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A new kind of generalized reduced-order synchronization of different chaotic systems is proposed in this paper.

It is shown that dynamical evolution of third-order oscillator can be synchronized with the canonical projection of a

fourth-order chaotic system generated through nonsingular states transformation from a cell neural net chaotic system.

In this sense, it is said that generalized synchronization is achieved in reduced-order. The synchronization discussed

here expands the scope of reduced-order synchronization studied in relevant literatures. In this way, we can achieve

generalized reduced-order synchronization between many famous chaotic systems such as the second-order Diiffing

system and the third-order Lorenz system by designing a fast slide mode controller. Simulation results are provided to

verify the operation of the designed synchronization.
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1. Introduction

In the last decade, synchronization of chaos has
become a field of great interest, and several types
of synchronization, such as complete synchroniza-
tion (CS),l!l generalized synchronization (GS),[? lag
synchronization (LS)[S] and phase synchronization
(PS),[4 have been widely studied. Actually, the above
problem of synchronization is to design a force for cou-

pling two chaotic systems. (%

CS was the first discovered and is the simplest
form of synchronization in chaotic systems. It consists
in a perfect hooking of the chaotic trajectories of two
systems, which is achieved by means of a coupling sig-
nal, in such a way that they remain in step with each
other in the course of the time. This mechanism was
first shown to occur when two identical chaotic sys-
tems are coupled unidirectionally, provided that the
conditional Lyapunov exponents of the subsystem to

be synchronized are all negative.[!!

Coupled nonidentical oscillatory or rotatory sys-
tems can reach an intermediate regime (PS), wherein
a locking of the phases is produced, while correlation

in the amplitudes remains weak.[”) The transition to

PS for two coupled oscillators has been firstly charac-
terized with reference to the Rossler system.!”!

GS goes further in using completely different sys-
tems and associating the output of one system to a
given function of the output of the other system,®!
and the GS can be observed in real experimental
systems.[g’g]

LS is a step between PS and CS. It implies the
asymptotic boundedness of the difference between the
output of one system at time t and the output of the
other shifted in time of a time lag.!®! This implies that
the two outputs have a lock in their phases and am-
plitudes, but with a time lag.[?!

Nevertheless, in many real systems, the synchro-
nization is carried out even though the oscillators have
different orders, such as thalamic neurons, as it is rea-
sonable if their order is different from the one of the
hippocampal neurons. Another example is the syn-
chronization between heart and lung, but this kind of
synchronization between chaotic systems with differ-
ent orders has received less attention.

This paper address a kind of problem of the
synchronization of chaotic systems with different or-

ders, that is, two strictly different chaotic systems can
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achieve synchronization by designing a force; the syn-
chronization is not the partial synchronization, as the
partial synchronization is for coupling two chaotic sys-
tems which have an equal order. It is the problem of
synchronizing a slave system with the projection of a
master system, that is to say, all the states of the slave
system are synchronous in some sense with the states
of the master system. !

Femat and Solis-Perales!!3l

proposed a method
to synchronize the Chua oscillator and Diffing equa-
tion based on time derivative of system output along
the master/slave vector fields. Wang and Gel'¥ used
an adaptive backstepping design to synchronize the
Réssler system and Diiffing equation. Bowong!*®! de-
signed an exponential controller to show that Diffing
equation can be synchronized with the canonical pro-
jection of a fourth-order chaotic system. These tech-
niques show that it is feasible for synchronization be-
tween different orders of chaotic systems even if their
parameters are uncertain or time-varying.

This paper address a class of synchronization of
chaotic systems with different orders, the slave system

is described in the following form:

1 = T2,

ibQ = T3,

Tm—1 = T,

im:f(eamlax2a"'axm)+ua

where x;,7 = 1,2,---,m, are the states of system (1),
0 stands for the definite or uncertain parameters, u is
the coupling force.

The master system is assumed to have the form
of chaotic systems such as X = F(X), where X =
(1,22, ,x,)T, but it has the order higher than that
of the slave system, that is to say, n > m; moreover, it
can be transformed into the following form related to

the slave chaotic system through a nonsingular states

transformation:
Y1 = Yo,
Y2 = Y3,
Ym—1 = Ym, (2)

ym = fl(07y17y27"' 7yn)a

yn = fnfm—&-l(yl)yZa T ayn)~

We call system (2) the resembling chaotic system
of the original system, because system (2) does not
change the properties of the original system. Obvi-
ously, system (2) has an m-order canonical projection.
The problem of synchronization for systems with dif-
ferent order, which will be discussed, is the synchro-
nization of system (1) and the canonical projection
of system (2), and we call this kind of reduced or-
der synchronization as reduced-order resemblance syn-
chronization between the slave system and the origi-
nal master system. The reduced-order synchroniza-
tion discussed in Ref.[15] is a case of what we discuss
here.

In fact, the condition of the master system is not
strict, as many systems can be converted into form

(2), for example, the following Chen system!'’]

t=aly —z),
y=(c—a)z—zz+cy, (3)
z =uzy — bz,

can be converted into form (2) by states transforma-

tion

where
1/a 0 0
P = -1 1 0
0 0 1

is a nonsingular matrix, and we have

2':1 = Z2,
2y = (2ca — a?)z; + (¢ — a)zy — az; 23, (4)
23 = azi(az1 + 22) — bzs.

In the same way, the following cell neural network

chaotic system!!

Y1 =Y3 — Ya,
Y2 = 2y2 + s,
ys = ldy; — 14ys,
§s = 100y; — 100ys + 100(|ys + 1| — s — 1)],
(5)
can also be transformed into form (2) through states

transformation

ZZ{ml me Mg m4}

:P{yl Y2 Y3 y4], (6)



No. 12 Generalized reduced-order synchronization of chaotic system ... 2423
where then let e; = z; —y;,¢ = 1,2,---,m, and we have the
0 1 0 0 error equations:
0 2 1 0 .
P = €1 = €2,
14 —-10 2 O .
€2 = €3,
0 0 01

is a nonsingular matrix, then system (5) becomes the

following form:

my = ma,

my = ms,

mg = 28my — 28my + 2mg — 14my, (7)

Ty = ?(14m1 — 2my + mg) — 100my
+100(|myg + 1| — |maq — 1]).

The organization of the paper is as follows. In
section 2, the formulation of the problem is presented.
Section 3 deals with the problem of reduced-order syn-
chronization via direct feedback and adaptive feed-
back synchronization. In section 4, some simulations
are carried out to illustrate the method. Conclusions

come in the last section.
2.Description of the problem

different
chaotic systems with the forms (1) and (2), we will

For the synchronization of strictly

consider two different situations: one is that the sys-

tem (1) is definite, that is the parameter 6 is known;

1.5

1.0

bt
ot

0.0

T2

~0.5

-1.0

-1.5

Fig.1. Phase portraits of chaotic system (9).

portrait of zo — x3.

' Tim)

_fl(ylayQa"'ayn> + u.

ém:f(eaxlvm27"'

The other one is that 0 in f(0,x1, @2, -, @y) is
uncertain. Our objective here is to design u so that
the synchronization between systems (1) and (2) can
be achieved in both situations. Thus the slave chaotic
system becomes synchronous with the canonical pro-
jection of the master system (2).

Without loss of the generality, we will use an elec-

12]

tronic chaotic oscillator of canonical structurel!?! as a

slave system; the dynamics of this model are given by

:.Cl = T2,
j:2 = 3, (9)
&3 = —alrz + 22 + 1 — f(1)],

where a is the control parameter for this oscillator,
f(z1) = sgn(z) is the model nonlinearity. This os-
cillator is known to give a double-scroll-like chaotic
attractor in the range 0.49 < a < 1. Figure 1 shows
the phase portrait of system (9). System (7) is used
as a master chaotic system. Figure 2 shows the phase

portrait of system (7).
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(a) Phase portrait of 1 — z2; (b) Phase
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Fig.2. Phase portraits of chaotic system (7). (a) Phase portrait of m; —mg; (b) Phase portrait of ma —ms.

Obviously, there is a distinct difference between
attractors of systems (7) and (9); both systems (7)
and (9) are not synchronized in phase. Here we will
give a projection of system (7) in a canonical plane,
i.e., to lead the attractor of Eq.(9) to the geometrical

properties of a projection of system (7).
3.Direct feedback synchroniza-
tion
For chaotic systems (1) and (2), first, let us con-
sider the situation that parameters of the slave chaotic

system is definite, the difference can be described by

e; = x; —my,i = 1,2,...,m; then the error dynamic

system can be described as follows:
él =€,

€3 =¢€3,

7yn) +u.
(10)

ém:f(07m17m27"' 7xm)_f1(yl7y27"'
If we choose

u :f(0a$17x27”' 7xm) - fl(ylay27"' 7yn)
+ klel 4+ k262 + k363 —+ 4 kmem, (11)

it leads to

ém = kier +kaex + - + ke,

where ki,ks,---,k,, are constant parameters of the

control, which are to be computed by the following

method. System (12) can be written in the form:

é = Ae, where matrix A is given by

0 1 0 - 0 ]
0 0 1 - 0
A= (13)
0 0 0 - 1
By ks ks oo K |

Then kq, ko, -, k,, are chosen such that A has all its
eigenvalues at the open left-hand complex plane, that
is K = (k1,kg, -, km)T should be a Hurwitz vector,
with all the roots of the polynomial

p(8) = 8™ + kps™  F k1™ 24+ Ey

having negative real parts, then the error e =

(617 €2, 7€m)T
(9) becomes synchronized with the canonical projec-

is stable at the origin, i.e. system
tion of the master system (7).

Nevertheless, the controller (11) is required to
have the parameter of the slave system: if the param-
eter is not certain or it is time-varying, then controller
(11) is not appropriate. In next section, we give a ro-
bust fast slide mode controller to achieve the reduced-
order synchronization of the slave system, i.e., all the
states of the slave system can be synchronized, in some

sense, with the states of the master system.
4. Robust fast slide mode syn-

chronization

Before introducing the constructed controller, we
will construct the sliding surface, and first give a

lemma described as follows:

Lemma 1!'¢] The fast sliding mode is given by



No. 12

Generalized reduced-order synchronization of chaotic system ... 2425

the following equation
s =i+ azr+ Bz?/?, (14)

where z € R, «, 3 are positive constants, g, p are pos-
itive odd constants, then for any initial value of state
z(t) at t = 0, i.e., z(0), the solution of Eq.(14) will

reach £ = 0 in a finite time t, determined by

p am(o)(pfq)/p +IB

ts = In (15)
a(p - q) B
Now, we consider the following sliding surface
So :el(t)
81 =$0 + apso + 505%/?0,
s =51 + a1y + PP,
Sn—1 :$n72 + an—28n—2 + ﬁn7252n7722/p"72- (16)

where «;, 3;,1 =0,1,...
pi7qi77: = 0515"'7
and p; > ¢;; from Eq.(14), we can obtain s;y; =

,m — 2 are positive constants,

n — 2 are positive odd constants,

$i + ays; + /Bisgi/pi, s; will reach zero in a finite time
when s;41 reaches zero by lemma 1,and so it can be
concluded that sg reaches zero in a finite time.

For the error dynamic system (10), as a is uncer-
tain and the states of the chaotic systems are bounded,

we assume that
f(6>$17x27"'7xm)SM) (17)

where M is a positive constant. To achieve the con-

dition indicated in Lemma 1, a scheme is proposed as

follows:
u(t) = —ynsign(sp-1(t)), v>1 (18)
where
n=M + ‘fl(ylay% e ,yn)|
+Za3 = 1)‘ +Zﬂ] dtn J_l s¥/Pi)(19)

So we have the following theorem.

Theorem 1 For the error dynamic system (10),
the motion of the sliding mode (16) is asymptotically
stable, if the control u(t) is given by Eq.(18).

Proof From Eq.(16), we can obtain

n—2 dn‘jl

n—1 j
bt = 85" +Za s( )+Zﬂjdt" g jj/p];

(20)

from Eq.(10), we have

,yn)I+U()
n—1 i/ D;j
+Za; 55 )+Zﬁ,dtn ——sB/P(21)

From Eq.(20), we have

én—l =M + |f1(y17y27"'

Sn—1(t)8n_1(¢)

:Snfl(t) <U(t) + M + |f1(y17y27 o 7yn)|

+ZOLJ (n— 1)+Zﬂ3dtn — qy/m>_

Let F(X) =M + |f1(y1,92," -, yn)|, then

Sn—1(t)8n_1(t)

s%lan@ﬂx>

1)‘

)+mo%1@»@m

n—2
| + Z Q; S(ni
7=0

qJ/pJ'
dtn— Jj— qn—j—1 ]

dngl

+Zﬂ,

u?(t) =(—ynsign(sn—1(t)))(—ynsign(sn—1(t)))
=7*n*(sign (sn-1(t))*. (23)

Since s2_,(t) > 0, we have

Ju(t)s,

— ymsign (sp—1(¢ 1
)*sh_ 1(t), (24)

=" (sign (sn—1(t
—Nsn—1(t)[sn

sn—1(t)u(t) = —Wllsn—l((t)

From Eq.(18), and replacing Eq.(22) with Eq.(25), we

obtain

)
)

. (25)

Sn—1(t)$n-1(t) < |sn1(t)|n(1—7).  (26)

Since v > 1 has been selected in Eq.(26), so
Sn—1(t)$n—1(t) < 0 is always satisfied. Thus the proof
is completed, and the error dynamic system (10) is

asymptotically stable at the origin.
5. Control simulation and results

Example 1 The slave system is a chaotic

Diffing—Holmes oscillator described by
.Cl','l(t) = .Cl’,‘z(t),
&2(t) = —p121(t) — paza(?) (27)
—z3(t) + g cos(wit) + u,

with parameter values of p; = —1, p; = 0.25, ¢ =
0.3 and w; = 1.0. This system displays a chaotic
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behaviour as shown in Fig.3, here we assume that 15
p1,P2,q,wp all are uncertain. The master system is ol
Eq.(4) converted through a nonsingular states trans-
formation from Chen system. The phase portrait is 5t
depicted in Fig.4. From theorem 1 for M =5, v = 1.8,
the controller can be described by &0
3/5
31=€2+€1+61/, -5
n=DM+|(2ca—a?)z + (c —a)z2 — az 23
3 _2/5 -10}
+lea| + - le; ez,
5 —
; 15
u(t) = —ynsign (s1(t)). -0.8 0.4 0.0 0.4 0.8
(28) 21
The phase portrait of Eq.(27) under the condition of
u(t) is shown in Fig.5. One can see that Fig.5 is a mir- Fig.4. Phase portrait of system (4).
ror reflection of Fig.4. The time evolutions of states
are shown in Fig.6.
15
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Fig.5. Phase portrait of system (27) under the control
Fig.3. Phase portrait of system (27). of (28).
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Fig.6. Synchronization of the master and slave systems via control. (a) z1(—) and m1(---); (b) z2(—) and ma(- - -).

Example 2 The slave system is an electronic
chaotic oscillator described by Eq.(9).

sumed that o is uncertain.

Here it is as-
The master system is
Eq.(7) converted through a nonsingular states trans-

formation from cell neural network chaotic system (5).

From theorem 1, for M = 25, v = 1.8, the controller
can be described by Eq.(18). Figure 7 shows the syn-
chronization of states between the master and slave

systems.
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Fig.7. Evolution of synchronization error of the master and slave systems. (a) mi(—) and z1(---);
(b) ma(—) and z2(---); (c) m3(—) and z3(---); (d) e1,e2 and e3.

6. Conclusion

In this paper, we present a kind of new generalized
synchronization between different-order chaotic sys-
tems, i.e. the generalized reduced-order synchroniza-
tion, and a fast slide mode controller is given to control
the slave system to become a canonical projection of
the master system. In this sense, many different-order

chaotic systems can fulfill reduced-order synchroniza-

tion as long as the master system can be converted
into a class of format through a nonsingular transform.
We show that the second-order Diiffing system can be
synchronized with the canonical projection of a third-
order resemblance Lorenz system, and a third-order
chaotic oscillator can be synchronized with the canon-
ical projection of the resemblance cell neural network
chaotic system . Numerical simulations have been car-
ried out to illustrate our findings.
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