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An improvement of the Peierls equation has been made by including the lattice effects. By using the non-trivially

gluing mechanism for the simple cubic lattice, in which atoms interact with its first and second nearest neighbours

through a central force, the dislocation equation has been derived rigorously for the isotropic case. In the slowly varying

approximation, the Peierls equation with the improvement by including the lattice effects has been obtained explicitly.

The new equation can be used to substitute for the old one in theoretical investigations of dislocations. The major

change of the predicted dislocation structure is in the core region. The width of the dislocation given by using the new

equation is about three times that given by the classical Peierls—Nabarro theory for the simple cubic lattice.
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1. Introduction

The core structure of a dislocation is of impor-
tance because it determines the mobility of the dislo-
cation. The core structure can be addressed success-
fully for an actual crystal through a numerical calcu-
lation such as atomistic simulation or electron-density
functional technique. However, the limitation of nu-
merical results is obvious. The understanding of the
dislocation should not rely on the numerical calcula-
tions only. A rationally physical model and analytical
theory can reveal general relation between the disloca-
tion structure and crystal characteristics and provide
a deep insight to the problems.

Theoretically, the dislocation was first studied
in the frame of elastic continuum theory.l! On the
basis of the results from the elastic continuum the-
ory, a significant theory was presented by Peierls and
later elucidated and extended by Nabarro.? In the
Peierls—Nabarro (P-N) theory, the width of a disloca-
tion and the Peierls stress—the critical stress required
for making a dislocation move through the crystal—
were meaningfully related to the crystal character-
istics. Even though there are arguments about the
drawbacks and limitations, in particular, the accuracy

of the predictions, the fundamental concepts and the

methods originating from the P-N theory still play
a unique role in the discussion of dislocation up to

now.[4=12]

In the P-N theory, the crystal with a dislocation
is first cut into two parts along the glide plane, and
then glued together in a non-trivial way. The dislo-
cation is produced through nonlinear interaction be-
tween two parts. This profound idea gives us a way
to deal with topological defects. However, there exist
drawbacks in the P-N model. The most serious draw-
back is that the half-infinite crystals resulting from
cutting was approximated as an elastic continuum
body. Since the discreteness effect was underestimated
in the continuum approximation especially at the dis-
location core where displacement varies abruptly, the
width of the dislocation obtained from the P-N model
is usually much narrower than that observed experi-
mentally. And the Peierls stress predicted is generally

considered only valuable qualitatively.

Recently, the discreteness effects have been incor-
porated into the P-N theory in a way in which the
integrations are replaced by the discrete sums.!”) How-
ever, in order to improve the P-N theory by including
lattice effects adequately, it is necessary to relax the

continuum approximation at the beginning. Unfor-
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tunately, when the discreteness of the lattice is fully
considered, the problem to be solved will be very hard,
and the advantages in conceptual and calculating sim-
plicity will be weakened greatly. A good way to deal
with the issue is to look for an improvement of the

Peierls equation while including the lattice effect.

In this paper, a model of the simple cubic (SC)
crystal of atoms interacting with their first and second
nearest neighbours through a central force is consid-
ered. By using the non-trivially gluing mechanism,
the dislocation equation has been derived rigorously
for the isotropic case. Since the deformation associ-
ated with the dislocation varies slowly, it is reason-
able to change the discrete equation into the integro-
differential equation. The expanding series in terms
of derivatives of the displacement field is obtained. If
only the leading term is kept, one recovers the Peierls
equation. If higher-order terms are kept also, one ob-
tains the improvement of the Peierls equation with
modification by discrete lattice effect. The improved
equation is discussed briefly. One can see that the ma-
jor change in the predicted dislocation is in the core
structure. The width of the dislocation is much wider
than that in the classical P-N theory. As a conse-
quence, one can expect that the Peierls stress should

decrease greatly.

2.Model and the cohesive law

The crystal with dislocation can be viewed as two
half-infinite crystals glued together along the glide
plane in a nontrivial way. The Hamiltonian is com-

posed of three terms

H:Ha+Hb+Hinta

where H,(Hy) is the Hamiltonian of the half-infinite
crystal above (below) the glide plane, H;,; stands
for the interaction between the two half crystals con-
cerned (Fig.1). In the classical P-N model, each half-
infinite crystal is approximated as an isotropic elastic-
continuum. Here the continuum approximation is re-
laxed, the discreteness of lattice is fully considered. In
order to emphasize the elementary physics and clar-
ify the key issues in an unquestionable way, a rela-
tively simple model — the dislocation in a SC lattice
is investigated, where the SC lattice is assumed to be
harmonic one in which the atom interacts with its first

and second nearest neighbours through a central force.

The Hamiltonian is

(0%
— E4 x \2
Hy ) E [(UR+a1 - UR)
R
Yy Y2 z z\2
+ (Rt a, = UR)" + (Ukia, — UR)7]
ﬁ x T Yy Y\2
+ Z E [(uR+a1+a2 —Upg + uR+a1+a2 - uR)
R
+ z 2 \2
uR+a1+a3 uR uR+a1+a3 uR
x Y Y\2
uR+a1 —ao —Up — uR+a1—a2 Ug

T
+a;—a3z Up —

+az—as u?}{ - u%+az+a3 + U‘ZR 2]’ (1)

where a and 3 are the harmonic interaction constants
between the nearest neighbouring pair and the sec-
ond nearest neighbouring pairs respectively, upy is the

displacement field.

above half-crystal
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below half-crystal

az
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Fig.1. The reference configuration of the atoms and
the coordinates defined by a pair of orthogonal unit
vectors z and y (the z-axis perpendicular to the paper
plane is not plotted). The lattice is divided into an up-
per part and a lower part. The lattice vector is defined
locally for the different part. The displacement given

in the text is relative to the position in this figure.

In the continuum approximation, the Hamilto-

nian becomes

2
H“‘/dv[(” B2, +e2, +¢2,)

2a vy

2 2 2
Y + €rz + eyz)

B
+ E(ezzeyy + €an€sz T €yyezz) |, (2)
where a is the lattice constant, and

B ou” _ 1 ou® n %
e(EI - am b) el:y - 2 ay am ) b

are strains. The non-zero elements of the stiffness ma-

trix are

Cl2 = C44 = —.
a

The equilibrium equation of the lattice subjected to a
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given external force f is

il v %EV X7
a a Ox

ﬂ —« 82uz aZua: fa: _
+ a oy? 022 + a3 0,
gv2 y %Evu
a a Oy

B—oa/0%uw Y v
+ a Ox? 022 * a 0,
Ev2 z %Ev ‘u
a a 0z

,8 — 82uz 82uz fz _
+ a 0z dy? ad 0 (3)

For a = 3, the SC lattice becomes isotropic one, and

the equilibrium equation can be written as
«a 2a 1
—V?u + —V(V- —f=0. 4
"Vt 20V w) ¢ S (4)

Comparing with standard equation of an isotropic
continuum, one has the shear modulus p = a/a, Pois-
son ratio v = 1/4, and Young modulus E = 5a//(2a).

The cohesive interaction that glues the two half-
crystals together is a crucial point in the disloca-
tion theory. The sinusoidal-force law initially put for-
ward in the Frenkel and Kontorova (F-K) model, ']
and used in the P-N theory had successfully de-
scribed the interaction in a simple way. A more ac-
curate description is suggested to relate the interac-
tion to the generalized stacking-fault energy which
can be obtained from first-principle density-functional
calculation.!®714] In the point view of lattice theory,
a useful effective-interaction can be given in the fol-
lowing way. Because only small distortion occurs in
the case of dislocation, for the atoms in a given half-
crystal the dominative part of the potential from the
other half-crystal is the same as that produced by a
perfect crystal. This leads to the periodic potential
approximation first used in the F-K model. On the
other hand, the displacement takes place bilaterally,
obviously it is not enough to obtain the interaction by
applying the periodic potential of the perfect crystal
trivially. In order to incorporate the relative displace-
ment and maintain the simplicity, a helpful idea is to
introduce the phase shift concept, i.e. the difference

of the potential felt by different atoms is just a phase

factor which is determined by the atom position rel-
For the SC
lattice, the phase factor of the atom ¢ on the border

ative to the crystal on the other side.

of the upper half-crystal (Fig.1) is given through the
middle point of a pair of neighbouring atoms on the

lower side, hence the potential felt by the atom £ is

1
¢ = pluy — 5(“1113 +u’, )],

where ¢ is the potential given by the perfect half-
crystal and can be obtained from the stacking-fault
energy. In this way, the interaction Hamiltonian is
proportional to the summation of the potential of the

atoms on the border, i.e.
a 1 b b
Z¢ Uy — 5(“4 +uly, )|
¢

This effective interaction is general enough in the lat-
tice discussion of dislocation.

In the following discussion, the coordinate sys-
tem is chosen in such a way that the dislocation line
is taken to be the z-axis, the x-axis is parallel to the
glide direction, and the y-axis is perpendicular to the
dislocation line and glide direction (Fig.1). Usually,
the relative displacement component parallel to the
y-axis is small for the dislocation, we expand ¢ into

power series

2
8r) = Olyma+ G lymaly = d) 4 5 5 maly =
where d is the spacing between glide planes. The sec-
ond term on the right hand side of the equation, which
describes the force felt by a atom moving along the
straight line y = d and vanishes at the equilibrium
point, can be neglected for simplicity. The first term
is a periodic function ¢(z + a) = ¢(z). If the periodic
potential ¢(z) is expanded in a triangular series, and
only the non-trivial leading term is kept, one has the

potential of the sinusoidal-force law

4
ua 2rx
(]S(Q?) = 47-(2d (]_ + COSs T) 5 (5)
where as done frequently, the coefficient has been de-
termined by the condition that elastic limit should be
recovered. Remember that = in Eq.(5) is the relative

displacement.
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3. Half-infinite problem related to
the dislocation equation

The deformation problem related to the edge dis-
location in a simple cubic lattice is a quasi two-
dimensional problem. There is no displacement in the
direction parallel to the dislocation line

u® =0,

and the displacements of the atoms are uniform along

the dislocation line

x _ .
uR+a3 = UR,

with
A =2-T -1,

Ay =2-Ty, - T, 1,
A =2-T\T, — (T\T) 7",
Ap=2-TT,"' - (T, )™,

where T} and T, are translation operators defined re-

spectively by

T\ugp = URta,,  T2UR = URta,-

For the half-infinite lattice subjected to the force on

the border, the boundary equation is

a(2uﬁ - u%—al - u?—?-}-al)

B

T T T
+ 5((2uR ~URia,4a; ~ YR—a;+as

Y Y _ fT
+ uR—a1+a2 - uR+a1+a2) - fR’

N

—sinkyasinkya

and

In this case, the Hamiltonian becomes

Ho =— Z[(W{Jml —up)? — (Uhya, +uk)’]
R

p
+ Z Z[(u%+a1+az - UQIE%’, + UZI!%+a1+a2 - u:}!?,)z
R
T

+ (uﬁ+a1*az —Ugr — uﬁ}JH»alfaz + u%)z]

Note that the nearest neighbour interaction constant
is a + [ in the quasi two-dimensional deformation.

The equilibrium equation can be written as
DuR = fR (6)

where the 2 X 2 matrix is given by

% (A0 - An)

(a+pB)A; + g(AR + Aja)

2(1 — coskya) + 1 — coskyacos kya

a(u% - uyR-I—az)

/8 Y Y Y
+ 5((2“‘}2 - uR+a1+a2 - uRfal-ﬁ—ag
+ uIR—al—&-az - u?—?-}-al—'raz) = f}y2 (8)

A method for obtaining the relation between the dis-
placement of the border atoms and the boundary force
was given previously.[®¥ It is straightforward to apply
the method to the SC lattice. The detailed derivation
is long and arduous. Here only the main results are
presented.

The lattice Green’s function defined through

S DGt (R~ R) = bebre (9)

reads

with

—sinkyasinkya

2(1 — coskga) + 1 — cos kyacos kya

A = (-2 + coskga + cos kya)(—2 + cos kya + cos kya — 2 + 2 cos kya cos kya),

where the isotropic condition o = [ has been used, and for convenience, a + 3 = 2a = 1 has been taken. From

the boundary equation, the effective force is

F=f+Tu
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where . )
1T T =TTy (T =TT
(11)

1 1 1
Z(TIT;l - TflT;l) 5(1 - T271) + 1(2 - Tliszi1 - T1T271)

The equation that relates the displacement of atoms — A(¢) is a 2 X 2 matrix

on the border to the force is

Z Al —)u(l') = F0), (12) A0 Aaa(0)  Agy(0)
El = )
where the components of the displacement and the Ays(0)  Ayy(£)
force have been arranged in column matrix respec-
tively given by
u”(£) f(0) L
o= » FO= 5 10 =3, [ e (13)

u?(f) fU) | 21 ) .

1—cosq+ 7\/(1 —cosq)3(3 — cosq) 1smq{1 - (- cosq)]

A(q) (14)
—ising|1l — g(lcosq)] i\/(lfcosq)?’(S—%—cosq)
|
with 4. Dislocation equation and the
x = /(5 + cos q)(3 — cos q) — V3(1 + cos q) post-continuum approximation

r<q<m By using the solution of the half-infinite lattice,

the dislocation equation that is only related to the

A is a Hermite matrix atoms on the bilateral borders can be written as

At =14
’ DAL= yua(l) = £,(0),
and its diagonal elements of matrix A are even- v
function of the order number ¢ Z A(—L + O up (=) = Fr,(=0), (15)
ZI
Aga(—L) = Az (L), Ayy (=€) = Aza(0),

where u, and wuy}, are displacement fields of the upper

its non-diagonal elements are odd-function border and lower border respectively, f, and f, are
Aag(=0) = — Ay (0), Aya(—0) = — Ay (0). force fields resulting f{‘orn jche interaction between the
upper and lower half-infinite crystals. In order to use
It is helpful to interpret the A(£ — £')u(¢') as a force the same kernel A for the both two half-crystals, it is
field produced by the source wu(¢'), which is the dis- necessary to use the local lattice vector that is intrin-
placement of the atom ¢'. If there is an atom located sic to the crystal block (see Fig.1). Obviously, if the
at ¢, this atom will feel a force —A(£ — ¢')u(¢') given upper part rotates 180°, it will change to be the lower

by atom £'. The force field is proportional to the dis- part. Therefore, the intrinsic order number differs a
placement of the source atom, and can be superposed  minus for the border atoms on the different sides.
when there exist many source atoms. Due to trans- For the cohesive law given for the SC lattice in

lation symmetry, the force field is a function of the  the first section, it is easy to show

relative coordinate. Because A(0) # 0, there exists

a self-interaction that is excluded in the conventional fiu(—=0) = —lfa(é) — 1fa(é —1).

2 2
force concept, so it should be careful when the force

concept is used. Introducing mass-centre coordinate for a pair of neigh-
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bouring atoms on the lower border

() = %ub(fﬂ) + %ub(fﬂ ),

from Eq.(15), one has

> AL+ C)u(l)

~
_ %fa(() - %[fa(f +1)+ fa(0—1)]
=~ — .fa(’e)’ (16)

where the approximation f,(¢+1)+f,({—1) ~ 2f,(¢)
has been taken in the last step. Within the approxi-
mation, it is not difficult to verify that the dislocation

equation can be reduced to

and the following equations are satisfied by u*(¢) and
u?(£)

D Maa(b— ) (£) + Ay (€ — €Y ()] = f2(0),

Y4

D [y (€ )y (E) — Agy (£~ £)u"(¢)] = 0. (17)
7
The reduction implies that one has chosen a special
solution in such a way that the two points aligned
vertically have the same vertical displacement; as for
the horizontal displacements, they are equal in mag-
nitude, but opposite in direction.

The simplified equation (17) is a satisfactory one
as a suitable starting point in the discussion of dis-
location structure. However, the matrix elements of
A(¢) given by Fourier transformation, Eq.(13), can be
hardly calculated rigorously. Furthermore, a discrete
equation like Eq.(17) can be hardly solved analytically
even though the kernel matrix A(¢) has been obtained.
Therefore, the dislocation equation should be simpli-
fied further for practical use.

Let us write the first diagonal matrix element as

/~1m( )=1—cosq+ W,

W= \/_\/l—cosq )3(3 — cosq). (18)

At a first glance, the last term @ in Eq.(18) has no
analogy with its counterpart of the triangular lattice.
Surprisingly, the behaviours of w({) are quite similar
to the triangular lattice. As a function of atom posi-
tion ¢, w(¢) has a long tail that falls off slowly, and

a short head that oscillates strongly (Fig.2). Based

on the observation, a phenomenological treatment was
put forward to simplify w(£) in Ref.[8]. Unfortunately,
it is found that the same treatment cannot bring a
desired result for the case of square lattice. It is nec-

essary to look for a new method.

1.5=
o}
1.0+
L
Q
)
o
w
= 0.5
19
1]
=
3
0.0 SoTe®
0.5~
o
T T I rrrerer—
0 10 20 30
Order number
Fig.2. The function w(¢) calculated numerically

through Eq.(13).
obtained in the case of the triangular lattice.[8] The

Its behaviour is analogous to that

analogy strongly indicates that the modification from

the discreteness will possess a universal feature.

g 02
[N
w
> 0.0
8 /
T o2 S \/
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© 1.5 B P
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< 00 ‘ : .
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3 gol . ‘
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q

Fig.3. The kernel A in the ¢ space. The functions
w and Ayy in the g space should be carefully treated
when one expands them in the Fourier series. The
functions w and Ayy are actually periodic functions
with a period 47 rather than 27 as it looks at the first

glance.
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As shown in Fig.3, the function w(q) varies con-
tinuously, but its differential has a break for ¢ = 2nm,
n=041,+2--

function,

-. In addition, @ is a periodic even-

(g +2m) = w(q).

Let us expand function @(q) in the Fourier series
= <2n +1 >
= E b, sin q
2
n=1

—2.215sin <g) — 0.235sin (%) T

0<g<2m, (19)

Attention should be paid to the fact that @w(q) given
by Eq.(19) is an odd-function, not an even-function.
The equality holds when the variable ¢ is confined to
the interval 0 < ¢ < 27. By using Eq.(19), one has

and

> w(t = yu(l')

YA

- (“) e-ey
1« ) u(?')
”nzl W B
2 2
u<0+2n2+1>—u(0—2n2+1>
b,
siapieale )

where o in the last sum runs over the half-integers. For
the case of dislocation, the displacement field varies
smoothly and slowly. One can extend function u ana-

lytically and expand in the power series, i.e.

2n—|—1 2n+1

) —ulo - =12)

> 2 d?tly(o) (2n+1 2+l
Z +1)! do2it! 2 '

JZO

u(o +

In addition, from Eq.(19), it is easy to obtain an iden-
tity

i <2n+ 1>2j+1bn _ <1y

n=1

where )
d2i+14p(q)

(25+1) () —
w*+(0) = Tagt la=0

is the (2j+1)-order derivative at the origin. By virtue

of the identity, one can arrive at

Jw(2J+1)( ) d%t 1y (o)

1 o i
w(®) =5 [ alg)e g
1 /™.
:—/ w(q)cos(€q)dg
T Jo
I o 2n +1)b,
_Ls Grrlh )
T (2n+1 iy
2
|
1 o0
S w(t—yul)=—>" Z
- (i J—EJ =
-1 oo da!

s

aCOI1i) 13@(3)(0) +.
! 1! dz 3! dx?

(27 + 1)! do2itl

du d3u

|:E=Z’7 (21)

where © = fa, a is the lattice constant, the sum over ¢ has been changed into integral in the last expression.

The same thing can be done for another diagonal element A4,,,

y 3
Ayy(q) = 1.4456 sin <2> + 0.0265 sin ( 2q> 4,

o “+ o0 ’
At = Oyutty = — [

!
T J_ oo T —2

du a®

a ~ ~
{ﬁAg};(o)a = AR O) 5+ fle=ar (22)



2582 Wang Shao-Feng

Vol. 14

The non-diagonal element A, can be handled in

the same way,

Aay(q) =) bl sin(ng)
n=1

=i[0.1912sin(q) + 0.0287 sin(2q) + - - -],
g w
Awy(f) = 5 Z bny({sl-‘rn - 52—71.)7

n=1

1) Agy (0= E)u(l)

:% Z ¥ [u(f +n) — u(f — n)]
n=1
a-my,ndu a® - d3u
Zﬁ/liy)(o)a a1 ) )zt (23)
Unlike the diagonal elements, the non-diagonal is
a smooth periodic-function. Its differential has no
break. As a result, there is no integration appearing
in the expression.
By using Egs.(21-23), the dislocation equation

can be changed into an integro-differential equation

after a reasonable truncation. If the high-order deriva-
tives are kept, one has the post-continuum approxima-
tion that is beyond the elastic continuum theory.

For the SC lattice, some useful coefficients are

3 9

W) = 2 73 (0) =
a0 =2, a®(0) = o,
]1(1)(0) :i }1(3)(0) - _n
Yy 47 Yy 167
~ 3 ~ 3
1 _ 3 —
AN (0) = " AR (0) = T

5.Generalized Peierls equation

and the dislocation solution

From the results given above, one can obtain a
generalization of the Peierls equation. Generally the
vertical displacement u¥ of a dislocation varies more
slowly than the parallel displacement u”. Keeping the
derivative terms lower than second-order for u¥, lower
than fourth-order for u”, Eq.(17) becomes

a? d%u” duy 1 [t da’ [a du® a® d3u®
_atd? -A(1>0___/ 2 5M 0 a” 5@ _ e
2 dz? +iads, (0) dr 7 J)_o o'—x T ©0) dz 3! ) dz3 ||,_. £
du?
~ du®  ia® -~ d3u” a/~1(1)(0) too dg
_iaAW )22l 4 2 4G oy _ Zuy Y 7 e=al g0
iadsy (0) dx + 3! 2y (0) dx3 ™ /_oo ' —x dz” =0 (24)
By using the Hilbert transformation, with
O
1 +oo h(z")da' vy = 71;(1)(0) [/{Ey (0)] 7
g(z) = p . o —z A(yly)(O)
1 [T g(a’)da’ 10 0y 1)
(=) w/_oo @~z %= 5 [87(0) + ya(u))(o;l( |
the second equation of Eq.(24) can be changed into v
-0 For the SC lattice,
duv  i45)(0) [T da’
dx _71.;1(1)(0) o T -z 2 17
Yy -z - -
71 3a 3 144

du®  a? ;1%) (0) d3u®
X —_—
dz 3! }1&1)(0) da3

Y

} ‘_ (25)

Substituting this expression into the first equation of
Eq.(24), one obtains

2 d22 7

x—x

a? d2u” 1/+°° dz’

— 00

du® 3 d3u®
e g

If only the first-order derivative is kept, one recov-
ers the result given in the elastic continuum theory.

Through comparison, it can be recognized that

ua
1—v’

"=

From the results given in the first section, v = 1/4,

i = a/a, and remembering that 2a = 1, one can see



No. 12

An improvement of the Peierls equation by ... 2583

that this relation holds exactly. Now, it is ready to
write down

d2u”® 7
o -

dz2  7(1-v)

" /+°° dz’ [du® o, d3u®
—~a
' —z \ dz 7 dz3

— 00

ua . 4u®
:ﬁmn( o >, (27)

where a has been retrieved, d is the spacing between

the upper and lower half-crystals, and

_
it

Y

This equation can be reasonably viewed as a natural
generalization of the classical Peierls equation. It can
be applied generally as long as the coefficients a and
~ are determined properly. The coefficients may take
different value for different lattice, but the form of the
equation will remain invariant. The new terms arise
from the effects of lattice discreteness. They are im-
portant for the core structure of dislocation, and so
the Peierls stress which is sensitive to the core struc-
ture.

The first term in the generalized equation also
appears in the case of triangular lattice with different
coefficient.[8] Tt results from the boundary effect. In
the continuum approximation, one cannot clearly sep-
arate an individual lattice plane from the body of crys-
tal, so the term associated with the boundary effects
does not manifests itself. In the full lattice version, the
border plane can be clearly identified, so it appears
explicitly. Because the boundary plane divides the
lattice into two separate parts, and is equally shared
by both parts, thus the interaction is half the full in-
teraction. Therefore, the coefficient « in the front of
the second order derivative can be given an univer-
sal interpretation. It is an effective tensile constant of
the glide plane decoupled from the other planes. Ob-
viously, the coefficient a depends on the lattice char-
acteristic, in particular, the glide plane characteris-
tics. Generally, it is hard to relate the coefficient to
the characteristic parameters given within continuum
approximation. However, a relation between the co-
efficient a, Young’s modulus E and bulk modulus B
can be obtained for the SC lattice. The tensile force
caused by the strain in glide direction is character-
ized by stiffness c1;. The couple between the planes
is characterized by stiffness ci5. The tensile constant

ignoring the couple should be ¢;; —c15. Therefore, the

coefficient o can be identified as
d

o = 5(011 — 012), (28)

The Young’s

modulus and bulk modulus in terms of stiffness ma-

where d is the spacing of the planes.

trix elements are

2¢2 1
E = - #, B = —(c11 + 2¢19).
C11 11+ C1o 3( 11 12)
So one has Bd
3
=F —. 29
“ <QB—E> (29)

For the isotropic case, Eq.(29) degenerates into
a = pud.

This expression agrees with our previously result
where d = a in the SC lattice.

The coefficient v is also lattice dependent. Un-
fortunately, its implication is not as clear as a. One
needs to investigate more different type of lattice to
reveal the physical origin. However, it is usually small
and sometimes negligible.

There are arguments on the applicability and ac-
curacy of the sinusoidal force law.[%12:15] Apparently,
our results is independent of what the cohesive law is
adopted. The sinusoidal force law is the first-order ap-
proximation of any force (cohesive) law used for actual
crystal. The main qualitative features, or even quan-
titative behaviours can be predicted theoretically by
using the sinusoidal force law.

A method for obtaining dislocation solution of
Eq.(27) has been developed by introducing a new
family of orthogonalized polynomials.[?! The solution

takes the form

u® = % <arctanp + 1 ipp2> (30)

with

2(1-v)
d )

p=kz, k=ro(l—c), ko=

which satisfies the boundary condition
a

: (31)

uw|z~>:|:oo ==

Substituting the solution into the generalized Peierls

equation, the left hand side becomes

1
(1= (1 + dey)y?

0

+2(1 — o)y + 2cy® + yr2a*(1 — ¢)?y?

x (=2 + 8y — 24cy + 48¢y?)],
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and the right hand side becomes

2y[1 = 2¢%y(1 — )] + 2ey(2y — 1),

with
1
y_1+p27
1 ud
€ =——-1\/—-
0 21 -v)V «

Multiplying y and integrating over the interval (0,1),

one obtains an algebraic equation satisfied by ¢ = 1—e¢,

43
— k2a*y <8€ — Z)eg

2
+ (1—%)2—%—e2+2e—1=0.
For the SC lattice, the root gives ¢ = 0.68.

The dislocation solution Eq.(30) has the same
asymptotic behaviour as that given in the classical
P-N theory. But the core structure is quite differ-
ent. The dislocation width 1/ from the generalized
equation is several times as large as 1/kg given by the

Peierls equation. Because the Peierls stress is sensitive

to the core structure, it is expected that the accuracy
of the prediction of the Peierls stress will be improved
remarkably. The dislocation solution Eq.(30) is a ro-
bust one. It can be used to fit the data obtained from

the experiments or the numerical calculations.

6. Discussion and summary

An improvement of the Peierls equation has been
made by including the lattice effects which was ig-
nored before. It is rational to believe that the terms
arising from the discreteness effects is universal so that
the form of the equation does not depend on the de-
tails of the model. In practical applications, what one
needs to do is to properly determine the coefficients
that newly appear in the equation. Therefore, the new
equation can be reasonably used to be substitute for
the old one in theoretical investigations of the dislo-
cation. The major change of the predicted dislocation
is in the core structure. The width of the dislocation
core is much wider than that in the classical P-N the-

ory.
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