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In this paper we show that the first integrals of the discrete equation of motion for nonconservative and non-

holonomic mechanical systems can be determined explicitly by investigating the invariance properties of the discrete

Lagrangian. The result obtained is a discrete analogue of the generalized theorem of Noether in the Calculus of varia-
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1. Introduction

The symmetry problem of mechanical systems is
one of the most important subjects in physics, and
has been studied for a long time. Moreover, the sym-
metry of a mechanical system will be useful for inte-
grating the equations of motion, since it is closely re-
lated to the invariants (or first integrals) of the system.
Now, the invariants are used effectively for the numer-
ical integration of various equations in mathematical
physics. For example, for the equations of motion in
classical mechanics, an attempt was made to devise
a difference scheme in which the accuracy of approx-
imate solutions can be raised higher by means of the
invariants.[!! Furthermore, when a system of ordinary
differential equations is numerically integrated over a
long range, the invariants can be used to check the
accuracy of solutions against the round-off errors.?!
Therefore, the approaches to find conserved quanti-
ties in continuous cases are extended to the discrete

mechanical systems.

In 1970, Cadzow!®! motivated and discussed a one-
freedom, discrete calculus of variations in which the
fundamental problem is to select among all finite se-
quence {qr}, k=M —1,M,--- N, the one which ex-

tremizes the sum

N

Hary = > Fk,q,qr-1), (1)

k=M

where F(z,y,z) is a given function with continuous
derivativesFyandF,. A necessary condition for J to
be extremal is that {qx} satisfy a second-order differ-

ence equation

Fy(k,Qk,Qk_l) + Fz(k + ]-)qk-l-laqk) = 0)

(k:Ma"'aN_1)> (2)
where we have denoted
OF (x,y, 2
Fy (kg ) = 2002 ,
Yy z=k,y=qr,z=qr—1

and

OF (z,y, 2)

Fz(k+1aqk+17qk): 92

)
z=k+1,y=qr+1,2=qk

Equation (2) is called the discrete Euler-Lagrange
equation.

In 1973 Logan!¥ extended Noether’s theorem to
the discrete case and showed that the first integrals
of Eq.(2) can be obtained by studying the invariance
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properties of F(xz,y, z), and further studied the multi-
freedom and higher-order problems. In 1981 Maedal!
constructed the constants of motion for the discrete
time system in the case of continuous symmetries.
Consider that the above-mentioned theorems in
constructing first integrals are all for the discrete un-
constrained conservative mechanical systems. In 2001
Marsden and West®! presented Noether’s theorem for
the discrete holonomic constraint systems. In this pa-
per, we study the problem of constructing first inte-
grals of discrete equations of motion for nonconserva-
tive and nonholonomic systems by investigating the
invariance properties of the discrete Lagrangian. In
Section 2, based on the discrete Lagrange—d’Alembert
principle, we derive the discrete equations of motion
for the nonconservative mechanical systems, present a
new definition on invariance properties of the discrete
Lagrangian and a theorem on first integrals of the dis-
crete nonconservative systems, and we further discuss
the first integrals of the discrete equations of motion
for multi-freedom nonconservative systems. In Section
3, we give the discrete equations of motion for the me-
chanical systems with first-order linear nonholonomic
constraints and a theorem related to first integrals. Fi-
nally, in Section 4, two simple examples are presented

to illustrate the applications of the results.

2.The

systems

discrete nonconservative

2.1. The discrete equations of motion for non-
conservative systems

In the continuous case, the integral Lagrange—

d’Alembert principle for nonconservative systems is!”)
5 [ ria. i
——— are

=T-V,Q=Q+Q", @ = -5

generalized conservative forces and Q' are generalized

Jae+ [ Qe a(e). d)sadt =0, (3
where L

nonconservative forces.

We define the discrete Lagrange—d’Alembert prin-

ciple as
N N
Z 5Ld(qk—17qka k) + Z Qg(qk—lvqka k)6qk = 07
=M k=M

(4)
where L4(qr—1,qx, k) is the discrete Lagrangian and
Q' (qk—1,qk, k) is the discrete generalized nonconser-
vative force.

Proposition 1 For nonconservative systems

with Lagrangian L(q, ¢,t) and generalized nonconser-
vative force Q"(q,q,t), the discrete Euler-Lagrange

equations can be derived from principle (4):

OLq(qr—1,qr, k) n OLa(qk, qr+1,k+ 1)

oqy, 9qx
+ Qg(qk—la(Zka k) = 07
(k=M,---,N—1). (5)

Proof From Eq.(4), one has

N
oL _ k oL _ k
Z [ d((gc 1,9k, )5%71_'_ d(Qg 1,9k, )5%}
Py qk—1 qk

N
+ Y Qilgr-1,qk, K)o
k_

-1
L Jk oL , Jk+1
Z [ d (Ik 1,9k ) + d(Qk qk+1 )}5%

aqs,

k=M
N-1

Z qk 1,9k, )5% = 07 (6)

where we have used a discrete integration by parts (re-
arranging the summation) and the fact that dgpr 1 =
dqn = 0. If we now require that Eq.(6) be zero for
any choice of dqi, then we obtain the discrete Euler—
Lagrange equation (5).

For convenience, Eq.(5) may be rewritten as fol-

lows:

DyLa(qk-1,9k, k) + D1La(qk, qrs1,k + 1)
+ Qldl(qkthka k) = 07
(k:Ma"'aNfl)v (7)

where

OL4(qk—-1,qk, k)

DyLa(qr—1,qk,k) = o0

?

and

8Ld(qk7 qk+1, k + 1)
gk

DlLd(qkaqk-l—la k + 1)

2.2. First integrals of the discrete nonconserva-

tive systems

In the classical calculus of variations, Noether!®!
in 1918 showed that if the variational integral is invari-
ant under an infinitesimal transformation group, then
Under the

additional assumption that the Euler-Lagrange equa-

a certain number of identities hold true.

tions for the system are satisfied, these identities re-
duce to expressions which are constant along the ex-

tremals. This is the well-known Noether theorem. In
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1975 Djukié¢ and Vujanoviél®! generalized the Noether
theorem to the mechanical systems with nonconserva-
tive forces.

For discrete nonconservative systems, similar con-
clusions can be drawn. In this section, it is shown that
in a systematic procedure, the establishment of first
integrals of the discrete Euler-Lagrange equation can
be developed from a direct study of the invariance
properties of the discrete Lagrangian L.(Rqy,qx, k),
where R is the lag operator!!?! defined as

R'qr = qr—r- (8)

Let us introduce the following infinitesimal trans-

formation:

QZZQk‘l‘Euka (k:M77N_1)7 (9)

where ¢ is a parameter and uy = u(gg, k) is a sequence
k=M, --,N —1.
Definition 1 The discrete Lagrangian L, (Rg,

depending upon k and gy,

gk, k) is generalized-difference-invariant with respect

to the infinitesimal transformation (9), if there exists

a sequence v(qr—1,qk, k), k = M,---, N — 1 such that
dLgleu(qy, k)

=e[Av(qr—1,qx, k) — Qu(ar—1,qx, k)u(gr, k)] (10)

for each k, where 8L, is given by the following

formula.:[4!

6La(dqr) =[D2La(qr—1,qk, k)
+ D1 La(qrs Gr+1, k + 1)]0qs
+ A[—bqr—1D1La(qr-1,qr, k)]. (11)

Here A is the difference operator, Agr = qr+1 — qk-

Based on the discrete Lagrange—d’Alembert prin-
ciple, the following theorem concerning the first inte-
gral can be proven.

Theorem 1 If the discrete Lagrangian Ly (Rg,
gk, k) is generalized-difference-invariant with respect
to the infinitesimal transformation (9), and if Eq.(7)
holds, then

u(qk—1,k —1)D1La(qr—1, k. k)

+ U(qkfla qk, k) = CODSt,

(k=M, --,N—1). (12)
Proof From Egs.(10) and (11), one has

[D2La(qr—1,qk,k) + D1La(qr, qrr1,k + 1)

+ Qu(qr—1,qr, k)]eu(gr, k)

+ Al—eu(qr-1,k — 1) D1 La(qr-1,qx, k)]
=e Av(qr—1, qx, k).

Simplifying and using Eq.(7), one obtains

Alu(qr—1,k —1)D1 La(qr—1,qr, k)
+ ’U(qk*h 9k, k)] = 07

whence Eq.(12) holds. This completes the proof.
Equation (12), which is a first-order difference re-
lation, represents a first integral of the second-order

discrete Euler-Lagrange equation given by Eq.(7).

2.3. The multi-freedom nonconservative sys-

tems

In this section, we discuss the first integrals of the
discrete equation of motion for multi-freedom noncon-
servative systems. More precisely, the objective is to
investigate the invariance properties of Ly (Rq,i, S
Rq, qb -
transformations

-, qy, k) with respect to the infinitesimal

q]};* = q]}; + Eul(qiaqia e ,q:,k),
...... (13)
a = qp +eu™ (g, ahs -5 a1 k)
For simplicity, we denote
k. = {qlléaqg:a e 7q2}7
and
Rar = {Raq;, Ra;,- -+, Ray}.

For a multi-freedom nonconservative system, proceed-
ing in a fashion similar to the procedures in Sec-
tions 2.1 and 2.2, we define the discrete Lagrange—
d’Alembert principle to be (in the following we will
assume the summation over repeated indices on dif-

ferent levels as usual)

N

> SLa(qk-1,qk, k)
k=M
N

+ Z Q:il,s(Qkflaqkak)(squc = 07
k=M
(821,27“',’”). (14)

Based on the principle (14), we may derive the follow-

ing discrete equations of motion:

DyLg s(qk—1,qk, k) + D1La s(qky i1,k + 1)
+Qg75@k—1,ffkak) :05
(k=M,--,N—-1;s=1,2,---,n). (15)
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Definition 2 The discrete Lagrangian Ly (Rgg,
dr, k) is generalized difference invariant with respect
to the infinitesimal transformations (13), if there ex-
ists a sequence v(qx_1, Gk, k), k = M,---,N — 1 such
that

S Laleu®(qk, k)]

:S[AU(Qkfla ‘jka k) - Q:il,s (‘7/6717 qu k)us (qka k)]7 (16)

for each k, where 8L, is given by the following

formulal4!

§La(8Gk) =[D2La,s(qr—1,qr, k)
+ D1L4,s(qrs Gry1,k + 1)]0qs 1
+ A[~6qs k-1D1La,s(qk—1,qr, k)],
(k=M,---,N—-1;s=1,2,---,n). (17)

The following theorem gives the conditions under
which the explicit first integrals of Eq.(15) can be ob-
tained.

Theorem 2 If L, (Rqx, g, k) is generalized-
difference-invariant with respect to the infinitesimal
transformations (13), and if Eq.(15) holds true, then

u®(Gr—1,k — 1)D1La,s(qr—1, Gr, k)
+ U(qkfla Qka k) = COl'lSt,
(k= M, - N—1). (18)

Proof From Egs.(16) and (17), one has

[D2La,s(qk—1,qk, k)

+ DlLd,s(qka q_k+17 k + 1)

+ QU o (Tr—1, r» k)eu® (qr, k)

+A4 [ —eu®(Ge—1,k —1)D1Lg s(qr—1, Tk, k)
=e Av(qr—1,qr, k).

Simplifying and using Eq.(15), one obtains
A [Us(gk—l, k —1)D1Las(qk—1,qk, k)

+ v(qkflaqka k):| = 05

whence Eq.(18) holds.
3. The discrete nonholonomic sys-

tems

3.1. The discrete equations of motion for the
first-order linear nonholonomic systems

In this section, we propose a discrete version of

the Lagrange—d’Alembert principle for nonholonomic

systems. Before doing so, we first recall the general
picture in the continuous case.

We consider a mechanical system whose configu-
ration is determined by the n generalized coordinates
gs(s = 1,2,---,n).
ideal first-order linear nonholonomic constraints

Let its motion be subjected to g

wﬁ,s(t7Q1aq27"' 7Qn)q's - 07
(ﬂ:]-)z)"'ag;521727"'7”)' (19)

The equations of motion can be written in the form/!]

doL oL 0
dtdg, g, T
(ﬂ:1727"'ag;3:1525"'5’”)7 (20)

where L is the Lagrangian and Ag are the constraint
multipliers.

Equation (20) can be considered as a holonomic
system under certain conditions, where Eq.(19) is re-
garded as the particular first integrals of Eq.(20). The
constraint multipliers Ag can be expressed as explicit
functions of the variables t, §, ¢ before integrating the
differential equations of motion.['*) Thus Eq.(20) can

be expressed as

doL oL _ .
dtd¢, dq. 7
(8_ 1727 'an)v (21)

where
As = As ((ja (.ja t) = /\,3 (t, q, (.j)w,@,s(ta q)v

(ﬁ=1,2,

Equation (21) is called the equation of motion of the

79;'5:1727"'7”)' (22)

holonomic system corresponding to the nonholonomic
system (19) and (20).

Now, we turn to the discrete version of nonholo-
nomic mechanics. Let @ be an n-dimensional config-
uration manifold and L4 : @ X @ — R a smooth map
playing the role of a discrete Lagrangian. The action
sum is the map J : QV1T! — R defined by

N
J = Z La(Gk—1,qk, k), (23)

k=M
where g, € Q for k € {M —1,M,--- N} and k is
the discrete time. In the unconstrained case, the dis-
crete variational principal states that the evolution
equations extremize the action sum with respect to

all possible sequences of N — M — 1 points, given the
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fixed end points ¢ar_1,qn. This means that at each
point ¢ € @, the allowed variations are given in the
whole tangent space T,Q. However, in the nonholo-
nomic case, we must restrict the allowed variations.
These are given exactly by the distribution 2. In
addition, we will consider a discrete constraint space
24 C Q x Q with the same dimension as {2 such that
(¢,9) € 24 for all ¢ € Q. This discrete constraint
space imposes constraints on the solution sequence
{ar}, namely (gr, gr+1) € £a-

Consequently, to develop the discrete nonholo-
nomic mechanics, one needs three ingredients: a dis-
crete Lagrangian L4, a constraint distribution {2 on
Q and a discrete constraint space §2;. Note that the
discrete mechanics can also be seen within this frame-
work, where 2 = TQ and 2; = Q x Q.
define  the

d’Alembert principle to be the extremization of

Then, we discrete Lagrange—

Eq.(23) among the sequence of points {g} with given
fixed end points qp;_1 and qn, where the variations
must satisfy dq, € 2, and (gk,qx+1) € §2, for all
ke {M,M+1,---,N —1}. This leads to the set of

equations

[D2La,s(qk—1,qr, k)
+ DlLd,s(qkaq_k+17k + 1)]6qs,k - 07
(521,2,"',’”;k:M,M+1,"',N—1), (24)
where dq, € (2, along with (gx,qr+1) € 24. If
wg QR xQ — R,8 € {1,2,---,g}, are functions
whose annihilation defines 2;, what we have obtained

is the following discrete equation of motion for non-

holonomic systems:1?

D2La,s(qk—1, ks k) + D1La,s(qks Qi1 k + 1)
(25a)
(25b)

+ Aﬁ(qkfla dk, k)wﬁ,s((jk) = 07
wp(Gr—1,qk, k) =0,

where Ag, 3 € {1,2,---, g}, is a set of Lagrange multi-
pliers, The third term in the left-hand side of Eq.(25a)
represents the discrete force of constraint.

Proceeding in a fashion similar to the continuous
case, the constraint multipliers Ag can be expressed
as explicit functions of the variables k, gi_1, g before
solving the difference equations (25a) and (25b). Thus
Eq.(25a) can be expressed as

DyLg s(Gk—1,Gx, k) + D1Las(qr, Grr1, k + 1)
+ Ad,s(qr—1,qr, k) =0, (26)

where Ag«(qk-1, Gk, k) = Ag(Gr—1, G, k)] (gr), and
then Eq.(26) is called the equation of motion of the

discrete holonomic system corresponding to the dis-

crete nonholonomic system (25a) and (25b).

3.2. First integral of the discrete nonholonomic
systems
For the discrete nonholonomic systems, a similar
procedure as in Section 2.2 can be described as follows.
Definition 3 The discrete Lagrangian L, (Rgg,
dr, k) is generalized-difference-invariant with respect
to the infinitesimal transformation (13), if there exists

a sequence v(qx—1, Gk, k), k = M,---, N — 1 such that

dLqlev’ (qr, k)]
:E[AU(Qkfla Qka k) - Ad,s(@kfla Qka k)us(qka k)]a
(s=1,2,---,n), (27)

for each k, where L, is given by Eq.(17)
In terms of Eqgs.(26) and (27), the following the-
orem related to the first integral can be proven.
Theorem 3 The discrete holonomic system (26)
corresponding to the discrete nonholonomic system
(25(a)) and (25(b)) possesses the following first in-

tegrals:

u®(qk—1,k — 1)D1La,s(qr—1, Gk, k)
+ v(Gk—1, dx, k) = const.
(k=M, - ,N—1; s=1,2,--- n), (28)

if  the

generalized-difference-invariant with respect to the in-

discrete  Lagrangian L4 (Rgk,qk, k) is

finitesimal transformations (13), namely du® (g, k) ad-
mits Eq.(27).
Proof From Egs.(17) and (27), one has

[D2L4,s(qr—1,qr, k) + D1La,s(Grs Ghr1, k + 1)

+ Aa,o(Ge—1, qr, k)]ew’ (qr, k)

+ Al—eu®*(qk-1,k — 1)D1La,s(qe—1, qr, k)]
=e Av(qr—1, @k, k)-

Simplifying and using Eq.(26), one obtains
Alu®(Gr—1,k — 1)D1La s(qr—1, Gk, k)
+0(qk-1,qr, k)] = 0,

whence Eq.(28) holds.

4. Examples

To illustrate the various aspects of the theory de-
veloped in the preceding sections, we now give two

examples.
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Example 1 Consider a nonconservative system

with discrete Lagrangian

1

Ly = Emn(% - %4)2, (29)
and discrete nonconservative force
Qi = — -1 (30)
where mq,---, my are given constants. Then the ac-
tion sum is
N
J=Y -m — 2, 31
; 9 k(qk — qp_1) (31)

From Eq.(7), the discrete Euler-Lagrange equation is

a second-order difference equation

me(qy, — qr_1) — Met1(qe+1 — qx) + (g, — q_1) = 0.

(32)
Direct verification shows that
1
La(Rqy, qi, k) = §mk(Qk - RQk)2
is generalized-difference-invariant (with v = ¢,_,)
with respect to the infinitesimal transformation
q =q t+e. (33)

Hence, by Theorem 1, we immediately obtain a first

integral

DlLd(qk—lv k> k) + v(qk—lv 9k k) = COHStv
or
—my(q), — qr—1) + qj—y = const. (34)
Example 2 Consider a nonholonomic system

with discrete Lagrangian

1
Lq :i[(qu —qir-1)? + (g2 — G25-1)°

+ (g3, — Q37k71)2], (35)

and with its motion subjected to a nonholonomic con-

straint

w=(g2,6 — g2,b—1) — g3,k—1(q1,6 — q1,6—1) = 0. (36)

From Eq.(26), one has

(g1, — q1,6-1) — (q1,k+1 — q1,6) — Ag3,6—1 = 0, (37a)
(37D)
(37¢)

(@2, — @2,6—1) — (2,041 — G2.1) + A =0,
(g3,k — @3.-1) — (@361 — g3,%) = 0.

Using Egs.(36), (37a), (37b) and (37¢), we have

)\ = ((h,k - q1,k71)(q2’>,k - q3,k71). (38)
14+ g3 x-193,%

Direct verification shows that

1
La(qr—1,qr. k) :E[((h,k - Q1,k—1)2 + (g2.k — QQ,k—1)2

+ (g3 — g3,5—1)°] (39)

is generalized-difference-invariant (with v = 0) with

respect to the following infinitesimal transformations:

U = Dk (40a)
Gk = G2,k (40b)
G =gk TE (40c)
Therefore, by Theorem 3, we have
D1 L4 3(qk—1,qk, k) = const,
or
—(gs,k — g3,k—1) = const. (41)

Remark Due to the discrete nature of the prob-
lem in the variable k, it is not possible to vary k con-
tinuously, and consequently we have not obtained the
“ energy” integral in the classical, continuous calcu-
lus of variations, but only the “momentum” integral.
However, we desire to obtain the “energy” integral for
discrete mechanical systems, so we need to extend the
framework to time variations in addition to the usual
configuration variable variations. This problem will

be discussed in the future.
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