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It is currently believed that light quantum or the quantization of light energy is beyond classical physics, and

the picture of wave—particle duality, which was criticized by Einstein but has attracted a number of experimental

researches, is necessary for the description of light. It is shown in this paper, however, that the quantization of light

energy in vacuum, which is the same as that in quantum electrodynamics, can be derived directly from the classical

electromagnetic theory through the consideration of statistics based on classical physics. Therefore, the quantization of

energy is an intrinsic property of light as a classical electromagnetic wave and has no need of being related to particles.
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1. Introduction

Physicists have been trying to understand the na-
ture of light for over three and a half centuries. Light
behaves like a continuous electromagnetic wave when
it travels, and shows another face of discrete energy
(momentum) when it interacts with charged particles.
The latter leads to the concept of the light quan-
tum proposed by Einstein in 1905.['! However, what
are light quanta? Are they particles? This question
has long been disturbing physicists, including Einstein
himself. He even said that the problem was suffi-
cient to drive him to the madhouse.l?l He had exerted
himself to search for the origin of light quanta for 50
years.[>~5] But, even after the establishment of quan-
tum electrodynamics (QED), he insisted in 1951 that
there was still no answer to the question. He wrote,
“All the fifty years of conscious brooding have brought
me no closer to the answer to the question: What
.20l In fact, QED has not yet

answered clearly whether light quanta are particles,

are light quanta?

even though it is a generally accepted theory.[% In the
many years that have elapsed, we have only started
to scratch the surface although there have been some
progress of the research on the light quanta;!”) we are

today in the same state of “learned ignorance” with re-
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spect to light, as was Einstein.l8] And the light quanta
still remain elusive.l®! It is currently believed that light
quantum or the quantization of light energy is beyond
classical physics and the picture of wave—particle dual-
ity, which was criticized by Einstein®! but attracted a
number of experimental researches,[8~11 is necessary

for the description of light.

The modern particulate picture of light (or ra-
diation) is built, to some extent, on the fact that
the energy (momentum) of radiation is discrete when
it is emitted and absorbed. Nevertheless, one could
find that the experiment of y-ray emission reported
by Ruby and Bolefl!?l can be well interpreted in
the frame of classical electromagnetic theory. Be-
sides, a number of works, which applied classical or
semi-classical theory to explain the blackbody radia-
tion spectrum,*3! photoelectric effect,** spontaneous

emission, 1?16 stimulated emission, !

Compton ef-
fect and Lamb shift,!” remind us that the picture
of particles (not QED) for light might be redundant.
On the other hand, we know that: a) unlike the de-
scription for electrons in quantum mechanics, there is
no proper Hermitian operator that straightforwardly
corresponds to position for light quanta in quantum

opticsl®:7; b) in solid, the energy of an ultrasonic
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wave (a real wave) with a classical Hamiltonian (cor-
responding to a big group of one-dimensional har-
monic oscillators) similar to that of a light field is
quantized.'8] The difference of the description be-
tween electrons and light quanta, the comparability
of two Hamiltonians corresponding respectively to an
ultrasonic wave and a light field, and the obvious con-
junction between an ultrasonic wave and its quantized
energy remind us, from another aspect, that light may
be, in a sense, the analogue of an ultrasonic wave
and that there may exists a logical relation between a
classical wave and its energy quanta, not only ultra-
sonic wave and phonons but also light wave and light
quanta. In this paper, we will show that the quantiza-
tion of light energy in vacuum can be derived directly
from classical electromagnetic theory through the con-
sideration of statistics based on classical physics and

without any assumption of quantization.
2.Theory

For convenience, we consider an electromagnetic
radiation (or a light field) in a cavity. In classical elec-
trodynamics, the energy of the radiation component

having an angular frequency w, can be expressed as/'?!

H=> (1/2-p}+1/2-w’¢}), (1)

where ¢, and p,, are generalized coordinate and mo-
mentum, respectively; n denotes the vibration mode
It is

seen that the electromagnetic field can be treated as

of the electromagnetic field with frequency w.

a mechanical system that contains a large number of
one-dimensional harmonic oscillators (ODHOs) with-
out interaction with each other. In a classical statistics
point of view, the generalized coordinate and momen-
tum of these ODHOs can be depicted as a whole by
using two continuous random variables, ¢ and p, in a
two-dimensional phase subspace.

Let us focus our attention on the energy of these
ODHOs.
ceptable theory of physics should be able to be tested

It is known that any conclusion of an ac-

by experiment and any result of experiment is statis-
tic. Therefore any theoretical result of physics to be
tested by experiment should be, in principle, statis-
tic. So it is our interest to search for the expectation
value of the ODHQ’s energy, F, instead of the exact
energy of each ODHO. Avoiding those implications in
the postulates in quantum mechanics, discarding the
traditional statistical theory built on the postulate of

equal a priori probabilities and having resulted in the

energy equipartition theorem and then the ultravio-
let catastrophe, we try a new way here. According to
classical physics and the possibility theory, E can be
given by integral F = / 1/2 - p?p(p)dp + / 1/2-

— 00

w?q?p(q)dg = T+V if p(q) and p(p), the density func-
tions corresponding respectively to ¢ and p, have been
found out, where T and V stand for the expectation
values of the kinetic energy and potential one of the
ODHO, respectively. It is convenient to consider T
and V individually to reach the E. We first consider
V and the correlative p(q). Mathematically, we can al-
ways introduce such a complex-valued function v (g)
that makes [¢(q)|? = p(q) > 0. The 1 (q) should then
satisfy the following universal conditions though the

form of it is still unknown:

| w@raa=1, (2)

lim 4 (q) =0, (3)

lg|—o0

V:/OO 1/2- 0?9 (q) Pdg < E < co.  (4)

These are all the sound conditions available for the
statistical description of q. They are understandable
ones in classical physics: Eq.(2) is the general con-
dition for any density function; Eq.(3) ensures the
amplitude of each ODHO being finite; and Eq.(4) is
the finiteness condition of the expectation value of the
ODHO'’s energy, which is a well known one in classical
physics. One can see that those meeting the conditions
make up of the whole of the function candidates used
to construct p(q) (or calculate V) and the number of
them is infinite.

Let d1(q) be the variational of ¥ (q), and then
91 (q) can be taken as an arbitrarily tiny perturba-
tion of the statistical distribution of ¢ in physics. The
tiny perturbation is ineluctable since the absolutely
ideal and perfect statistical distribution of ¢ cannot
be found in the nature and the really statistical dis-
tribution is always accompanied with some tiny fluc-
tuations. If a function satisfies conditions (2)—(4), it
2

can be used to construct a density function [1(q)|* as a

candidate describing the statistical distribution of g; if
01 (q) appears, then [¢(g)|* becomes |¢(q) + 9 (q)|*;
and if ¢¥(q) + 69 (q) also satisfies conditions (2)—(4),
then the statistical distribution described by |¢(q)|?
will be relatively stable and is a real one, otherwise is
unstable and cannot appear independently. We shall
show that the stability of statistical distributions of ¢
and p lead to the quantization of FE.
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To discuss the stability of the statistical distri-
butions of ¢, we should change the conditions (2)-
(4) into a set of equivalent “equilibrium conditions”
(as does the d’Alembert principle in which a dynam-
ics equation is changed into an equivalent equilibrium
condition) since we cannot discuss the stability gen-
erally from conditions (2)—(4) ((2) can be taken as an
equilibrium condition, but (4) cannot). According to

Eq.(2), ¢ (q) can be expanded into Fourier integration:
0@ = (/[ P Ciel)dl. @

Condition (3) requires that

(o]

lim F (L)exp (—iwgL)dL = 0. (6)

lg]—00 J _ oo

From Egs.(2) and (5) it is known that

/Oo |F (L)|?dL = 1. (7)

—0
Using derivative Fourier transform and the Parseval
theorem under condition (4), one can immediately de-
duce (note that v (q) is a slowly increasing distribu-
tion)

/:’O d}; EL)

o0

2 %)
dL = / WPP[(q)Pdg < oo, (8)

— 00

Analogously, one can also show that (note that F(L)

is also a slowly increasing distribution)

[

if / |dv (¢) /dg|?dg < co. This equation also keeps

2 oo
do= [ PLAF@PAL, O

— 00

when / |dv (q) /dg|*dgq = oo since in this case the

[ee]

supposition of / W?L?|F(L)*dL < oo is contrary

— 00
to the derivative Fourier transform and the Parseval

theorem. So far, the equivalent “equilibrium condi-
tions” (EECs) of Eqgs.(2)—(4) have been derived. They
are Eqs.(2), (3), (6), (7), (8), and (9) (Eq.(2) is the
sufficient condition of Eq.(5), Eq.(9) is the necessary
condition of Eq.(5), while Eqs.(6) and (7) are the nec-
essary ones of Eq.(5) with Egs.(2) and (3), so Eq.(5)

need not be involved in EECs; Eq.(8) is the suffi-
cient and necessary condition of Eq.(4) with Eq.(2)).
One can see that if a function with variable ¢ is
not the solution of EECs, it will not satisfy condi-
tions (2), (3) and (4); and vice versa. Therefore, if
a pair of functions ¥(q) and F(L) satisfy EECs but
EECs cannot hold anymore (the equilibrium is bro-
ken) after transformations ¥(q) — ¥(q) + 6¥(q) and
F(L) — F(L) + dF(L) (note that variation 6F (L) is
arbitrary and independent of §1(gq)), then the state
of ODHOs described by |1(q)|? is not able to appear
independently, since in this case, 1(q) + d1¢(q) cannot
satisfy conditions (2)-(4) anymore, which means that
the statistical distribution described by this |¢(q)|? is
very unstable; conversely, if EECs hold after the trans-
formations, the state of ODHOs described by |¢(q)|?
will be relatively stable and is a real one.

To find out those relatively stable functions (cor-
responding to the relatively stable state of ODHOs)
that satisfy EECs and then the conditions (2)—(4), we
further turn to the following functional with two un-
known functions v(q) and F(L):ﬂ<

2
dq

106Ga), F(L) =12 [

— 00

> |dv (q)
dqg

—1/2 /m w?L?|F(L)|*dL, (10)

— 00

s /_00 ‘d}; (LL) .
12 [ T PPl =0, (1)
/OO |F (L)|*dL —1 =0, (12)

/ " o (g)Pdg—1=0, (13)

— 00

lim ¢ (g) =0, (14)
lgl—o0
| l‘im F (L)exp (—iwgL)dL = 0. (15)
ql—o0 ) oo

*The case described here is quite similar to that: since =0 and y=0 (corresponding to ¥, (¢) and F, (L) given in the following

text) is the solution of equation 2 —y? = 0 (corresponding to EECs) and it is at the saddle point of function f(z,y) = =2 —y? (cor-

responding to the functional), the solution is relatively stable. Note: x (corresponding to % (q)) is independent of y (corresponding

to F (L)) in function f(z,y) = 22 — y? while it is not independent of y in equation z? — y2? = 0.
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The functional is essentially different from that in-
troduced by Schrodinger.?”) The solutions of the
Euler-Lagrange’s equation of Schrédinger’s func-
tional (Schrédinger’s equation) cannot satisfy classical
Hamilton—Jacobi equation, so Schrédinger’s equation
is only a hypothesis there; while the solutions of the
Euler-Lagrange equations of our functional (Egs.(16)
and (17), see below) satisty classical EECs, so we have
a logical route from classical conditions (2)—(4) to the
quantization of the ODHQO’s energy.

It is evident that all the functions meeting EECs
are involved in the admissible functions of this func-
tional. So it is possible to use this functional to dis-
cuss whether 9 (¢) meets conditions (2)—-(4) stably. By
means of variational method, one can easily obtain the
Euler-Lagrange equations that determine the station-

ary functions from 61 = 0:

d2 2 2
_% (;/;SI) + (—/\1)w2q ¥ () +As(q) =0, (16)
and
2 272
_%d dFL(zL) - w2L F(L)+ X F(L)=0, (17)

where A; (i= 1, 2, 3) denote three Lagrange’s mul-
tipliers corresponding to constraints (11), (12) and
(13), respectively. These A; should be real ones under
the constraints of Egs.(11)—(15), in particular, co >
—A1 > 0. Let B = (—=1/A1)"/2, v = A3/A1, and then
2 92 2.2
Eq.(16) becomes 752—1 d ;/;gq) +w2q Y (g)—7¢(q) =0
from which we can obtain the normalized eigenfunc-
tions ¥, (¢) (n=0,1,2,3,..

.) having eigenvalues
o= (2n+1)frw/2, (18)

where (1 is a parameter. Obviously, Fourier trans-

forms F, (L) = (w/27r)1/2 / ¥y, (q) exp (iwgL) dg
(n=0, 1, 2, 3, ...) are just thzosolutions of Eq.(17)
with conditions Egs.(12) and (15).

It is easy to verify (see Appendix) that I(v,(q),
F,.(L)) =0, ie. ¥, (q) and F, (L) satisfy EECs (note:
if ¥, (q) and F,, (L) cannot satisfy EECs, our logi-
cal route interrupts at once). Moreover, we can show
that ¥, (q) + d¥(q) and F,(L) + 6F(L) also satisfy
EECs very well. Except for these {¢,, (¢), F.(L)},
any functions v, (¢) and F,(L) satisfying EECs will
lead to AT = 01(v4(q), Fu(L)) # 0, i.e. EECs break
down after transformations ¥,(g) = ¥, (q)+d¢(q) and
F,(L) — F,(L) + 6F(L). This means that {¢,, (¢)},
and only these {1, (¢)} are the relatively stable func-
tions satisfying conditions (2)—(4). In a physics point

of view, what will appear independently are the sta-
tistical distributions and only the statistical distribu-
tions described by {|¥,,(q)|?}. Now, V can be ciphered
out by using these {zﬁgo(q)} according to the possibility

1/2:0*¢* [ (q)|*dg = 7 /2 =
(2n+1)pfrw/4 (nzO,ool, 2, 3, ...). Analogically, we
can obtain T = (2m+1) faw/4 (m = 0,1,2,3,...),
where (s is also a parameter. Let x; = 81/(81 + (2)

and x2 = f2/(B1 + B2)(obviously, x1 + x2 = 1), and
then we have

theory. They are

V = (2n+1)(61 + B2)x1w/4
(n=0,1,2,3,...), (19)

T = (2m +1)(B1 + B2)xaw/4

(

m=0,1,2,3,...), (20)

E=(B1+ B2)/4-[(2n+ 1)x1 + (2m + 1)xz]w
(myn =0,1,2,3,...). (21)

On the other hand, it can be easily found for an ODHO
in classical mechanics that ¢ = (2a/w)'/?sinQ and
p = (2aw)'/?

generalized coordinate and momentum (two new ran-

cos ), where Q and a represent the new

dom variables now), respectively; a is independent of
Q. For any statistical distribution of @, we always

have

V =(1/2-w?¢*) = (a)w - (sin® Q), (22)
T= (/2% = (o (c0?Q),  (23)

where (o) represents expectation value. It is easy to
deduce from Egs.(22) and (23) that E = T+V = (a)w.
Comparing with Eq.(21), we have for the relatively
stable states that

(a) =(B1 + B2)/4-[(2n + 1)x1 + (2m + 1)x2]
(m,n =0,1,2,3,...). (24)

Obviously, (sin” Q) and (cos? Q) are independent
of m and n. Let m,n = 0 and we have from Eq.(24)
that (ap) = (B1 + B=2)/4. Putting it into Egs.(22),
(23) and then comparing with Egs.(19) and (20) for
m,n = 0, one can obtain (sin” Q) = x; and (cos® Q) =
X2. Moreover, one will find m = n from Egs.(19),
(20), (22) and (23), which leads to E = (2n + 1) fw/2
(n=0,1,2,3,...), where 8 = (1 + (8=2)/2 is a param-
eter remaining to be determined by experiment. One
can also see that, to obey this energy law, the light
(or radiation) can change its energy only by gaining

or giving out one or more discrete units of energy such
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that ¢ = fw if its frequency w remains unchanged,
which is consistent with the widely known experiences,
such as the experiences of photoelectric effect and mul-
tiphoton absorption. Using the relation ¢ = fw to fit
the experimental result of photoelectric effect, one can
find that § determined by experiment is just the re-
duced Planck constant A, and Sw is just the energy of
Einstein’s light quantum. Up to this point, the quan-
tization of light energy, which is the same as that in
quantum electrodynamics, has been derived directly
from classical electromagnetic theory without any as-
sumption of quantization. This demonstrates that the
quantization of energy is an intrinsic property of light
as a classical electromagnetic wave and has no need of

being related to particles.
3. Conclusion

In conclusion, we have presented a theory to show
that the quantization of light energy in vacuum can be
derived directly from classical electromagnetic theory
through the consideration of statistics based on classi-
cal physics. The theory reveals that the quantization
of energy is an intrinsic property of light as a classical
electromagnetic wave and has no need of being related
to particles; the energy of Einstein’s light quantum is
the minimum change of the energy of classical electro-
magnetic radiation if the frequency of the radiation
remains unchanged, which suggests that light quanta
have no need of being endued with a particulate pic-
ture and should be taken as a convenient nomenclature
describing the discrete, exchangeable energy (momen-
tum) of classical electromagnetic radiation. Besides,
the theory shows a logical route from classical ODHO
to quantized one, which is essentially different from
Nelson’s one (in Nelson’s theory, a hypothesis that
every particle of mass m is subject to a Brownian mo-
tion with diffusion coefficient &/2m is involved).[!]
One would not be surprised at the above result if he
knew that a large number of random phenomena in
nature obey the Gaussian distribution predicted by
the central limit theorem in the possibility theory and
noted that |1 (g)|? is just a Gaussian distribution.
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Appendix

According to variational principle, constraints
(11)—(13) and boundary conditions (14), (15) are al-
ways satisfied for the admissible functions whether
variations §v(q) and 6F (L) appear or not. So, it is
easy to verify that (note:F,, (L) is the Fourier trans-

form of ¥, (¢))

oo 2 0o
1/2/ ‘%@ dq71/2/ w?L?|F,(L)]*dL = 0,
—oo q

— 00

(A1)
o0 2 o
1/2[ %I(/L) dL—1/2[ W2 tom(q)[2dg = 0,
(A2)
/ |Fn (L)|2dL— 1=0, (A3)
K ¥ () |2dq —-1=0, (A4)
Jim_ v (9) =0, (45)
| llim > F, (L)exp (—iwgL)dL =0, (A6)

i.e. ¥, (¢) and F, (L) satisfy EECs (2), (3), (6), (7),
(8), and (9). Moreover, it is known that

2

AT :1/2/°° ‘d[w(q)Jr&/}(q)] dq

dq

— 00

—1/2 /Oo w?L? F(L) + §F(L)[*dL

— 00

pe %

—1/2 /Oo w2L2|F(L)|2dL}

— 00

e

— 00

2
dg

2

—1/2 /Oo w2L2|F(L)|2dL}

— 00

vz [~ ]o(42) 4y
- /Z w2L2|5F(L)|2dL]
=61 + %521, (A7)
where
st=s[u [ [ 2407,
—1/2 /O; w2L2|F(L)|2dL}, (A8)
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and will lead to (since 01(4(q), Fu(L)) # 0),
00 2
< | (dy(q)\|? / ‘d[%(Q) +6¢(q)]
27 _ 1/2 ——— | dg
" /oo‘(S( dq aa / —o0 dq
- [ ermerwpan a9) 12 [ PR+ SRR
> 1 d[a(q) + 6 2
Ignoring the high-order variation (high-order infinites- =1/2 / ‘ w dq
imal) 021, we have AI = §I. Obviously (since %
o 2 o —12/ 2L2|F,(L) 4+ 6F(L)]*dL
oo q — 00 00
and 01 (b (q), Fu(L)) = 0), _ [1 /2 / ‘dd’da(q) 2dg
—o0 q
0o 2 00
1/2/ ‘d[w’ﬂ(q)d—i— 6w(q)] dq _ 1/2/ szzFa(L)2dL:|
—o0 q —co
AT = 81(alq), Fa(L) £0, (Al6)

— 1/2/ w3 F,(L) + §F(L)|*dL

19 /°° ‘d[%(q) +39(q)]

2

d
dg 1

— 00

— 1/2/ w3 F,(L) + §F(L)|*dL

e

oo

-1/2 /Oo szan(L)|2dL}

— 00

2

=AI = 61(¥n(q), Fr(L)) =0, (A10)

2
dL

> |d[F, (L) + 6F(L)]
1/2/ 77

— 00

—172 [ PP+ Sul0)Pdg =0, (A1)

/oo |Fn(L) + 6F(L)|*dL — 1 = 0, (A12)
| W@+ iv@Paa-1=0,  (a13)
|q1\i§100[¢"(q) + d9(q)] = 0, (Al4)

\ql|iinoo b [F.(L) + §F(L)]exp(—iwqL)dL = 0,
- (A15)

ie. ¥n(q) + 0¢(q) and F,(L) + 6F(L) also satisfy
EECs very well. {Note:
principle, §I = 0 with conditions (11)—(15) satis-
fied is equivalent to 6J = 0, where J = I + ¢
[Left of Eq.(11)]4+X2- [Left of Eq.(12)]+As- [Left of
Eq.(13)]}. Except for these {¢,(¢) and F, (L)}, any
functions v, (¢q) and F,(L) meeting EECs and making

oo 2 00
1/2/ ‘%q(q) dq—1/2/7 w2L2|Fa(L)|2dL:O

According to variational

— 00

2
dL

> |d[Fa(L) + 0F(L)]
1/2 / ‘ I

— 00

-

w?q®|va(q) + 64 (q)?dg = 0, (A17)

/oo |F.(L) + §F(L)|*dL — 1 = 0, (A18)
| @+ sola-1=0,  (a19)
‘qlliinoo[%(q) +d1(q)] = 0, (A20)

| l\linoo - [F.(L) + 6 F(L)]exp(—iwgqL)dL = 0,
- (A21)

ie. ¥.(q) + 0¢(q) and F,(L) + §F (L) cannot satisfy
EECs any more.

Here is a numerical example which would be help-
ful for understanding the above theory. Let 1,(q) =

Veo(q) + Vdi(q) [c +d = 1] and then we choose
200

such a variational 09 (q) = 1.(q) Z pij sin (]%q) for

j=1

Ya(q) (note:dyp(q) is arbitrary), vjvhere {pi;} are some
of random numbers obeying the uniform distribution
in [-0.00005, 0.00005], and b is a positive number large
enough. Taking 80 sets of {p;; } [{ = 1,2,3,...,80; for
a fixed ¢, j is changed from 1 to 200, and then a set
of random numbers is obtained, for example, i = 5,
{pij }=(ps1, ps2, P53, ---, P5200)]; and calculating the in-
tegration

b
w; = / (a(q) + 60(a))2dg 1

—b
for different ¢, we obtain the results shown in Fig.1,

where c=1 and ¢=0 correspond respectively to

/ (o) + 54(q))*dg—1

—-b
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and

b
(11(q) + 6¢(q))*dg—1;

/.

w; reflects the departure of the state with §¢(g) from
the ideally statistical distribution.
¢=0.9, 0.99 and 0.999, the results are the same as those
correspond to ¢=0.1, 0.01 and 0.001, respectively. One

In the cases of

104

wy
wy

-10—4

80

-t

104
e=0.5

wy
wy

-10—4

-t

10—
c¢=0.01

wy
wy

can see that the statistical distributions described by
110(q)|? and [¢1(q)|? are relatively stable, while that
described by [, (q)|? is unstable. It should be pointed
out that under the constraint of admissible function
the instability of |, (g)|? shown here is transferred to
I(v¥(q), F(L)) in the above variational procedure.

104

-10—4

80

104

-10—¢
80

10—
¢=0.001

80

Fig.1. The stability of the statistical distributions described by |¥0(q)|?, |%1(q)|?> and |¢4(q)|?, where
Yo(q) = va/m'/* - exp(=1/2 - o), $1(q) = V2a/m'/* - agexp(=1/2 - a®¢?), and ¢a(q) = vevo(q) +

b

Vagi(@la = Le+d = sw; = /

—b

(%a(q) +6¢(a))?

200

dg—1, in which év(q) = va(q) Zpij sin
=1

(75)

{pij} are some of random numbers obeying the uniform distribution in [-0.00005, 0.00005], and b is a

positive number large enough.
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