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‘We propose a solvable multi-species aggregation—migration model, in which irreversible aggregations occur between

any two aggregates of the same species and reversible migrations occur between any two different species. The kinetic

behaviour of an aggregation—migration system is then studied by means of the mean-field rate equation. The results

show that the kinetics of the system depends crucially on the details of reaction events such as initial concentration

distributions and ratios of aggregation rates to migration rate. In general, the aggregate mass distribution of each species

always obeys a conventional or a generalized scaling law, and for most cases at least one species is scaled according to

a conventional form with universal constants. Moreover, there is at least one species that can survive finally.
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1. Introduction

Aggregation is an important kinetic phenomenon
that underlies a wide variety of nonequilibrium pro-
cesses in nature, such as aerosol physics,[!! gelation,?!
and crystal growth.[3] The aggregates in these pro-
cesses evolve typically according to an irreversible re-
action scheme A; + A; — A;y;. That is, the aggre-
gates A; and A;, which respectively consist of ¢ and
7 monomers, can bond spontaneously and result in a
larger aggregate A;,;. In the last few decades, much
work has been devoted to understanding the kinetics
of these irreversible aggregation processes and con-
siderable developments have been achieved.*=? Re-
cently, some studies turned to focusing on another
growth mechanism which also arises frequently in
physics, especially in social science.['=15] This is an
evaporation/condensation mechanism. Ispolatov et
al"3l and Ben-Naim et all'* introduced several kinetic
exchange models which may be used to describe the
wealth distribution of individuals in economical activi-
ties, and Leyvraz et all'®! proposed a migration-driven

aggregation model with a preferential migration kernel

that can provide a description for the evolution of city
populations. We investigated the kinetics of general
reversible migration-driven aggregation models.[16-18]
In these models, the aggregates evolve according to
a migration scheme Ap + A; — Ap_1 + Ai4q, le. a
monomer transfers from an aggregate of mass k to that
of mass [. The results exhibited that the kinetics of
such a migration-driven aggregation process falls into
a scaling regime different from that for conventional
aggregation processes. In order to understand thor-
oughly the similarities and differences between the ag-
gregation and migration processes, we also studied the
kinetics of a two-species aggregation—migration pro-
cess and found that the evolution behaviour of the
system depended strongly on the ratio of the aggre-
gation rate to migration rate coefficient.¥ It is thus
believed that the multi-species aggregation—migration

processes may give rise to richer evolution kinetics.

In this work, we investigate the competition be-
tween aggregation and migration processes of n types
of species A! (1 =1,2,...,n, n > 3). We assume that
irreversible aggregations occur between any two ag-

I (4:5)
gregates of the same type, Aé + Aé. 18 Al

i+j» and re-
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versible migrations occur simultaneously between any
two aggregates of different species, A% + AT sz_(z;J)
Al + AT (Lm = 1,2,...,n, I # m). The above
migration scheme indicates that when any two aggre-
gates of different types meet, a monomer of one ag-
gregate will change its type and then join in another
aggregate. The rate kernel of the aggregation reaction
between the Al and Az- aggregates is I;(i; j) and that
of the migration between the A! and AT aggregates
is K1 (7;7)-

The multi-species aggregation—migration system
is assumed to be of spatial homogeneity, so that the
fluctuations in the densities of the reactants are ig-
nored and the aggregates are considered to be homo-
geneously distributed in the space throughout the pro-
cesses. So, the investigations of our model can be per-
formed in the mean-field framework. We believe that
the aggregation—migration model may mimic a wide
variety of physical, biological, and social phenomena.
For example, two separate population districts in one
country can merge cooperatively to form a larger dis-
trict, and the population migrations occur simulta-
Thus,
the global population distribution may be driven by

neously between any two different countries.

mergence of population districts as well as by popu-
lation migrations. It is also believed that the multi-
species aggregation—migration processes are of interest
on their own rights such as the rich scaling properties
of their evolution behaviours. According to our work,
it is found that the evolution kinetics of the system de-
pends strongly on the ratios of the aggregation rates
to the migration rate coefficient. Meanwhile, the ini-
tial concentrations of the species also play important
roles in some cases.

In Sec.2,

we propose a general n-species aggregation—migration

The paper is organized as follows.

model, in which monomer migrations occur between
any two different species, and then derive the asymp-
totic solutions of the aggregate mass distributions in
several different cases. A brief summary is given in
Sec.3.

2.The model of general n-species
aggregation—migration
processes

In our investigation, the theoretical approach to
the aggregation—migration processes is based on the
mean-field rate equation, which assumes that the re-

action proceeds at a rate proportional to the reac-

tant concentrations. We propose a general n-species
aggregation—migration model in which monomer mi-
grations occur between any two different species. The
concentration of A' aggregates of k-mers is denoted as
ak.

Consider a simple model in which the aggrega-
tion rate kernel I;(i; j) of A! species are different con-
stants I; (I =1,2,...,n). Meanwhile, we assume that
the migration rate of an aggregate Aﬁc gaining one
monomer is proportional only to its mass k and in-
dependent of the mass of its opposite aggregate which
loses a monomer, namely, Ky, (¢;7) = Jj, where J
is a constant coefficient and | # m. The governing
mean-field rate equation for this general aggregation—

migration system then reads

da 1 >
w D
o 3 Z ajiar; — 2a Zau
it+j=k i=1

+ J(arp+1 — aix) Z Zjamj

1<m<n,m#l j=1

+ J[(k — 1)al7k_1 — kalk] Z Z Amyj,

1<m<n,m#l j=1

, (1)

where we impose the boundary condition a;(t) = 0.
When n = 2, Eq.(1) will reduce to the governing rate
equation for the two-species aggregation—migration
system in Ref.[19].

As we aim to find out the analytical solutions of
the aggregate mass distributions and investigate their
long-time scaling properties, we consider a simplest
but important case in which there exist only monomer
aggregates of each species at ¢ = 0 and the concen-
tration of A' monomers is equal to A;y. Then this
monodisperse initial condition is

alk(O) = Alo(skl, l = 1, 2, .., n. (2)

According to the algebra technique used in
Ref.[19], we believe that under the above initial condi-
tion, the governing rate equation (1) can also be solved
with the help of ansatz (see, e.g., Refs.[19, 20])

a(t) = Ay(t)[ar(t)]*" (3)

Substituting Eq.(3) into Eq.(1), we can transform the

rate equation (1) into the following differential equa-
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da; LA A1 —ap)
g
dt 2 + Z 1—a,
1<m<n,m#l
dA I A?
T % Y
dt 1-— ap
Am(]. - al) Am
. (4
% Z [(1—am)2+1—am (4)
1<m<n,m#l

The corresponding initial condition of Eqs.(4) is

al(o) :07 Al(o) :Al()a l= 1,2,...,71. (5)

From Eqgs.(4) we can obtain

dln[(1 — an)/(1 — a;)]

dt
L —2] A I,—2J A, (©)
T2 1-—gq 2 1-—a,’
d[A;/(1 — a;)?]
dt
JA; a; — Qm
=" A, — 7
T—ap 2 { (1—am>2} )
1<m<n,m#l

Equation (7) directly yields

=1 k=1 1

-1 (1 -a)? lz; Ao i
which indicates that the total mass of all species is
conserved by the kinetics of the aggregation—migration
processes. It is natural for the system without any
annihilation reactions. Equation (8) also implies that
the total mass of each species is bounded.

Since it is difficult to obtain the exact solutions
of Egs.(4), we turn to discussing their asymptotic so-

lutions in several different cases.

2.1. The case of all aggregation rates greater
than 2J

In this case, from Egs.(6) and (7) we find that
the solution to the governing rate equation is depen-
dent on the values of A;o(I; — 2J). Without any loss
of generality, one can assume that Ao(Ily — 2J) >
Axo(I2 =2J) > -+ > Apo(L, — 2J).

When AIO(II — 2.]) > Al’O(Il’ — 2]) (l, =
2,3,...,n), it can be concluded from Eq.(6) that
(1—ap)/(1—a;)) 2 ooforalll'>1(l=12,...,n)
in the t — oo limit. We then examine the final total
mass of each species. Set A;/(1 — a;)2 = M;(c0) at
t — oo. If at least one of M/ (c0) is greater than zero,
we then assume that among the species whose final
total mass is non-zero, A? (¢ > 2) is the one with the
smallest value of Ayo(I; — 2J). Thus we know that

in the t — oo limit, M;(c0) — 0 for n > | > g and
(I1-a;)/(1—aq) > 0for1<1<q. From Egs.(4) we

deduce
d(1 - aq)_l

dt
1,4, A, 1—a,,
ten R DR [t el KO

1<m<n,m#q

In the long-time limit, Eq.(9) reduces to

d(1 - aq)_l ~ 144,

N Iqu(oo)
dt 2(1 —aq)?

2 )

(10)

which indicates that (1 — ag) ~ t—lat t> 1. So we
oo

have dt[ai(t) — aq(t)] = / dt{[1 — a,(t)] = [1 —
0 0
ai(t)]} ~ Int — oo at t — oco. Moreover, a; > ay

for all I/ > 2 at long times. From Eq.(7) we can
then deduce that A;/(1 — a;)? — oo at t — oo,
which is in discrepancy with the above result that
the total mass of each species is bounded. One can
conclude that M (co) = 0 for all I’ > 2. Hence,
Ar/(1—a)® > 3" g and Ap/(1 = ap)? = 0
at t — oo. From Egs. (4) one can then derive the
asymptotic solutions of a;(t) and A;(t) in the long-

time limit,

CL]_(t) ~1-— C]_ 1t_1,

201 1 2
Ay (t) ~ —=t~
() = =7
al/(t) ~1-— Clyllt72J/Il,
2JCq
All(t) ~ C’ngeXp [ﬁtll]/h 5 (].].)

where C11 = (I; 21:1 Al0/2)7la

integration constants. We then obtain the asymptotic

Ci,v and Cyr are

solution of a;x(t) at long times,

20
ayp(t) ~ 11 (Y T L
1
2JC, 1
al/k(t) Qcmzexp [—m 1-2J/1,
X (1= Cy pt~ 2/ Tyk=t, (12)

The results show that the aggregate mass distributions

approach the scaling forms

aip(t) ~t %exp(—z), x o kt™',
2JCy 1-2J/1
(1) ~ ke T 1 _
ajp k( ) exp (Il — 2‘])0171 eXp( y)’
y oc kt™2/1 (13)
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Equations (13) indicate that the evolution of the ag-
gregate mass distribution of the A' species obeys the

conventional scaling law (see, e.g., Ref.[20])

cp(t) ~t Y P[k/S(t)], S(t) xt?, (14)
where ¢ (t) is the concentration of the aggregates of
mass k, and S(¢) is the characteristic mass which plays
a role analogous to that of the correlation length in
ordinary critical phenomena. For the A! species, the
z), and

the governing exponents are w = 2 and z = 1. The

scaling function is exponential, &(z) = exp(—

results indicate that the A! species evolves as in the
irreversible single-species aggregation system. On the
other hand, the A" species are not scaled according
to the conventional definition (14), but the aggregate
mass distribution of the A" species takes the general-

ized scaling form (see, e.g., Refs.[19, 20])

ap(t) ~ F()2[k/S()], S(t)oct®,  (15)

where F(t) is an unusual time-dependent decreasing
function. In this case, the typical mass of each A
species is the same, S(t) ~ t>//11 which is forced
mainly by migrations between the A" and A! species
as well as self-coagulations of the A! aggregates. Then
we discuss the evolution behaviours of the total den-
sity and the total mass. By summing Eqgs.(12) we find

that in the long-time limit,

Ni(t) = i arg(t) ~t 1,
k=

[ 2JC’1,l1751_2J/I1 27/

- (I —2J)Chg

(16)
These indicate that the total density of the A® species
decays as t~1 while that of the A" species decreases

rapidly as exp[—2JC =27/ /(I; —2J)Cy 1]. More-

over, when t — oo,

Mi(t) = ka(t —>2Am,
k=1

8

N

My () = kapi(t) —

k=1
2JC4 l,t172J/Il

/(17
(I, —2J)C1 4 ] (17)

exp [—
These indicate that the large A' aggregates dominate
over the corresponding AY aggregates in the long-time

limit and all masses of the A" species will transfer to

the A! species through the monomer migration pro-
cesses at the end. Thus, we can conclude that for this
case only the A! species can survive finally. Moreover,
this consequence is independent of the values of initial
concentrations.

Now let us turn to the general case in which there
are ny kinds of species (1 < ny < n) with the same
largest values of A,,0(L,,—2J) (1 <m < ny). Assume
that A,o(Ly, —2J) = A1p(l; —2J) for 1 < m < mny
and Ao — 2J) < Ayo(Iy — 2J) for ny <m’ < n.
By analysing the evolution properties of Eqs.(4) and
(6) we find that a,,(t) = a1(t) and (L, — 2J) A, (t) =
(I; — 2J)A1(¢t) for 1 < m < ny. Moreover, by em-
ploying a method similar to that used in the above
(/[ = am (O — 0

(ny < m' < n)att = co. The asymptotic solutions

case one can deduce that A

of a;(t) and A;(t) are then determined as follows:
— Byt

Am(t)2037mt_2, m:l,Z,...,nl,
(07 (t) ~1-— 037mlt_’y,

Ay (t) ~ Cypmrexp l— <J03 i > - 71
m=n+1,n+2,...,n, - (18)
where
{Z Ap J+1/Z (/2=
m = B} Zl 1A,O/Z m— 2J)(I; — 2J)7Y,
v = JJ + 1/Zm:1(1m/2 — )7L, Oy and

It is obvious that

One can thus con-

Cy4,m are integration constants.
Eqgs.(18) are similar to Egs.(11).
clude that all A™ species are scaled according to the
conventional definition of Eq.(14) with the exponents
w = 2 and z = 1; while each of the A™ species ap-
proaches the scaling equation (15) with the typical
mass S(t) « t7.

aggregates dominate over the corresponding A™ ag-

In this general case, the large A™
gregates at long times. The consequence of the mi-
gration processes is that in the ¢t — oo limit, all A™
species (1 < m < n;) with the same largest value of
Ao(Lyn — 2J) share up the masses of the A™ species
(ny < m’ < n) according to a certain redistribution

- ZJ)M (oo) = (I — 2J)M;(o0) and
Zl 1A,O/Z (I — 2J)(L; — 2J)74].

Moreover, for the A™ species, its total mass decays

scheme (Inm

as a stretched exponential in time. Hence, only the

A™ species (1 < m < ny) can survive at the end.
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Finally, we discuss the species case in which all
Al species have the same value of Ajo(I; —2J). From
Egs.(4) we derive the exact solutions

ai(t) =1— (Byt +1)71

A(t) = Aip(Bat +1)72, 1=1,2,...,n, (19)

where By = (I — 2J)A10/2 + JZ Ap. By sub-
stituting Egs.(19) into Eq.(3) one can readlly obtain
the exact solutions of the aggregate mass distributions
for all species. In the long-time limit, the aggregate
mass distribution of each species approaches the same

scaling form

cp(t) ~t %exp(—xz), zockt™!, (20)

where ¢ (t) denotes the concentration of the aggre-
gates of any type that consists of £ monomers at time
t. It is obvious that Eq.(20) is a reduced form of
Eq.(14) with the universal exponents w = 2 and z = 1.
Moreover, each species obeys the mass conservation

law.

2.2. The case of all aggregation rates equal to

2J
In this case, Eqgs.(6) and (7) reduce to

a;(t) = a1(t),
At) = Ap[l —a1(D))?, 1=1,2,...,n. (21)

Substituting Egs.(21) into Egs.(4), one can also ob-
tain the exact solutions (19). Thus we can conclude
that for this case each species is scaled according to
Eq.(20). Moreover, each species also obeys the mass
conservation law. This case is equivalent to an irre-
versible multi-species non-interacting aggregation pro-

cess.

2.3. The case of all aggregation rates less than

2J

In this case, one can readily deduce, by analysing
the evolution properties of Egs.(6) and (7), that
A/(1 = ar)?
[ =1,2,...,n) at t - oco. Moreover, we also find
that a;(t) ~ a1(t) and (2J — I})A; ~ (2J — I;)A; at
t > 1. In the long-time limit, from Egs.(4) we then

obtain the following asymptotic solutions:

— Mo (M, are positive constants,

al(t) ~1-— Bgtil, Al(t) ~ C5,lt727 (22)

where

Cs, = B2 Z

(2] — I)(2J — I,,,)™ "]

mO/Z

and

:{Z;ﬂ 1/2 (T = La/2) 1

Especially, when all A! species have the same value
of Ap(2J — I;), Eqgs.(22) will reduce to Egs.(19).
From Egs.(22) one can conclude that for this case
the evolution of the aggregate mass distribution of
each species also obeys the conventional scaling equa-
tion (20).
will redistribute among the species according to the
scheme (2J — I})M;(o0) = (2J — I,,,) M, (00) (I, m =
1,2,...,n) and each species can survive finally. It
is not difﬁcu}bt to find ths final total mass to be
(o) = S Ao/ (=20 (T2,
=1,2,...,n

Moreover, the total masses of all species

2.4. The case of some aggregation rates greater
than 2J while others equal to or less than

2J

Now we investigate the case in which some aggre-
gation rates are greater than 2J while the others are
equal to or less than 2J. Without any loss of gen-
erality, we assume that I, > 2J for i = 1,2,...,n9
(1<ngy<n)andI; <2Jforj=mnzy+1,n2+2,...,n
This case is similar to that in Case 2.1. The charac-
teristics of the aggregate mass distributions are con-
cerned with the relative values of A;o(I;—2J). For sim-
plicity, we assume that Ao(Iy — 2J) > Apo(lyy — 2J)
forl’!=2,3,...,n

When ny = 1 or Ayo(l1 — 2J) > Apo(Iy — 2J)
for all I’ = 2,3,...,n, this case is equivalent to the
first subcase of Ayq(Iy — 2J) > Apo(I;y — 2J) in Case
2.1. Only the aggregate mass distribution of the A!
species obeys the conventional scaling equation (20)
while the other species are all scaled according to the
generalized scaling equation (15). Additionally, only
the A! aggregates can be conserved by the dynamics

of the aggregation—migration system.

In the general case of ny > 1 and Ajo(l; —2J) >
Apo(Iy — 2J), we assume that A,0(L, — 2J) =
Aro(ly — 2J) for m = 2,3,...,n3 (1 < nzg < ng)
and A,o(Ipy — 2J) < Ayo(f; — 2J) for m' = ng +
1,n5+ 2,...,n. In this case, it follows from Egs.(6)
and (7) that in the ¢t > 1 limit, a;(t) = am(t) and
(L, — 2J)A,(t) = (I1 — 2J)A4(t) for 1 < m < ns.
Moreover, we have A,/ (t)/[1 — @,/ (t)]? — 0 (ng <
m' < n) at t — co. The asymptotic solutions of a;(t)
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and A,(¢) are then obtained,

m=1,2,...,ns,

m':n3+1,n3+2,...,n, (23)

where

B, = { S Aw [J +1/30" (/2 - J)_l] }_1,

_BEZ AZO/Z
8= J[J—I— 3" (/2 - J)—l}_ :

Cé,m’ and C7 ., are integration constants.

—2J)(I; —2J)7 Y,

Since
Eqs.(23) are similar to Egs.(18), it can be concluded
that all A™ species (m = 1,2,...,n3) are scaled ac-
cording to Eq.(20), while each of the A™
(m' =n3+1,n5 + 2,...,n) approaches Eq.(15) with
S(t) o tP. Moreover, all A™ species (1 < m < ng)

share up the masses of the A™ species (ny <m' <n)

species

and their final total masses are

ED IR D

In this general case, only the A™ species with the
L, —2J) (1 <m < n3) can

—2J)(I; = 2J)7 Y.

largest values of Ao

survive at the end.

2.5. The case of some aggregation rates equal
to 2J while the others less than 2J
For simplicity, we assume that I,, = 2J for
m=1,2,...,n4 (1 < ngy < n)and I, < 2J for
m = mng+ 1,04 +2,...,n. When ny = 1, from
Eqgs.(6) and (7) we know A;/(1 —ay)? — Zln:l A
and Ay /(1 —ayp)> =0 (I'=2,3,...

the long-time limit, from Eqgs.(4) one can then derive

,n) at t — oco. In

the asymptotic solutions of a,(t) and A;(t),

ap(t) ~1— Cgqt !,
Aq(t) = J tCg 1t 2,
ap(t) ~1—Cgpt™t,
Ap(t) o~ Cropt= %, 1'=23,...,n, (24)

where Cs 1 = (J 21:1 Ap)™", Copr = Csyr/Cs 1 + 1,
Cs,r and Cyg,r are integration constants. Substituting
Egs. (24) into Eq.(6), one can find that Cg; > Cs 1

for I’ > 2. Asymptotically, the aggregate mass distri-

butions approach the scaling forms

ay(t) ~ t72exp(f:c),

app(t) ~t= % exp(—x), @ oc kt™h. (25)

These indicate that the aggregate mass distribution
of each species satisfies the conventional scaling equa-
tion (14). The governing exponents for the A! species

are universal, w = 2 and z = 1; however, the
A" species has the nonuniversal governing exponent
w = JCg Z;l Ajp + 1, which is dependent on the
details of the reaction events. A comparison between
the total mass of the A! species and that of the AY
Z Ao and Mll( ) ~ Gt g
t> 1, shows that only the A!

served at the end.

species, M (t
species can be con-
It is not surprising because the
aggregation rate of the A! species is greater than that
of any other species.

We then turn to the general case of ny > 1.
From Eqgs.(6) and (7) we deduce that a,,(t) = a1(t)
and A, (t) = Ai(t)Ap/Ap for 1 < m < ny and
A (t)/[1 = @ (8)]2 — 0 for ng < m/ < mat t — oo.
We then obtain the asymptotic solutions of Egs.(4),

am(t) ~1— C&lt_l,

m =ng+1,n4+2,...,n, (26)

where Ciign = AmoCsi(J Y Ain) ™}, Craw =
Ci1,m'/Cs1 + 1, Ci1,m and Cll_;ml are integration
constants. Substituting Eqs.(26) into Eq.(6), we find
Ci1,m > Cg 1 for m’ > ny+1. Equations (26) are sim-
ilar to Egs.(24). Hence, the A™ species approaches the
scaling equation (14) with the exponents w = 2 and
z = 1; while the other species A™ (ng < m' < n)
takes the scaling form of Eq.(14) with the exponents
w = JCi1,m/ Z Ap +1 and z = 1. The results
also imply that in the t — oo limit, there remain only

the aggregates of the A™ species (m =1,2,...,n4).

3. Summary

We have

aggregation—migration model with the aggregate rate

studied an n-species (n > 3)

kernel I;(i;5) = I; and the asymmetrical migration
rate kernel K),,(i;7) = Jj (I,m = 1,2,...,n). In
this model, irreversible aggregations occur between

any two aggregates of the same species and monomer
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migrations occur simultaneously between any two dis-
tinct species. We have presented the solutions to the
governing rate equation and then obtained distinct
evolution behaviours of the system in several differ-
ent cases, which are illustrated in Table 1 (where it is
noted that {,m,m’ € (1,n) and m # m'). The results
indicate that the kinetics of the model depends cru-
cially on the ratios of the aggregation rates I; to the

migration rate coefficient J as well as the initial con-
centrations. The critical ratio for each species, which
divides two distinct kinetic evolution regimes, is the
same, I;/J = 2. Moreover, all species can be con-
served by the dynamics of the system in some cases;
while in other cases, at least one species may survive
finally.

Table 1. Summary of the results in Sec.2.

Case Summary of the results
I >2J (i) The Al species with the largest value of A;o(I; — 2J) obeys the conventional scaling equation (14)
with constant exponents while the others satisfy the generalized scaling equation (15).
(ii) Only the species with the largest value of A;o(I; — 2J) can remain finally.
I, =2J (i) Each species is scaled according to Eq.(14) with constant exponents.
(ii) All species obey the mass conservation law.
I <2J (i) Each species obeys the conventional scaling equation (14) with constant exponents.
(ii) The total masses of all species will redistribute among themselves and each species can survive finally.
I, >2J > 1, (i) This case is similar to the above I; > 2J case.
(ii) The species with the largest value of A;o(I; — 2J) obeys the conventional scaling
equation (14) and can be conserved at the end.
I =2J > 1, (i) The species with the aggregation rate equal to 2J obeys the conventional scaling equation (14)

with constant exponents while the other species satisfy Eq. (14) with nonuniversal exponents.

(ii) Only the species with aggregation rate equal to 2.J can survive finally.

Indeed, the competition between the aggregation and migration processes of the multi-species system gives

rise to surprisingly rich kinetic behaviours.
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