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The ordinary differential magnetic field line equations are solved numerically; the tokamak magnetic structure
is studied on Hefei Tokamak-7 Upgrade (HT-7U) when the equilibrium field with a monotonic g-profile is perturbed
by a helical magnetic field. We find that a single mode (m, n) helical perturbation can cause the formation of islands
on rational surfaces with ¢ = m/n and ¢ = (m + 1,£2,43,...)/n due to the toroidicity and plasma shape (i.e.
elongation and triangularity), while there are many undestroyed magnetic surfaces called Kolmogorov—Arnold—Moser
(KAM) barriers on irrational surfaces. The islands on the same rational surface do not have the same size. When the
ratio between the perturbing magnetic field B, (r) and the toroidal magnetic field amplitude By is large enough, the
magnetic island chains on different rational surfaces will overlap and chaotic orbits appear in the overlapping area, and

the magnetic field becomes stochastic. It is remarkable that the stochastic layer appears first in the plasma edge region.
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1. Introduction

In a toroidal fusion device, confinement properties
are closely linked to magnetic topology. A helical per-
turbation on rational surfaces can cause the formation
of island or magnetic ergodic regions, which can dete-
riorate the confinement of tokamak plasmas in some
cases. Normally the transports of energy and particles
observed in tokamak experiments greatly exceed the
predictions of collisional transport theory. Generally,
there are two types of turbulent fluctuations which
result in anomalous transports.'=# One is drift wave
turbulence, corresponding to the stochasticity of par-
ticle orbits arising from a perturbing electric field, and
the other is magnetic turbulence, corresponding to the
stochasticity of magnetic field configuration to some
degree originating from a perturbing magnetic field.
In recent years, the topology of toroidal magnetic field

[1—12]

has aroused the interest of all. It is very use-

ful to know both the magnetic topology of tokamak

plasmas perturbed by a helical magnetic field and the
structure of stochastic layer in the plasma edge region,
which is closely related to the improving of plasma
confinement. Moreover, the boundary of a diverted
tokamak is more sensitive to the loss of magnetic flux
to the wall by stochastic transport due to resonant
radial field perturbations than the boundary of a non-
diverted tokamak. Successful routine tokamak opera-
tion in high confinement regimes with current in the
external magnetohydrodynamic control coils that are
predicted to cause stochastic layers of up to 25% of the
poloidal magnetic flux, suggests that either the plasma
heals the stochastic region (e.g. through plasma rota-
tion) or the stochastic layer is compatible with edge

(H-mode) transport barriers.™?

2.Theoretical model

In this paper, the differential field line equations

in the quasi-cylindrical coordinate system are solved
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using a numerical method, and the topology of the
whole magnetic fields in the superconducting tokamak
HT-7U'3] (Hefei Tokamak-7 Upgrade) is obtained.
For a magnetically confined plasma such as toka-
mak, its local thermodynamic equilibrium state is

maintained by a strong magnetic field:
Vp=jx B. (1)

This constraint means that the magnetic field line
must lie on a constant pressure surface consistent with
the scalar pressure equilibrium. So all of the magnetic
surfaces have to be perfectly nested into tori, and all
of the field lines that lie on the same surface satisfy
If the rotational

transform is rational, the field lines spiral around

an identical rotational transform.

the torus and are closed by themselves. If the rota-
tional transform is irrational, the field line covers the
torus ergodically. Whenever a perturbation is present,
the topology of the magnetic field will be strongly
modified. There appear island chains, together with
undestroyed (but deformed) magnetic surfaces called
Kolmogorov—Arnold-Moser (KAM) barriers. When
the perturbations are large enough, there exist chaotic
orbits throughout plasma regions between the island
chains on different rational surfaces. In tokamaks, this
incompletely chaotic structure is generic, its under-
standing is a prerequisite for any practical study of
transport on such devices. A perturbation can come
from external or internal factors. External factors in-
clude the error fields caused by technical imperfec-
tions in the external toroidal and poloidal coils and
ergodization of the edge plasma through deliberate
external field perturbations by saddle coils, etc. Inter-
nal factors include the magnetic perturbations caused
by instabilities and plasma wave. A Poincaré plot
is constructed by following a field line numerically
for many toroidal laps. The points of intersection of
the field lines are plotted in a constant toroidal an-
gle plane and construct a magnetic structure of toka-
mak. The method is borrowed from classical Hamilto-
nian mechanics. Indeed, the problem of plotting mag-
netic field lines is a one-dimensional, time-dependent,
Hamiltonian problem. The Poincaré plot is also ap-
plied to other fields.[*]

A quasi-cylindrical coordinate is applied in Fig.1.
Rz is the coordinate of magnetic axis; r, 6, ¢ is a set
of coordinates of a so-called toroidal-polar coordinate
system,  a toroidal angle, and 6 a similar poloidal an-
gle. The coordinate system is orthogonal apparently
and satisfies dl x B = 0, where dl is a differential

vector tangent to the field line.

S~

Fig.1l. The toroidal-polar coordinate r, 8, ¢ system,
Rz is the magnetic axis site.
In the coordinate system in Fig.1, the magnetic

field line equations become

1dr_Br rdH_Bg

= =" 2

Rd¢ B, Rd¢ B, 2)
An arbitrary magnetic field B(z) which does not

satisfy Eq.(1) can be still written in the following form

in magnetic coordinates v, 8, ¢, 1
B=VUxV0+VopxVV,, (3)

therefore, the equations of magnetic field lines become

av 9y, 40 9y, @
d¢ 96’ dp  ow’

If there is a field nearby good surfaces one can choose

such a ¥,(?,0,¢) that

WP(W707¢) = WP(W) + @( W7197¢)7

with
M << |7). (5)

This is a standard action (¥)-, angle (6)-, and “time”
(¢)-dependent Hamiltonian form.!'% The Hamiltonian
system, Eqgs.(4), (5), is near-integrable and satisfies
the KAM theorem. The Hamiltonian form is conve-
nient not only for studying the structure of the mag-
netic field but also for evaluating the particle drift

motion.
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In this paper, we use a fourth-order Runge-Kutta
method*®! with adaptive stepsize control to solve the
differential field line equations. A good ODE integra-
tor should exert some adaptive control over its own
progress, making frequent changes in its stepsize. Usu-
ally the purpose of this adaptive stepsize control is to
achieve some predetermined accuracy in the solution
with minimum computational effort. The resulting
gains in efficiency are not mere tens percent or a fac-
tor of two; they can sometimes be a factor of ten,
or a hundred, or more. Using the fourth-order Runge-
Kutta method with adaptive stepsize control we calcu-
late some comparatively complicated ordinary differ-
ential equations that have also their analytic solutions,
and compare the numerical results with the analytic
solutions. It shows that the accuracy of the applied
Runge—Kutta method is sufficient. By using a nu-
merical technique, we obtain the topology of toroidal
helical fields in a non-circular cross-sectional tokamak
equilibrium that is subject to a helical magnetic per-

turbation. From Eq.(2), we can obtain

dr  R(Byo + B;1) (R.—rcos 0)2(Byo + By1)

dg — B, R.Byo ’
(6)
df  R(Bgo + Bg1)
¢ rBy
(R, —rcos6)*(Bgy + Bo1) )
TRZB¢0 ’

where B is an equilibrium field, and B; is a per-
turbing field; they satisfy V- B = V- (Bg + B1) =
V - By = 0. Because BSW the toroidal component of
B, satisfies qu << |Bgol|, By satisfies V- By =
V. (Brer + Bgeg) = 0 with the toroidal magnetic field

perturbation ignored, namely

8B, 0By
ot 5 =0 (8)

which corresponds to tearing mode perturbations.

Br—{—r

Here, Eq.(8) is dealt with in the cylindrical model ap-
proach. In some other papers, B, is calculated only
with By ignored, thus it is equivalent to the ignoring of
the compressive Alfven wave effect. If radial magnetic

field perturbations are assumed to be

o0

By(r,0,¢) = Y B(r)em'?), (9)

m,n=0

and a simplified model for magnetic perturbation is
considered which does not take into account its radial

dependence,['% we can think B, (r) to be independent

of coordinate r and the amplitude of Br(r) to be the
same constant on different surfaces. According to the
assumption, it is easy to separate B,and Byin Eq.(8)
for the convenience of numerical calculation.
Substituting Eq.(9) into Eq.(8) leads to

oo

BO(Tv 97 ¢) = Z

m,n=0

By (r)elmo—ne),

m

where B,(r,0,¢) and By(r,0,¢) are vertical and
tangential magnetic perturbations in magnetic sur-
faces respectively, distinguished from B,; and By
in Egs.(6) and (7).
tween them are Bg; = Bg cos 01 — Br sin 01, and
B, = Bg sin 01+Br cos 01 in Fig.1, where the poloidal
angle 61 is determined by 81 = atan(B,q/Bgo), and
the equilibrium field B (B0, Bgo) is from an axisym-

The geometrical relations be-

metric Grad—Shafranov plasma equilibrium solver us-
ing the EQ code.l1718 Thus, substituting these vari-
ables into Egs.(6), (7), the magnetic field Egs.(6), (7)
are solved numerically.

It should be noted that the assumption in which
B,.(r) is independent of coordinate r is reasonable in
the paper. This is because our main interest is fo-
cused on the topology of tokamaks with weak mag-
netic perturbations. All of irrational surfaces are not
undestroyed when the perturbed magnetic field is very
weak (Br(r)/B¢o < 107*). Namely the topology on
irrational surfaces is independent of the perturbation,
so we simply care for the topology on rational surfaces.
In lots of numerical results, we find the changes of the
results to be quite weak in the topology on a rational
surface between those perturbations depending and
not depending on their forms with a weak perturbing
field. Moreover, for those magnetic perturbations in-
duced by all kinds of instabilities from inner plasma,
the perturbed form is still an open question so far;
for those magnetic perturbations produced by exter-
nal factors, e.g. the resonant magnetic perturbation
coils, the perturbing magnetic field can be accurately
calculated with Biot—Savart law and transformed into
a Fourier form in toroidal and poloidal directions, then
forms of the different perturbation modes (m, n) can
be known, so it is easy to consider the topology of the
external perturbing field form in the calculation of the

magnetic field.
3. Numerical results

The field line equations (6), (7) are numerically
integrated and mapped. Each point is the intersec-

tion of a magnetic line with a transversal plane af-



No. 12

Topology of toroidal helical fields in...

2555

ter one toroidal lap. Here, the Bo(Byo, Bgo) at any
point on the equilibrium surface is obtained with a
fitting two-dimensional bicubic spline interpolation
method which has a high accuracy in calculation. The
maps are showed with a developed numerical tool
TFEC using typical values of HT-7U: plasma cur-
rent [,=1MA, major radius Ry =1.92m, small radius
a=0.47m, magnetic axis R,=1.98m, and toroidal mag-
netic field Byo=3.5T.

Figure 2(a) shows the g-profile computed by the
EQ code. In this case, q varies between 1.10 at the axis
and 6.45 on the plasma edge. Figure 2(b) is the map
without perturbations, in which each magnetic surface
plot is produced with a starting point, and the field
lines on each surface are integrated for 600 toroidal
laps. From Fig.2(b), the magnetic flux surfaces are
perfectly nested into tori, showing the accuracy in

calculation to be high enough by using the Runge—

|
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Kutta method. With perturbations, for those partic-
ular perturbing modes on rational surfaces, ¢ = m/n
(4/2, 6/2, 8/2, 6/3, ---) which is of fractional reduc-
tion, we find that the corresponding surface plot is
produced with n starting points at least in numeri-
cal calculations; for the near separatrix region, it is
very easy for field lines to diffuse out of the separatrix
surface and become open due to magnetic perturba-
tions, so we have to deal with the small structures in
the stochastic edge region carefully. The plot of each
magnetic surface in the near separatrix region is ob-
tained with lots of starting points which come from
the magnetic surface in equilibrium and each starting
point traces no more than 10 toroidal laps; besides the
above case, each magnetic surface is produced with a
starting point for all of the plots in the whole plasma
region, and field lines on each surface are integrated
for 600 toroidal laps.

0.8

0.6

0.4

0.2

14 186 1.8 20 22 2.4

m

Fig.2. (a) The safety factor g profile. (b) The numerical map of magnetic field structure in HT-7U

equilibrium without magnetic perturbation.

Figures 3-7 show the magnetic structures in a
constant toroidal angle plane for the HT-7U toka-
mak under different conditions. In Fig.3(a), a sin-
gle m/n=2/1 helical perturbation is introduced to all
magnetic surfaces, which causes the islands on ra-
tional surfaces with ¢=2/1, 3/1, 4/1 and 5/1. A
single m/n=3/1 perturbation can also cause the is-
lands on the same rational surfaces as those in the
m/n=2/1 perturbation case (Fig.3(b)). As for a sin-
gle m/n=3/2 perturbation, the islands on rational
surfaces with ¢=3/2, 4/2, 5/2, 6/2, 7/2, 8/2, 9/2
and 10/2 are clearly visible in Fig.3(c).

show the phenomenon more clearly, Fig.4 only gives

In order to

the magnetic structures on the corresponding ratio-
nal surfaces. It means that a single helical pertur-
bation mode (m,n) can cause the formation of is-
lands on the rational surface not only with ¢ = m/n
but also with ¢ = (m +1,2,3,---)/n, i.e. the same
toroidal mode number n and different poloidal mode
numbers m are coupled as a global structure due to
the toroidicity and shaped cross-section. Moreover,
the widths of the islands on the same resonant sur-
face are not equal and their locations are of poloidal
asymmetry, as can be seen from these figures. Fig-
ure 5 shows the magnetic structure with multi-mode

magnetic perturbations. The only difference among
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Fig.5(a)—(c) is the ratio B,(r)/Bgo. Figure 5(a) cor-
responds to a ratio of 107°, while 10=* for Fig.5(b)
and 5x107* for Fig.5(c). Because the magnetic per-
turbation is very weak, the structure of magnetic field
in Fig.5(a) is basically undestroyed. But when the
magnetic perturbation becomes larger, it can exert a
strong influence on plasma edge and a stochastic layer
The figure

also displays many magnetic island chains on ratio-

starts on the edge, as shown in Fig.5(b).

nal surfaces in the plasma core. On the contrary, the

magnetic surfaces on which the safe factor ¢ is irra-

tional are not affected by the perturbing field and are
still perfect by nested toroidal surfaces in Figs.3(a)-
(c) and Figs.5(a)-(b). The magnetic perturbations in-
crease further in Fig.5(c), the magnetic island chains
in the core region, formed by multi-mode perturba-
tions on different rational surfaces, have overlapped.
This leads to chaotic orbits and highly stochastic mag-
netic field there.

field line may experience rapid radial transport, the

Since particles following a chaotic

chaotic structure is one of the reasons that result in

anomalous transports.

2.0 22 24 14 16 18 20 22 24

Fig.3. The numerical map of magnetic structure in the whole plasma region with a single mode perturbation,

the ratio (B, (r)/Bgo) is 10~% in (a)—(c). (a) m/n=2/1. (b) m/n=3/1. (c) m/n=3/2.
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Fig.4. The magnetic islands on rational surfaces with a single mode perturbation, the ratio (BT (r)/Bgo) is

10~% in (a), (b), (c). (a) m/n=2/1. (b) m/n=3/1. (c) m/n=3/2.
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Fig.5. The numerical map of magnetic structure in the whole plasma region in (a), (b) and in the core plasma
region in (c) with multi-mode perturbations. (a) The ratio (ET (r)/Bgo) is 1075. (b) The ratio is 107%. (c) The

ratio is 5x1074.

It is remarkable that the global stochasticity
starts in the plasma edge region first. This is because
of the magnetic shear being very large in the vicin-
ity of separatrix surface, the interval between those
rational surfaces in the edge region is very short and
the magnetic islands can overlap easily when the per-
turbations are large enough. In order to show the
point, we present a qualitative analysis of a single
mode perturbation in Figs.6(b)—(c) and multi-mode
perturbations in Figs.7(a)—(c) respectively. The mag-
netic structure in the edge region nearby the separa-

trix surface is given in Figs.6-7. Figure 6(a) shows

the separatrix area near X-point with no perturba-
tion, where the magnetic surfaces perfectly consist
of nested flux surfaces. When the ratio (Br(r)/B(w)
for a single mode m/n=2/1 perturbation ranges from
10~* in Fig.6(b) to 5x10~* in Fig.6(c), the stochastic
layer clearly appears in Fig.6(c). Similar features also
appear for multi-mode perturbations in Figs.7(a)—(c).
Moreover, the stochastic layer formed by multi-modes
starts with less perturbations than those in the case
of a single mode. That is to say it is easier to form

edge stochastic layer for multi-mode perturbations.

0.8 T

0.7}
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0.4 .

0.8 : 0.8
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0.5 0.5
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1.5 1.6 1.8 1.9

Fig.6. The magnetic structure in edge region near the separatrix surface. (a) no perturbation. (b) A single mode
m/n=2/1 with the ratio (Er(r)/Bd,o) being 10™4. (c) A single mode m/n=2/1, with the ratio being 5x1074.
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Fig.7. The magnetic structure in the edge region near the separatrix surface with multi-mode perturbations
with the ratios (BT(T)/B¢0) being 10~° (a), 10~% (b), and 5x10~% (c).

4. Summary

In this paper, only one situation is considered in
which there exists a monotonous profile of safety fac-
tor (namely twist condition). In a tokamak plasma,
the same toroidal mode number n and different
poloidal mode numbers m are coupled as a global
structure due to the toroidicity, so a single mode
(m,n) helical perturbation causes the formation of is-
lands on rational surfaces with ¢ = m/n and ¢ = (m=+
1,42, 43, - --)/n; this extends Monteiro’s conclusion!”.
that a single perturbing helical mode (m,n) only can
cause islands on a rational surface with ¢ = m/n and
g = (m*1/n). As a consequence of toroidicity, the
poloidal positions of magnetic islands on the same
resonant surface do not have any symmetry and the
same widths. In all our numerical calculations, when
the magnetic field perturbation level is the same, we
find that low mode rather than high mode perturba-
tions are easier to affect magnetic surface structure
and form islands; this phenomenon has been observed

in tokamak experiments. The ratio of B, (r)/Bgo to

make magnetic fields stochastic for multi-mode per-
turbations is less than 10~%, which is lower than that
for a single mode perturbation. It is remarkable that
stochastic layer appears first in the plasma edge re-
gion. Increasing the multi-mode magnetic perturba-
tions further (the ratio for multi-mode perturbations
is Br(r)/quo > 107% level), the magnetic surfaces
in the whole plasma region are destroyed drastically,
thereby the KAM theory is inapplicable. This leads
to a highly stochastic magnetic field and the plasma
being in strongly chaotic state. But there is not ev-
idence that the plasma always remains in a strongly
chaotic state: charged particles would not be confined
in that case. Thus, the magnetic perturbations are at

a modest level at best, and their effect is subtle.
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