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Three kinds of resonant modes of a single layered circular elastic cylinder embedded in the elastic medium are

analysed by considering the oscillation of the scatter’s core, based on the fact that the core moves as a rigid body

when the shell material is very compliant. The resonant frequencies of the single resonator acquired by our method

are in good agreement with those calculated by the local interaction simulation approach (LISA) for the local resonant

phononic crystal. Therefore, the local resonant characteristics of a single layered circular elastic cylinder can be used

to evaluate the resonant frequencies of the phononic crystal. The effects of the geometrical and physical parameters of

the shell and the core are also studied in details. This work is significant for designing the locally resonant phononic

crystal based on the local resonant characteristics of the single resonator, and the resonant frequencies can be tuned by

selecting the geometrical sizes and the materials.
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1. Introduction

In the last few years, the existence of forbidden
gaps in band structures of acoustic and elastic wave
propagations in periodic composite materials has re-
ceived a great deal of attention.[' 6 Acoustic gaps are
frequency domains in which propagations of sound and
elastic waves are forbidden. The designing of forbid-
den gaps in transmission spectra has been a subject of
great interest, which may have many engineering ap-
plications. Recently, the idea of local resonance for a
layered spherical crystal structure has been proposed
by Liu et all”l A new band gap identified in a fre-
quency range that is significantly lower than that of
an ordinary crystal structure could be predicted be-
cause of local resonance, for which the acoustic energy
is absorbed by the resonance happening in a spherical
core and its coating. To a certain extent, the charac-
teristics of band gap for a locally resonant phononic
crystal are determined by the resonant characteristics
of a single resonator. The multiple-scattering theory
method, 810! the finite element method,[*1:12] and the

local interaction simulation approach (LISA)[3] have

been employed to calculate the band gap of phononic
crystal which consists of multiple resonators, but all

of them are very complicated.

As a micromechanics model for composites, the
resonance of a single layered scatter often serves as
the basis of analysing the band gap (or the strong
attenuation bands) of the locally resonant phononic
crystals. Much work has been done on the study of
wave scattering from a single cylindrical object em-
bedded in elastic media since 1950.1'*~1% A single
layered cylinder subjected to a plane-strain wave has

20-23] Numerical results

been studied in recent years.|
confirm the existence of a resonant mode when the
shell material is very compliant.[?3] The resonant fre-
quencies of phonic crystal which consists of layered
circular elastic cylinders have been studied by LISA
simulation.['3] Because LISA simulations for low fre-
quencies are very computer time consuming (the time
discretization step must be sufficiently small in order
to guarantee the numerical stability of the algorithm)
and the exact analytical solution of the problem is
impossible, it is desirable to find a simple method to

evaluate the resonant frequencies of the local resonant
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phononic crystal.

In this paper, the resonant frequencies and three
kinds of typical resonant modes of a single layered cir-
cular cylinder for an incident longitudinal plane are
analysed by considering the oscillation of the scat-
ter’s core, based on the fact that the core moves as
a rigid body when the shell material is very com-
pliant. The resonant frequencies of the single lay-
ered circular cylinder, acquired by our method are in
good agreement with those calculated by the LISA
simulation['3] for a locally resonant phononic crystal.
Thus the resonant characteristics of the phononic crys-
tal, which consists of layered cylinders, can be evalu-
ated by the local resonant characteristics of the single
layered cylinder. The effects of the geometrical and
physical parameters of the layered cylinder are stud-

ied in details.

2.Formulation and solution of the

problem

Let us assume a longitudinal plane wave incident
normally on an interphase between the matrix and
the layered cylinder. The single layered cylinder con-
sists of a shell and a core as shown in Fig.1. In order
to obtain the wave field of all three materials, we use
the standard normal-mode expansion procedure to de-
scribe the solution in a cylindrical coordinate system.
The unit scalar potential ¢ for the incident longitudi-

nal plane wave can be written as |

oo

incident wave

shell Az, p2, p2

matrix Ar, g1, p1 core A3, 43, P£3

Fig.1. Geometry of the elastic wave scattering from

a layered cylinder system.

‘/’1(12 = exp(—iwt)exp(ik;17 cos6), (1)

where 6 and r are the polar angle and radius, respec-
tively, k;; the wave number of the longitudinal wave
in the matrix material, and w the angular frequency.
After the expanding of exp(ikj1r cosf) in series, the
(1)

incident longitudinal wave .

ine can be expressed in

the form

galnc § : 6'”1

where ¢,, = 2 forn > 0 and ¢,, = 1 for n = 0,
Jn(+) are the nth-order Bessel functions of the first
kind. The time-dependent term exp(—iwt) is sup-

n(ki1m) cosnb, (2)

pressed throughout.
The general solutions of the scattered waves in the

matrix, shell and core can be respectively expressed as

909) = Z Ap1Hy (k) cosné,
n20 for r>a, (3)

R Z B,.1H,,(k17) sinnb,
n=0

o = Z [Apady (kior) + Cra Ny, (kiar)] cos nb,

n=0
oo

for b<r<a, (4)

& =3 [Buadulkear) + Dua Ny (keor)] sin ),

n=0

3 Z Az Jn(kisr) cosnb,
n=0 for »r<b, (5)

=Y BusJu(kisr) sinné,

n=0

where the superscripts 1, 2, and 3 denote the scatter-
ing fields in the matrix, shell and core, respectively,
1 is the vector potential, N, (-) is the Bessel function
of the second kind, H,(-) the Hankel function of the

first kind, k1, ki2, and kg3 are the wave numbers of the

transverse wave in the matrix, the shell, and the core,
respectively, k;2 and k;3 the wave numbers of the lon-
gitudinal wave in the shell and the core, respectively.
Here a and b are respectively the outer and the inner
radii of the shell, A4,,, and B,.,(m = 1, 2, 3), and

C,2 and D,,5 are eight unknown coefficients.

The boundary conditions satisfied for the inci-
dent and scattered waves are continuities of the dis-
placement and stresses on each of the two boundaries:

core/shell (r = b) and shell/matrix (r = a) as follows:



2524

Qin Bo et al

Vol. 14

Url = Ur2, UGl = Up2,
Orrl = Opr2, Opg1 = Opg1 At 7 =a, (6)
Ur2 = Ur3, UG2 = UP3,

Orr2 = Oppr3, Orp2 = O0rg3 at r =b. (7)

Using the relations between the displacements and
stresses and between the scalar and vector potentials

for isotropic materials, we have

"= g ®
Orr = AV + 2 [?;—f % (%%)] , (10
1 9% 1 Oy
oro =H {2 (? 9190 ﬁ%)
+<%%—%+%%)], (11)

where A and p are the Lamé constants. The eight un-
known coefficients A,,,,, and B,,,,(m = 1, 2, 3), and
C,2 and D,5 can be solved by the boundary condi-
tions in Eqgs.(6) and (7), and then one can obtain the
wave fields in the matrix, shell and core, respectively.

If the shell material is very compliant, the oscil-
lation of the core can be looked as that of a rigid-
body and one random point of the core can be used to
measure the amplitude of the core. Because the dis-
placement is continuous at the boundary of shell/core,
there must be a maximum displacement amplitude in
the core at the resonant frequency whenever the local
resonance occurs in the shell or in the core. Therefore
one can obtain the resonant frequencies of the res-
onator through analysing the peaks of the core’s dis-
placement amplitude. The point of the core’s center
is chosen to be used for study the displacement ampli-
tude of the core in this paper. Substituting Eq.(5) into
Egs.(8) and (9), the radial and tangential components

of the core’s displacement vector can be expressed as

ur3:Z [Ang,klgl];(klg,?“) + Bn3Jn(kt3T)/T] COS(?’LQ),
n=0

ups =Y _[nAnsJn(kisr) /7 + BuskesJ), (kesr)] sin(n).

" (12)

And the displacement amplitude of the core’s center

can be expressed in the form

) + BnskiszJ) (0)] cos(nf),

Mg

n3k13J

Ur3 |r:0 =

Up3|r=0 = Z [AnskizJ,,(0) + BnskesJ),(0)] sin(nf).

(13)
In Eq.(13), one has used the following relations:
. Jn(kl?)r) _ /
i 0 = ka0,
Jn(k
tim 22 Fsm) o). (14)
r—0 r

Because J! (-) = [Jn-1(-) = Jnt1(-)]/2, Jo(0) = 1 and
Jn(0) = 0 for any n # 0, Eq.(13) can be expressed as

(Aiskis + Bisks)

Urg|r=0 = 5 cos(6),
Aiskis + Bisk
Ug3|r=0 = (41 13; 13kes) sin(6). (15)

Therefore the displacement amplitude of core’s center

can be denoted as

1
usl,—o = 5 |Aiskis + Biskys|, (16)

where |us|,_, is a quantitative measure of the dis-
placement amplitude of the core’s rigid-body mode.
The scattering cross section, which is defined as
the total power scattered per unit length divided by
the incident wave intensity (power per unit area),[14*2o]

can be found to be

1 0o i )
=— E A,
@ kna — en [Ani

1 <, 9
= — e, | Bl 17
Q= o> e Bl a7)
n=0
where @Q; and Q; are the non-dimensional scattering
cross sections for longitudinal and transverse waves,
respectively. The scattering cross sections in Eq.(17)
are normalized by the constant 4a.[2°! The total scat-
tering cross section Qr of the layered scatter can be
expressed as
Qr = Qi+ Q4. (18)
We use the following inequalities to determine the
truncation number N in the series summation in
Eq.(17) of the scattering cross sections:
—1 2
ENt1 |A(N+1)1|

N
e Al
n=0

<1078,
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and )
x| Baveni]

N
Y ent Bul’
n=0

3. The numerical results and dis-

<1078,

(19)

cussion

The numerical computations are performed for
a steel-silicone rubber-epoxy composite system whose
physical parameters are listed in Table 1. The radius
of the steel cylinder is b=5.0mm, and the thickness
of silicone rubber is 2.5mm, namely a=7.5mm. The
oscillation of the core can be considered as that of
a rigid-body because the silicone rubber is very soft.
The incident wave is a planar longitudinal wave with
unit amplitude propagating along the +x direction.

Table 1. The parameters of each phase in a layered cylin-
der, where p the density.

Material Epoxy Silicone Rubber Steel
A/GPa 4.43 6x10~% 119.4
u/GPa 1.59 4%x1075 79.6
p/(kg/m?) 1180 1300 7780

(a)

-0.01 0.01

0.01

The core’s displacement amplitude varying with
the frequency is calculated, as shown in Fig.2, in which
the frequencies related with the peaks of the core’s
displacement amplitude are the resonant frequencies
of the layered cylinder. By studying the displacement
configuration of the layered cylinder at each resonant
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Fig.2. The core’s displacement amplitude varies with
the frequency. The frequencies related to the peaks

are the resonant frequencies of the resonator.
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Fig.3. The displacement configurations at the resonant frequencies f11 (a), f21 (b), f22 (c),

and f31 (d). The arrows indicate the direction of the incident wave.
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frequency, the resonance of the single resonator can
be classified typically into three kinds of the resonant
modes, as shown in Fig.3. For the first kind of the
resonant mode, the displacement of the core is much
larger than that of the shell and also than that of ma-
trix when the steel cylinder moves as a whole as shown
in Fig.3(a). Moreover, the displacement of the shell is
much larger than that of the core and also than that of
the largest displacement happening in the perpendic-
ular (parallel) incident direction for the second (third)
kind of the resonant mode, as shown in Figs.3(b) and
(c) (Fig.3(d)) respectively.

From Fig.2, one can find that there is only one
resonant frequency for the first kind of resonant mode
(represented by fi11), and there exist many resonant
frequencies that are repeated periodically for the sec-
ond and third kinds of resonant modes if we expand
the range of the abscissa. In the following discussion,
we represent the resonant frequency as fp,, (where
n=2 or 3 stands for the second or third kind of reso-
nant mode, respectively, and m refers to for the mth
resonance frequency).

From Figs.3(b)—(d), one can find that standing
waves are excited in the shell by the incoming wave
at the second or third kind of resonant mode, and the
steel cylinder remains nearly at rest compared with
the rubber. One can also find that there is one anti-
node for fy; and two anti-nodes for foy in the shell;
therefore, it is reasonable to conclude that there are
more antinodes in the shell at higher resonant frequen-
cies for both the second and the third kinds of resonant

modes.
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Fig.4. The total scattering cross sections of the lay-
ered cylinder and the void cylinder with a radius

7.5mm.
The total scattering cross sections of the layered
cylinder and the void cylinder with a radius of 7.5mm

are calculated and they have the same tendency for

the variation of frequency as shown in Fig.4. By com-
paring Fig.4 with Fig.2, one can observe that there
are strong scatterings for the layered cylinder at reso-
nant frequencies. Therefore, the energy of the incident
wave is not only absorbed by the core or shell because
of resonance but also scattered out of the main path of
the incident wave. The strong scattering at resonant
frequencies should be also an important mechanism
for the band gaps (or strong attenuation bands) of
the locally resonant phononic crystal.
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Fig.5. The f11 varying with the core’s density (a) and

the fz1 and f3; varying with the shell’s outer radius

(b) for the single layered cylinder and the phononic

crystal (Ar = a — b, b=5mm).

In order to confirm whether we can use the res-
onant characteristics of a single layered cylinder to
evaluate the resonant characteristics of the phononic
crystal, which consists of the layered cylinders, the res-
onant frequencies obtained from the single resonator
for the parameters given in Table 1 are compared with
the results of phononic crystal, calculated by LISA
simulation.'3] The fi; varying with the core’s density
is compared as shown in Fig.5(a). One can see that
the two curves are nearly parallel to each other and the
resonant frequency of the single resonator is slightly

lower than that of the phononic crystal. This shift can
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be attributed to the fact that the matrix is stiffened
by many layered cylinders for the phononic crystal.24]
The fo; and f3; varying with the shell’s outer radius
are also compared as shown in Fig.5(b), in which the
slight difference can be attributed to the interaction
of resonators that exists in the phononic crystal. By
comparison, the three kinds of resonant modes of the
single layered cylinder and those of the phononic crys-

tal are in good agreement with each other.
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Fig.6. The f11, f21, and f31 varying with the core’s

density p3.
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Fig.7. The f11, f21, and f31 varying with the core’s
radius with a=7.5mm.

The effects of the physical properties and the geo-
metrical sizes on the resonant frequencies of each kind
of resonant mode are studied, as shown in Figs.6, 7,
and 8. In numerical calculations, when one parame-
ter is taken to be varied, all other parameters remain
unchanged as listed in Table 1. From Fig.6, the core’s

density mainly affects the fi;, which decreases with
the increase of core’s density, and the effects on the
f21 and fs3; can be ignored. Figure 7 shows that the
f11, f21, and f31 increase with the increase of core ra-
dius; furthermore, the fi; increases most slowly and
the f3; increases most quickly. Suppose that the shell
material has the same Poisson ratio as the silicon rub-
ber in Table 1: the fi1, f21, and f3; varying with the
shell’s shear modulus us are also obtained as shown in
Fig.8, in which thef;; increases most slowly and the

f31 increases most quickly.
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Fig.8. The f11, f21, and f31 varying with the shell’s
shear modulus po.

4. Conclusions

In summary, the local resonant characteristics of
a single layered cylinder embedded in elastic matrix is
obtained through analysing the oscillation of the rigid
core when the shell material is very compliant. The
results show that the resonant characteristics of the
phononic crystal, which consists of layered cylinders,
can be evaluated by the resonant characteristics of the
single layered cylinder. The strong scattering for the
layered cylinder at resonant frequency is also an im-
portant mechanism for the band gaps (or the strong
attenuation bands) of the phononic crystal. The ef-
fects of the geometrical and physical parameters of
the layered cylinder are also studied in details. This
work 1is significant for designing the locally resonant
phononic crystal based on the local resonant charac-
teristics of the single resonator, and the resonant fre-
quencies can be tuned by selecting the geometrical

sizes and the materials.
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