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Nonlocality and purity in atom—field coupling system’
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The effects of initial field state and thermal environment on quantum nonlocality and linear entropy in an atom—

field coupling system are investigated. We found that if the cavity is lossless and the reservoir is in vacuum, the

atom—field state can exhibit quantum nonlocality periodically and the linear entropies of the atom and the field also

oscillate periodically with a period the same as that of quantum nonlocality. And if the cavity dissipation is very

weak and the average photon number of the reservoir is very small, the quantum nonlocality will be lost and the linear

entropies of the atom and the field oscillate with a decreasing amplitude. The rapidity of the loss of the quantum

nonlocality depends on the amplitude of the initial squeezed coherent state, the cavity damping constant x and the

average photon number N of the thermal reservoir. The stronger the field and the larger the constant k and the average

photon number N could be, the more rapidly the nonlocality decreases.

Keywords: quantum nonlocality, linear entropy, thermal environment, squeezed coherent state

PACC: 0155, 0365

1. Introduction

The paradox suggested by Einstein, Podolsky,
and Rosen[!! aroused controversy about nonlocality
of quantum states. Bell?! proposed a remarkable in-
equality imposed by a local hidden variable theory,
which enables a quantitative test on quantum nonlo-
cality. Numerous theoretical studies and experimental
demonstrations have been performed to understand
nonlocal properties of quantum states.

Gisin and Peresl® found pairs of observables
whose correlations violate Bell’s inequality for a dis-
crete N-dimensional entangled state. Banaszek and
Wodkiewicz!*! studied Bell’s inequality for continuous-
variable states, in terms of Wigner representation
in phase space based upon parity measurement and
displacement operation.Following the parity measure-
ment approach to test quantum nonlocality for a field,
Kim and Leel’] proposed a scheme to test quantum
nonlocality for the field prepared in two spatially
separated cavities, by sending two independent two-
level atoms which interact odd-resonantly with cav-
ity fields separately, or sending single atoms sequen-
tially to interact with the cavities. Majumdar and
Nayakl® investigated a Bell-type inequality probabil-
ities of detected atoms formulated using atom-photon

interactions in a cavity. They considered decoher-

ence brought about by both atomic decay and cavity
photon loss, and studied its action quantitatively in
diminishing the atom—field and resultant atom—atom
secondary correlations. Jeong et all”! analysed various
observables to give the maximum violation of Bell’s in-
equality for continuous-variable states and discussed
an observable which gives the violation of Bell’s in-
equality for any entangled pure continuous-variable
They found that it does not have to be a

maximally entangled state to give the maximal vio-

states.

lation of Bell’s inequality. Wu et all®! solved a class of
coupled-channel cavity quantum electronic dynamics
(QED) models describing two-photon resonant Raman
process in multiple-A configuration analytically by us-
ing an algebraic method that introduces an angular
momentum algebra for this multiwave mixing system.
We have once investigated the property of quantum
nonlocality in the atom—field coupling system via de-

generate Raman processes with cavity damping.!”!

The aim of this paper is to analyse the dynami-
cal behaviour of the quantum nonlocality and purity,
which is quantified by the linear entropy, in the atom—
field coupling system in a cavity. In this system, the
A-type atom is initially in one of its two lower states

and the cavity in a squeezed coherent state.

This paper is organized as follows. In Section
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2 we discuss the master equation describing the in-
teraction of the system “atom + field mode” with a
thermal reservoir. In Section 3 we use the Wigner
function to calculate the Bell function, with which we
study the dynamical behaviour of quantum nonlocal-
ity of the system. In Section 4 we introduce the linear
entropies of the atomic and field subsystems, which
can serve as measures of quantum purity and entan-
glement, putting emphasis on the usefulness of the
Wigner function in the calculation of these entropies.

Section 5 gives the conclusion.
2.Model system

The system under consideration is a degenerate
A-type three-level atom placed in a single-mode cav-
ity which is coupled to a reservoir in the usual way. "
The upper atomic level with energy w; and magnetic
quantum number m; = 0 is denoted by |i) and the two
lower levels with magnetic quantum number m; = +1
are denoted by |e) and |g) with energy w, and wy,
respectively. In order to simplify the calculation fur-
ther, we assume that the two levels are degenerate,
ie. we = wg.[ll] If the cavity field is of z-polarization,
the dipole-allowed transitions |e) <> |g) and |g) < |e)
are mediated by photons of the single-mode cavity
field, which is characterized by the photon annihila-
tion and creation operators a and a® with frequency
w,. Following Refs.[11, 12], one can adiabatically re-
move the upper level |i) when the one-photon detun-
ing |8] (where § = w; — Wy — We = W; — W, — Wy) is
much larger than the Rabi frequency of the oscillation
between |7) and |e) (|g)), so that the effective Hamilto-
nian of the atom—field coupling system including the
ac Stark shifts is written in the interaction picture

agl13]

93 95
H =2 a*ale)e] + La*alg) o]

+ 8% ae) (gl +lo)eD, (1)

where g1(g2) represents the coupling strength for the
dipole-allowed transition |i) < [g)(|?) < |e)). The
first two terms in Eq.(1) describe the ac Stark shifts
of the atomic levels |e) and |g) respectively, the last
two characterize the degenerate Raman transition pro-
cesses between |e) and |g). Taking the influence of
cavity dissipation into account, we can write the mas-
ter equation which governs the time evolution of the

density operator for the atom—field coupling system

%p(t) = —i[H, p(t)] + Lep(t), (2)

with

L.p(t) =k(N + 1)[2ap(t)a™ — aTap(t) — p(t)a'd]
+ kN[2a" p(t)a — aa™ p(t) — p(t)aa™], (3)

where k is the damping constant for the cavity mode
and N is the average photon number of the thermal
reservoir.

In order to solve Eq.(2) analytically, we describe

two new atomic states as

1
———(g1le) — 9219)),
g + 95
1

) = m(gz\@ +91l9)), (4)

which form a new basis for the atomic Hilbert space.

1) =

Transforming Eq.(2) into the new basis defined by
Eq.(4), the density operator for the atom-field cou-

pling system satisfies

570 = =i+ 2 ) alval (ol 0] + Lo
®)

By expressing p(t) as

p(t) =paa(t)|2) (2| + p11(t)|1) (¥ ]
+ po1(t)|wh2) (1| + pr2(t)|¥1) (2],  (6)

where §,i(t) = (¥;|p(¢)|¢x), (J,k = 1,2), the opera-
tors pji(t) satisfy the following equations:

d

—p11(t) = Lepra(t),

dtpn( ) p11(t)

d _ ) - .

EPZQ(t) = _ZIA[a+a7p22(t)] + LCP22(t)7

d _ ) - -

5021@) = —2iAa"apy (t) + Lepar (t), (7)

where we have assumed that g1 = g = g and
A =g?/s.

Let us assume that the field is in the squeezed co-
herent state |a,7) and the atom initially in the state
le). Although the two atomic lower levels |e) and |g)
are degenerate, they have different magnetic quantum
number m; = %1, so the initial atomic state |e) can
be realized by the technique of population transfer by
using a sequence of two counter-intuitively ordered de-

layed laser pulses.'¥ And |, ) is given by
|a,r) = D(c)$(e)|0), (8)

with D(c) being the displacement operator, D(a) =

exp(ad*—a*a), and S(e) the squeeze operator, S(c) =
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1 .
exp |:§6*&2 - %5(&7“)2} . Here, € = re'? is any complex
number with modulus r and argument ¢, which de-
termine the squeezing intensity and the direction of

squeezing respectively.
3. Wigner function and quantum
nonlocality of the system

Wodkiewicz!!?! proposed a scheme to test whether
or not the atom—field entangled state displays the non-
locality, in which the state of the atom is detected by
standard spin-1/2 projections (), but the state of
the field is probed by displaced parity operator ﬁ(,@)
In the following, we adopt Wodkiewicz’s scheme to in-
vestigate the influence of the cavity dissipation on the
quantum nonlocality.

The state of the atom is detected by measuring
the projection &(0) of the atomic Bloch vector on
to a direction 6, represented by |08) = cos(6/2)|e) +
sin(6/2)|g). Therefore, the joint measurement on the
system is described by the following dichotomous ob-
servable for the field and the atom:

[(B,0) = () ® 5(0). (9)

It is easily derived that the local hidden variable the-
(10]

ory results in the following Bell inequality:

2 < B=I(3,0)+ I(8,6)

+1I(B,0') —II(B,0) <2  (10)

for any choice of the parameters 8 and 3’ and the an-
gles 6 and #’, where we call B the Bell function, and
II(8,0) is the quantum expectation value of operator
ﬁ(ﬂ, 6). If the Bell inequality (10) is violated, we can
obtain the result that the atom—field coupling state
exhibits quantum nonlocality.

On the other hand, the mean parity of the field is

proportional to the Wigner function:[']

(p) = (x/2)W(B). (11)

So, we can obtain the quantum expectation value
of the displaced parity operator by calculating the

Wigner function which is defined as

W(8,5) = / Trlexp(éa® — €a)p)

x exp(f€" — 7€) /m*d%¢. (12)

It is easy to calculate the Wigner functions corre-

sponding to pi1, p22 and p3; respectively; here we have

assumed that the direction of squeezing ¢ = 0:
! exp (b5
t(r)t(—r) 2t(r)

(2ae™" — B — ﬂ*)2]
2t(—r) ’

Wi (8,6°) =

xexp[—

_1 1
"\ T4

_(ﬂezv\t . ﬂ*e—zi)\t)2

4(2C, + Cy) ]

_(20567'“ . ﬂe2i)\t . ﬂ*ef2i>\t)2
L 4(2Cy — Cy) } J
(2 + k) + (2 — K)e !
2~/ fi(r) fi(—r)
X exp | (+ i) - %}
(B = fre )2 fo(r)

4f1 (7“)

2
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Substituting Egs.(9),(11) and (13) into Eq.(10)
and taking 3 =0, 3 =z, a = D, where z and D are
the real parameters for simplicity, we obtain the Bell
function at time t

(2 + K)e3?t + (2 — k)e™t
2/ f1(r) fr(=r)
4D2e2mf2(—r)}>

g3 (r) fr(=r)

n sin 6 1 1 D2e—2xt
2 |2\ cz—acz P\ 2c, — ¢

+ 7(1 — cos §)Re(Wa1(z))

msin @

B(z,0,t) =(1 + cos 9)Re<

X exp {(n +iA)t —

[Re(Wae(z) — Wia(z))].  (15)

2
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Fig.1. Time evolution of Bell function B(z,6,t)
for D=1, r=1, £=0.9995, cos §=0.9636, sin §=0.2675.
The damping constant x and the average photon num-
ber of the reservoir N is chosen to be x/A=0, N=0
(solid) k/A=0.01, N=0.1 (dashed).

B(z,6,t)

At

Fig.2. The same as Fig.l, but D=2, £=1.9998,
cos #=0.9425, and sin §=0.3342.

In Figs.1 and 2 we show the time evolution of
the Bell function. In these figures, the parameters
z and 6 have been chosen such that the Bell func-

tion B(z,0,t = w/2)) reaches its maximal value when

N = 0. For Kk = 0 and N = 0, which means that
the cavity dissipation and the average photon number
of the reservoir can be ignored, the value of B can be
larger than 2 around t; = (k+1/2)7/A(k =0,1,2,--+),
which means that the atom—field coupling state can
exhibit the quantum nonlocality. The Bell function
exhibits an exact periodic collapses and revivals with
the period T = 7/\. From the two figures, we find
that the larger the amplitude of the initial squeezed
coherent state |D,r), the more rapidly the quantum
nonlocality is lost, and the maximal value of B de-
creases with increasing D. Thus, it is noted that
the weaker the intensity of the initial squeezed co-
herent state, the more evident the quantum nonlocal-
ity, which is helpful to observe the quantum nonlo-
cality. If the influence of the cavity and the average
photon number of the reservoir is very small but can-
not be ignored, for example, k/A = 0.01, N = 0.1,
B also behaves as a periodic collapse-and-revival phe-
nomenon, the periodic period is the same as that of
k = 0,N = 0, but the quantum nonlocality only
exists in a short period around ¢t = m/2), and the
maximal value of B decreases around t,, which means
that the quantum nonlocality becomes weaker. This
is because the system evolves into a mixed state, in
which the quantum coherence loses irreversibly due
to the cavity dissipation. In addition, by comparing
with our previous results!®) we found that the time
evolution of the Bell function in coherent state |D)
has the same period as in the squeezed coherent state
|D,r) and the two systems exhibit quantum nonlocal-
ity at about the same time, and the maximal value
of B is larger in the squeezed coherent state than
in the coherent state. However, the quantum non-
locality is lost more rapidly in the squeezed coher-
ent state than in the coherent state (see Fig.3). In
other words, the weaker the intensity of the state of
field, the more evident the quantum nonlocality. The
quantum nonlocality for the atom—field coupling state
originates from the quantum interference between the
coherent component states for the joint measurement
with the atom and the field. The Raman-type inter-
action between the atom and the field leads the atom—

field coupling system to evolve into a Schrodinger cat

1 . .
E(WIHDJ‘) + |¢2)|—D,—r)), periodically
when £k = 0, N = 0 with the period T' = w/\, so

the quantum interference will recover periodically (see

state,

Eq.(13)). However, the quantum interference is de-

stroyed by the cavity dissipation. The speed of de-



No. 2

Nonlocality and purity in atom—field coupling system 227

struction depends on the damping constant . Thus,
the strong cavity dissipation leads to the phenomenon
that the quantum nonlocality of the system becomes

weaker and disappears finally with the time evolution.

2.5

B(z,6,t)

At

Fig.3. Time evolution of the Bell function B(z,6,t)
for squeezed coherent state (solid), and coherent state

(dashed).

4. Linear entropies of atom, field

and system

Entropy is a key concept in quantum informa-
tion theory. On the one hand, it can measure how
much uncertainty there is in the state of a physical
system.[1617] Usually, the von Neumann entropy, de-

fined as

S = ~Tr(plnp), (16)

is used to measure the uncertainty of a mixed state.
For a pure state, S = 0, while for a mixed state,
S > 0. And for a bipartite system in a pure state,
the von Neumman entropy of a subsystem can be used
to measure the entanglement between the two subsys-
tems. The larger the von Neumann entropy of a sub-
system, the greater the entanglement. On the other
hand, information entropy can overcome the disad-
vantage of the definition based on the Heisenberg un-
certainty relation (HUR), for example, when applying
to the squeezing of the two-level atom; and Fang et
all18] defined the squeezing of the atom using the en-
tropy uncertainty relation (EUR), named as entropy
squeezing, which can be used to describe the nonclas-
sical characteristics of a two-level atom. From Eq.(16)
we find that the von Neumann entropy is difficult to
be used in calculation since it is necessary to diagonal-
ize the operator p. Therefore, we study the evolution

of linear entropy defined as

Slinear =1- Trp2' (17)

An advantage of using the linear entropy instead of
the von Neumann entropy lies in the great simplifica-
tion of calculations, without changing the qualitative
physical conclusions, especially when discussing the
purity of the atom—field coupling system. For a pure
state, Sinear = 0, while for a mixed state, Sinear > 0.
In the following, we will use Wigner function to calcu-
late linear entropies and discuss their evolutions with
time.

The linear entropies of the atom, field and total

system are defined respectively as
sa=1-Trp4, sc = 1-Trps, sac = 1—Trp?. (18)

where the reduced density operator of each subsystem
is obtained by taking a partial trace of the total sta-
tistical operator p over the complementary subsystem:
pa = Trep, po = Trap. We use the subscripts A, C
and AC to denote the atom, the field and the total
system of them respectively. If the total system is in
a pure quantum state (that happens in the absence of
dissipation, i.e. for kK = 0), each of the partial linear
entropies can be used as a measurement of entangle-
ment between the atomic and field subsystems.19:20]

In the generic case of the statistical operator as

described in Eq.(6), we have

pc =p11 + p22,
pa =Trpr1|thr) (1] + Trpaz|t2) (o]
+ Trpialhr) (2| + Trpor|e) (a].  (19)

Calculating all necessary traces, we obtain the follow-
ing expressions for the linear entropies of the atom,
the field and the total system:[?!]

sac =1 = Tr(p3,) — Te(pt;) — 2Te(przpa),
) — Tr(p1) — 2Tx (P11 fa2),
sa =2Te(p11) Tr(p22) — 2| Tepon |*. (20)

sc =1 — Tr(p3,

One of the simplest ways to calculate the traces
of partial statistical operators and their products is to
use the Wigner function which is associated with the

operator p:[22]
To— [ W55,
Te(pupn) = [ WalB.5) W55, (21)
Substituting Eqs.(13), (21) into Eq.(20), the lin-

ear entropies of the atom, the field and the total sys-

tem can be given as follows:
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sac(t) =1 ! ! 2 !
ac(t) =1 — - -
4/t(r)t(=r)  8y/C} —4C3 iy o f3(0) [Ra(=r) | f5(=r)
N HONFACOINACD
" ‘ (2 + &) 4 (2 — k)|
fi(r) f2(r)
, AAD2(e29 — 1) 4fy(—r)D%e22t]|?
X |exp [(ﬂ +iN)t — 290 Y E T ]
4<f2<—r>Dem (De‘“fz(—r))*>2
fi(=r)g(r) — (fi(=r)g(=r))*
e R, F(r) ’
fil=r) ~ fi(=7)
2
1 (.(Z+ k)e3t 4+ (2 — K)e? { oy, 2D (e — 1)]
al) =3 2 OIS e e ’
1
so(t) =1~ 4«/t(r)t(—r) - 8,/C2—4C2
1 1 \/f 2D%e 28t DZe~ 2wt
"\ tt=n\| 2 —acz\ 2 a2 [ T =) 20, - Cl]
[2D%e=2%t(cos ¢ + 1)
* P TR RL+ M) ]
[ D229 (cos ¢ cos 4\t + sin ¢ sin 4\t + 1)
*exp 2(2Cs — C1)2(2L + M) ]
2D2%e 2% (cos ¢ cos 2\t + sin ¢ sin 2\t + cos 2)t)
S| t(—=r)(2C5 — C1)(2L + M) }
[2D?e~2(1 — cos @)
e e
[ D%e~29t(1 — cos ¢ cos 4\t — sin ¢ sin 4)\t)
Shad| 2(2Cs — C1)2(M — 2L) ]
[2D2e =2t (cos ¢ cos 2\t + sin ¢ sin 2\t — cos 2)t)
X exp H(=r)(2C — C1)(M — 2L) } ' (22)

Here, t(r), C1, Csq, in 2, g(r),
the same definition as in Eq.(1

sin ¢ are defined as

fi(r) and fy(r) have
4), and L, M, cos ¢,

ments tg = kn/A, with k being an integer, and it is
easy to find that the period is the same as that of the
Bell function. And the linear entropy of the total sys-

tem is zero at any time, that is to say, both the linear

I :\/(Sh%e%t _ C; cos 4/\t> ? + <02 sin 4/\t> ? entropies of the atom and the field can be used to mea-
t(r)t(-r) 403 - CF 403 = C}) 7 sure the entanglement between the atom and field sub-

M :t(r) +t(-r) _ Ch systems. For k/A = 0.01 and N = 0.1, the behaviours
t(r)t(—r) 4C3 - O}’ of sa(t) and sc(t) are slightly more complicated, dis-

cosd _672'“5}127“(4012 — CF) — Cat(r)t(—r) cos 4t playing local maxima and minima. The maxima oc-
Lt(r)t(—r)(4C3 — C}) ’ cur when there is maximum dephasing between the

sing = — Casin 4\t ‘ (23) two states; the minima occur for minimum dephas-
L(4C3 - CF) ing (i.e. during disentanglement). Such oscillations

In Figs.4-7 we show the time evolutions of the
In the
absence of dissipation and average photon number of
for k = 0, N = 0, the linear en-
tropies of the atom and the field vary with time pe-

atom, field and total system linear entropies.

the reservoir, i.e.

riodically, going to zero at the disentanglement mo-

have also been observed in the model with k/A = 0
and N = 0. However, contrary to what happens here,
s4(t) and s¢(t) vanish at the minima, since these in-
stants correspond to the cases that the atom and the
field are in a pure state. In the model with k/A = 0

and N = 0, the difference between consecutive local
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maximum and minimum diminishes with time, since
both s4(t) and s¢(t) tend to asymptotic values.

051 =
/ N\ VAR N\
0.4 \ \
/ \/
g 0.3 ] L / \ ,/
& | L | L
a0
0.1—‘:' 5!! \\j "i[
0_0_ \‘ \/
0 2 4 6 8 10
At
Fig.4. The evolution of the atom (solid), field

(dashed) and total system (dotted) linear entropies for
D=1,N=0,k/A=0,and r = 1.

0.7 q
0.6
0.5 1
0.4
0.3 1

Entropy

0.24

@
o

At

Fig.5. The same as Fig.3, but N = 0.1 and x/A = 0.01.

0.5 B /-_“_~ / - 7\ /'—N'_—\
4] / / /N
\ /
; 0.3—/ / \ / ]
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0.1-‘ ’; / ’1
0.0 J / U
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Fig.6. The evolution of the atom (solid), field

(dashed) and total system (dotted) linear entropies for
D=2N=0,k/A=0,and r = 1.

0.77
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0.5
0.4

Entropy

03]
0.24

0.14

0.0
0
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Fig.7. The same as Fig.5, but N = 0.1 and x/A = 0.01.

5. Conclusion

We have studied the dynamical behaviours of the
quantum nonlocality in the atom—field coupling sys-
tem in a cavity and the linear entropies of the atom,
the field and the total system of them. It is found that
if the cavity is lossless and the reservoir is in vacuum,
the system in which the atom initially in the state
le) and the cavity in a squeezed coherent state |a, ),
quantum nonlocality appears periodically with the pe-
riod T = 7/, and the linear entropies of the atom and
the field also oscillate periodically, with a period the
same as that of quantum nonlocality. When the cav-
ity dissipation and the average photon number of the
thermal reservoir are taken into account, the quantum
nonlocality will be lost and the linear entropies of the
atom and the field oscillate with decreasing amplitude,
tending to asymptotic values. The rapidity of the loss
of the quantum nonlocality depends on the amplitude
of the initial squeezed coherent state, the cavity damp-
ing constant x and the average photon number N of
the thermal reservoir. The stronger the field and the
larger the constant x and the average photon number

N, the more rapidly the nonlocality decreases.
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