme, the multi-component Tu hlerarchy is obtained. Furthermore, an expanding loop algebra

FM of the loop algebra GM is presented. Based on the FM7 the multi-component integrable coupling system of the

multi-component Tu hierarchy has been worked out. The method can be applied to other nonlinear evolution equation

hierarchies.
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1. Introduction

Searching for new integrable hierarchies of soli-
ton equations is an important and interesting topic
in soliton theory. Various efficient approaches have
been taken to obtaining many integrable systems such
as the AKNS hierarchy, KN hierarchy, Schrodinger
system, and so on.['=38] Multi-component integrable
hierarchies have been developed in Refs.[24,25]. In
Refs.[26-28], a simple and efficient method for gener-
ating multi-component integrable hierarchies was pro-
posed. Constructing a new simple loop algebra be-
comes a key step in this method. Although using the
loop algebra in Refs.[26,27] can produce many multi-
component integrable hierarchies, it is not suitable for
seeking the multi-component Tu hierarchy.[?®! In this
paper, a new loop algebra éM is first constructed, and
then an isospectral problem is designed. By employ-
ing the Tu scheme, the multi-component Tu hierarchy
is worked out. In addition, an expanding loop alge-
bra ﬁM of the loop algebra C~¥M is presented, which is
devoted to the deducing of the integrable coupling of

the Tu hierarchy.
In 1989, Tu investigated the eigenvalue problem

¢m = U(U, A)(]S,

and obtained the so-called Tu hierarchy of evolution

equations:[29]
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where operator J and Hamiltonian H,, were given by
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In this paper we would like to extend Eq.(1) to a gen-
eralized Tu hierarchy: namely, the multi-component
Tu hierarchy. Finally, the multi-component integrable

couplings of the multi-component Tu hierarchy are ob-

tained.
2.A new loop algebra

If Gy = {a = (aij)uxs = (a1,a2,a3)} de-
notes a set of matrices, where M is a positive integer,
a;(i = 1,2,3) is the ith column of the matrix a. Then
G M 1s a linear space.

Let

7ﬂM)T7
[ * «

(o1 By, 282, ,omPBu)t. If a = (ar,a2,a3), b
(b1,b2,b3) € G, a commutation operation for Gy

O[:(O[]_,az,...,OZM)T, ﬂ:(ﬂlvﬂ27"'

and define their product as a * § =

is defined as

[a,b] :(a3 * b2 — ag * bg,al * b3

—(13*b1,a1*b2—(12*b1), (2)
for V a,b,c € Gy, we can verify that
[[a,8],c] + [[b,c], a] + [[c, a],b] = 0, (3)

i.e. Jacobian identity holds. Therefore, G s with the
operation (1) becomes the Lie algebra. A correspond-

ing loop algebra G M 1s defined as
Gu ={a\",a € Gy,n=0,+1,42,...}, (4)
with a commutation operation defined as
[aX™ bA™] = [a,b]A" " Va,b € G . (5)

Since G is equal to A; in Refs.[30-32], we conclude
that éM is an extension of the loop algebra Zl. We
also find Gy has two features: (i) the commutation
operation is simple and straightforward, as that in the
loop algebra A, and (ii) by means of CN?M, Wwe can pro-
ceed to do simple calculations to be able to obtain
various multi-component integrable systems.

Consider a linear isospectral problems as follows:
{¢$:[U7¢]7)‘t207¢7U7V66M (6)
¢t = [Vva ¢]a

whose compatibility gives rise to

¢:ct = [Uta ¢] + [U7 [‘/7 ¢]] = ¢t:c = [V:ca ¢} + [V) [Ua ¢]]7

that is,

By employing the definition (3), the formula (7) can

be written as

[Ut7 ¢] - [Vza ¢] + [[U’ V]7 ¢] =0. (8)

Since ¢ is arbitrary, a condition of Eq.(8) holds if and

only if the following equation exists:
U, -V, +[U,V]=0. (9)

Hence, the compatibility of the formula (6) leads to
This indicates that

the soliton equations derived from the Lax pair (6) are

the zero-curvature equation (9).

Lax integrable.
3. The multi-component Tu hier-
archy

We consider an isospectral problem

b0 = [U, ], \e = 0,U = (—2AIns + g * Ing, 2r % Iz, 0),

(10)
1
1 T
where Iy = , 4= (q1,92,-.-,qm)", and
1
Mx1
r=(ri,ra,...,rar)"t.
Let
oo
V= (tm,bm,cm) A,
m=0
where
A, = (amlaam27 R 7amM)Ta
bm = (bmlabm27 c. - ame)Ta
and
Cm = (cmlacm27 (R cmM)T-

Solving the stationary zero curvature equation

V. =[U,V] (11)
gives
Ay = —27 % Cpp, (12a)
bmze = —2Cm+1 + q * Cm, (12b)
Cmaz = —2bmi1 + q* by, — 2r xapm,m >0, (12¢)

= const.,

(12d)

T
bo=co=0,a0 = a = (a1,2,...,an)
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a; =c; =0,by = —r. (12e) Then F,; is the Lie algebra. A corresponding loop
. algebra F) is defined as
Denoting

VI = 3" (am, b, ) A",
m=0
AREED 7
Eq.(11) can be written as
v 4wV =v® v a3)

Again taking A,, = (—7 ! % by41,0,0), and V(™ =
V_ﬁn) + A,,, here without loss of generality, and suppos-

ing that vector 7! is defined as r+r~! = r~Lxr = Iy,
the zero curvature equation
U — v 4 u,v™] =o, (14)

gives rises to the Lax integrable system

(D) (0)

with
< 0 OrLx )
J = ,
r~1x0 0
and
lq * 0 —r*x 0
I = ) 2 21
56 -1 * 0 iq*
When M = 1, the system (15) is just the Tu

hierarchy.?®l When M > 1, the system (15) is the

multi-component Tu hierarchy.
4. The multi-component

integrable coupling system
Set

FM:{a:(aij)MX5:(a17a27a37a47a5)}7 (16)
with a commutation operation defined as

[a,b} :(CL3 * bg — ag * b3, ai *x b3

—ag*bl,al*bz—ag*bl,

1
5(&1*657&5*[)1-{-&2*[)4

—a4*b2—|—a5*b3—a3*b5),
1
5(@1*647@4*[)14-&3*[)4
—a4*b3+a5*b2—a2*b5)). (17)

Fu ={a\"a € Fay,n=0,+1,+2,...}  (18)
with a commutation operation defined as

[aA™,bA"] = [a, )] A™ ™, Va,b € Gyp. (19)

Denoting
FN’M(I) = {(a17a27a37070))‘n}7
FM(Z) = {(07 07 07 Qq, GS)An}v
yields (i) Far = Fps(1) @ Far(2),  Far(1) = G (id)

[Frp(1), Far(2)] € Fam(2). Based on the loop algebra

Frr, we consider an isopectral problem

b :[Uv qﬂa
U:(—Z/\IM—l—ul *IM,2’U,2*IM,O,
U3*IM,U4*IM), (20)
where u; = (w1, Uiz, .. uin) .0 = 1,2,3,4. Let
V = Z(am,bm,cm,dm,fm))\_Qm. Solving the equa-

=0
tion similar to Eq.(11) gives

Ameze = _2u2 * Cm,y (213“)
bme = _26m+1 + Uy * Cpy, (21b)
Cmaz = _2bm+1 + up * bm — 2ug * ap, (216)

1 1
fm—l—l:_dmz+§u1*fm+u2*dm*5“3*bm
1

- 5’(1,4 * Ay + 5’[1,4 * Cmy, (21d)
1
A1 :_fmw+§u1*dm_u2*fm_5“3*am
1
— Eus * Cpy + §U4 * by, (21e)
by = co =dp = fo =0,
ap = a = (ay,...,ap) = const.vector, (21f)
a; =c; =0,b1 = —uy,
dlz—%*u3,flz—%*u4. (21g)

Taking A, = (u3' * bn41,0,0), VD = vI™ 4 A
the zero curvature equation similar to Eq.(14) has the

following form:
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0 duy ¥
Uy
uy' %9 0
Uy = 42 = 1 1
t = = _
us 0 JUa’ *Us
1
ua) ‘ 0 §u2_1 * U3

Here, without loss of generality, we also suppose that the vector u2_1 satisfies ug * u2_1 =u

0 0 1 1
0 0 2 n+1 2 n+1
bn+1 _ J bn+1 (22)
0 —In
dn+1 dn+1
—IM 0 .fn+1 fn+1

-1

5 *uz = Ip. From

the definition (21), a recurrence operator is presented in the form

1
—u1*8

2
1
Eﬁugl % 0

1
7u3*+§u;1*u?,*8

—u4*—§u;1 *’U,4>|<8
Thus, Eq.(22) can be written as
0
U1
s
u
Uy = 2 =JL" o (23)
—— %
Uus 2 Uus
Ug _g %
t 2 Uy

When M = 1, the system (23) is the integrable cou-
pling of the system (15).[2) When M > 1 the system

1
—Ug * 0 0 0
2
1 0 0
—Up*
2 1
1 1
511,4* 5’111* -0 — U *
1 1
—§u3* Uy * —0 §U1*

(23) is the multi-component integrable coupling of the
system (15).
Remarks: The loop algebra presented here can
be used for other known integrable hierarchies of soli-
ton equations for generating the multi-component sys-
tems. But there exists an open problem. How do we
improve the loop algebra G M to work out the Hamil-
tonian structures, infinite conserved laws of the multi-
component hierarchies? This is worth studying in the

future.
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