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The energy of the stationary axisymmetric Einstein-Maxwell dilation—axion (EMDA) black hole is studied in

the context of the Hamiltonian formulation of the teleparallel equivalence of general relativity (TEGR). The energy

expression for the finite and arbitrary space-like two spheres is exactly computed by means of the integral form of the

constraint equations of the formalism naturally without any restriction on the metric parameters. We also show that

our results give the same values obtained by other methods for some special cases.
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1. Introduction

Although the notion of energy-momentum local-
ization has been considered since the advent of the
general theory of relativity, the definition of energy-
momentum density of the gravitational field is now
still a controversial problem. By studying the prop-
erties of solutions of the Einstein field equations that
describe the gravitational field of isolated material sys-
tems, it is concluded that a consistent expression for
the energy density of the gravitational field could be
given in terms of second-order derivatives of the met-
ric tensor.l!—3! Moller!¥ revived general relativity by
constructing a new field theory and reconsidered a La-
grangian formulation for absolute parallelism. This
gravitational theory is characterized by the vanishing
curvature tensor (absolute parallelism) and the non-
vanishing torsion tensor.>~7) Then, some authors es-
tablished the teleparallel theory of gravity,8=20] i.e.
teleparallel equivalence of general relativity (TEGR),
and attempted to obtain the Hamiltonian formulation
and energy-momentum density of the gravitational
field.

The TEGR is formulated on the Weitzenbock
spacetime,[?! which is just an alternative geometrical

formulation of general relativity (GR) and therefore

it provides an alternative insight into the theory. In
TEGR, the dynamical field quantities correspond to
orthogonal tetrad field ey, (@ and p are SO(3, 1) and
spacetime indices, respectively) and the affine connec-
tion fﬁ‘u = e“a“ew. Then, one can construct the
Lagrangian density of the TEGR and establish a sim-
ple definition1—1%22-24] for the energy of the gravita-
tional field in the framework of Schwinger’s time gauge
condition.[??! Recently, by using this definition Rocha-
Neto and Castello-Branco calculated the gravitational

energy of Kerr and Kerr anti-de Sitter spacetimes.2°!

In this paper we apply the definition of the
gravitational energy to calculate the energy of the
stationary axisymmetric Einstein—Maxwell dilation—
axion (EMDA) black hole enclosed by an arbitrary
two-sphere. Furthermore, to compare with known re-
sults obtained by using other method, we discuss the
gravitational energy in some special cases, such as
a = 0, r = oo, r = r; and slow rotation approxi-

mation.

Notation: spacetime indices u,v, ... and SO (3, 1)
indices a,b,--- run from 0 to 3. Time and space in-
dices are indicated according to p = 0,4;a = (0), (7).
The tetrad field e®, yields the definition of the torsion

tensor: 1, = 9d,e*, — dye®,. The flat Minkowski
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spacetime metric is fixed by ne = equeng”’ =
(_7 +7 +7 +) .
and lowered with the Lorentzian metric 745, while the

The tangent space indices are raised

spacetime indices are raised and lowered with the Rie-

mannian metric gi”.
2.The Weitzenbock spacetime

According to TEGR, the fundamental field vari-
able describing gravity is a quadruple of parallel tetrad
field e,,, which is on the Weitzenbock spacetime. This
spacetime is derived from the Riemann—Cartan type
spacetime.

The Riemann-Cartan spacetimel®7 is endowed

with a metric g,,, and a connection I'? . which is char-

uv
acterized by

Dirguw = 0rgpw — F[:)\gtw - F;)Agup =0, (1)
F;;,\u: {;)‘LV}+K>\MV7 (2)

where the Christoffel connection { f;u} and contortion

tensor K>‘W are

LSY
{211} =39 P(0ugup + 0vGup — 0pGp ),

1
KA}LV = §<T/\IU/ + T;L)‘I/ - TI/)\}L)' (3)

The torsion tensor and the curvature tensor are de-

fined as

TAHV(F) = F;i\u - Flf:u = _T)\Vl»“

R (I') = 0,I5, — 8,T5, + I, T, — I'5, T3, (4)
has both

There exists

The Riemann—Cartan spacetime
nonzero curvature and torsion tensor.
two geometrical structure for the spacetime. Setting
the torsion tensor vanish (T?,, (I')=0), we will obtain
the Riemann spacetime where the affine connection re-
duces to the Christoffel connection, or, we will obtain
the Weitzenbock spacetime by letting the curvature
vanish (R g, (I")=0).

On the Weitzenbock spacetime the covariant

derivative D, satisfies

D#ea)‘ = 8#ea)‘ + f:‘uea” =0, (5)
and the affine connection reduces to
INﬁ‘V = —e%,0,e, A= eaAa#eau. (6)
Therefore, in this spacetime, the torsion tensor is
AT FA A
T HV(F) :F,uu_[’uu
=e® (Op€ar — Oveay). (7)

3. The gravitational energy ex-
pression of the TEGR

The Riemann—Cartan geometry is the basis of

[10.20] Tn this gauge

Poincaré gauge theory (PGT).
field, the usual definitions of the curvature and tor-
sion tensor are yielded by using the tetrad field eq,

and the spin affine connection wpqp,

a a a a c
R =0,w," — Buw# b+ w,tew,p —w

a _ a
T, =0,€e%,

Vacwpcbv(s)
—Oe’, + wu“bebl, — w,,“bebu. 9)

The spacetime connection I :L‘V and the spacetime met-

ric g,,,, are defined by

e“AFF/L\V =0,€e", + wuabeb,,, (10)
ey {f‘w} =0,e", +° wuabeb,,, (11)
uv :eauebunab- (12)

For an arbitrary spin connection, there exists an iden-
tity

Woab =° Wpoab + Kpab = —Wpba, (13)

where °w,q, is the Levi-Civita connection which is
metric compatible and torsion free; and the contor-

tion tensor K 4 is
1 po v
Kpab :iea €p Kp;uj
1

:ieauebu(pr + Tupr — Topu)-

It is convenient to define a useful tensor A%b¢ as

1 1
Aabc — Z(Tabc-l-Tbac—Tcab)—F5(7’]ach—77ach), (14)
where Tb = Taaba Ta;ul = 8,ueau - 8l/ea,ua Tabc =

r, v
e, e."Tau,- Then, we have

1 1
AT, = iT“bcTabc + iT“bchac —T°T,. (15)

scalar curvature

R(e,w) =

e‘”‘eb"RabW and substituting the arbitrary spin con-

Denoting the

nection w,qp into the scalar curvature tensor, we ob-

tain an identity[19:9]
eR(e,w) = eR(e) + eA™ Ty — 20,(eTH),  (16)

where R(e) is constructed out of e, only. This iden-
tity is one of bases of the equivalence of TEGR with
Einstein’s general relativity. The Einstein-Hilbert La-
grangian is

Lar = keR(e) = keR(e,w) — ke AT,
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where 20,,(eT*) is a total derivative term and is ne-
glected, and k = ¢*/16mG (G is the gravitational con-
stant).

In the TEGR, we require Rqpu(w) = 0. Then we

obtain

A A A a A o aX_b
F;u/ - Fp,u =€q 8;,(6 v = {p,y} — Wpab€ €y,
o
Woab :_Kpab7
a a a
T, =0,e*, — 0,e%,,

LGR = — keAabcTabc.

Considering a class of Lagrangian quadratic in the

torsion[19:20]
L= e(LT + aRabuuRabuu + LM)’ (17)

where Ly = kR(e,w) — kAT, and Ly is the La-
grangian of matter fields, thus the Lagrangian Lt is
an alternate “more geometric” interpretation of Lp;.

Define the canonical stress-energy tensor and spin
density as

7o, = — M gp 2
B 9¢ fe e dw,b’

where Lj; = eLjy, the field equation can be written

aS[ZO]
Guw({}) =T + T (18)
DR =57, (19)
1
where 7, = —2(aR%,, R " — —aR®,\R,""), and

D, is the covariant derivative that acts with w”,, on
the tangent space indices and with {ﬁy} on the space-
time indices. We can refer to other forms of the field
equation.[5:7:10,18]

In the absence of spinning sources, the classical
Thus in
the framework of the teleparallel geometry in PGT,

scalar matter couples to the metric alone.

we have R, = O(namely, fix the Poincaré gauge in
terms of w,** = 0) as the ground state solution and
can obtain 7, = 0; and Eq.(18) is reduced to the Ein-
stein equation of GR, Ly to Ly = —kA®°T,;., and L
to L(eq,) = —keA®T,;. + L. Namely, the TEGR

is equivalent to the general relativity.

References [11] and [12] show that the momentum

canonically conjugated to eg, is

% = —4ke A" (20)

and the full expression of IT** can be written as
Hak :ke[gOO(igijan _ eakaOj
4 2eaij0j) T gok(gojTan + eajTOOj)
+ 6a0(goka0j + gkiTOOj)

_ 2(ea0g0ij0j + eakngTOOj) _ gOigijaij
+ eai(gokaij o ngTO'L])
_ 2(gOieak _ gzkeaO)TJJl] (21)

Therefore, in the time gauge condition, the expression

of field energy can be written as(1:12]

E=pPO = f/ d®z8, 1% (22)
\4

In the macrophysical limit,[”! because spin is aver-
aged out in the large, the dynamical characterization
of a continuous distribution of macroscopic matter
can be successfully achieved by the energy-momentum
(“momentum current”) alone. The energy-momentum
tensor of matter is the source of the metric tensor
guv of a Riemannian spacetime continuum. The mo-
mentum (I7%*) canonically conjugated to e, is de-
scribed only in terms of the spacetime structure. In
the absence of spinning sources, since TEGR and GR
is equivalent, we can pick out a set of tetrad e,,, corre-
sponding to spacetime metric g,,,. Then, we can un-
derstand Eq.(22) as the total, gravitational and mat-
ter fields energy.'®14] We will apply it to compute the
energy of black hole over finite space volumes, which

can be transformed into a surface integral.

4.The energy of EMDA black
hole

The stationary solution for axisymmetric EMDA
black hole is given byl27:28]

ds? — A — aisin2 edt2 B 2Ma7“;in2 edtdqﬁ
P P
2 2 2
P~ Lo, 2ig 2 SO,

with

A:r2—2mr—|—a2,

p= \/7“272Dr+a200520,

Y =+VTI? - Ada?sin? 6,

I =7r?—2Dr + a?, (24)

2wD(D — m) (with
Q2
C 2wM

where the charge is Q =

w = ),

+

The horizon is r+ = (M
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2
\/(M - 2Q—M)2 —a?) =m=£+vm? — a? and the ADM
w
mass is M = m—D. Here and hereafter we have taken

G=c=1.

For a given spacetime metric tensor g,,,,, there ex-

ists an infinite set of tetrad fields that yield g,, . Since
the EMDA spacetime is asymptotically flat, consider-
ing the Schwinger’s time gauge condition,!'2:26:29=31]
a set of tetrads associated to the EMDA metric can

be written as

0 0
—Frsinfsin ¢

—Bsinfcos¢ Csinfsing FErcosfsing Frsinfcos¢

—A 0
Bsinfsing Csinfcos¢ FErcosfcos¢
€ap =
0 Ccos@
where
A_p\/Z’ B 2Ma1"7 C:L,
X pX VA
b))
=" r==
r pr

The components of the torsion tensor is presented
in the Appendix. Thus, for an arbitrary space-like
two-sphere, the field’s energy Egy of the EMDA black

hole is given by
- / ds; 110
s

/ dodeIT O (r, 6, ¢)

_1 \/_+a
T4

1

*1

Epy =P =

T

f?ﬁ )

s
o
(

Jad, A \/_3a>

1
Z 1(1\/_ 1a\/_

Y F ia V12 = 2DrV A (26)
V7207 va ’
where o = I'? — Aa?

E(z,y) and F(z,

) /zd V1=t
= ui’
Y 0 V1—u?

,i2 = —1 and the elliptic functions
y) are defined as

z 1
y) —/0 du\/1 SN
Expression (26) is the major result of this paper.
Now, let us consider some special cases:
(1) In the asymptotic limit » — oo, from Eq.(26)
we obtain

EBH:m—D:M.

—FErsiné 0

This is just the Arnowitt—Deser—Misner (ADM) en-
ergy of the EMDA black hole.

(2) The energy of the static (a = 0) dilation black
hole can be easily found using Eq.(26),

r—2m
r—2D°

Egn =+r?2—-2Dr — (r — D)

When D = 0, the energy reduces to Epy =

/ 2
r (1 — /1= _m) , which is the outer energy within
r

an arbitrary space-like surface of fixed radius r in the

Schwarzschild black hole.[2%]
(3) When r = ry = m + v/m? — a?, noting

AZO, F:2M’I‘+,
o= 4M2r3_, rf_ —2Dr, = 2Mr, — a2,

we find
2Mr M+/2mr. — a?
Epn = * 4+ +
4 a
. a
x Arcsinh [m

2Mr, — a? 1 a++/2ry M

n )

8a a— \/m

and Egu(ry,a — 0) = 2v/mM which is the irre-
ducible mass M;,,, of the static EMDA black hole.

(4) If we consider the slow rotation approximation

(27)

(namely, < 1), we have
T

1 X
E, :—/ <p+—> sin 6d6@
4 p

2

a
=\/r2-2Dr + —————
3vr2 —2Dr

X 1+m_D +0 o
r—2D rd )’
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1 VA X
Es :Z/—isinGdG
p

VA a?

:‘(’“‘D)m%r@
ot | o ()

Then, the energy is given by
Epn =E1 + E»
VA
V12 —2Dr — (r — D)———
( )\/ r2 —2Dr
a? 2(m — D)

+ 24

6vr2 —2Dr r—2D

e ) e

~
~

_|_

4

where the terms of order O<a—4) and higher are ne-
r

glected. This result was also obtained in Ref.[32] by
calculating Brown-York quasilocal energy. It is inter-
esting to note that the term FE; corresponds exactly
to —ep in Ref.[32], and the term FEj to € in Ref.[32].

For D = 0, Eq.(28) gives the same expression as
Eq.(15) of the Kerr black hole in Ref.[30].

5. Conclusion

We have studied the energy of the stationary ax-
isymmetric EMDA black hole in terms of the Hamil-
tonian formulation of the TEGR. The energy expres-
sion (26) for finite and arbitrary space-like two-sphere
is exactly worked out by means of the integral form
of the constraint equations of the formalism naturally
without any restriction on the metric parameters. In
order to compare the results obtained from Eq.(26)
with the known results reported in the literature, we
also reduce the energy (26) into some special cases,
such as a — 0, r — oo, 7 = r; and slow rotation
approximation, which show that these results exactly

agree with those obtained by using other methods.

Appendix: Calculation of torsion

and momenta

Now we present the nonvanishing components of
the torsion tensor related to the set of tetrads given
in Eq.(25) as follows:

Tioyor =0- A,
T(0)02 =0 A,
r
T =—2Masinfsin¢ 9, | — |,
(1)01 asin @ sin ¢ (pZ')
T —  9Marsing 8 sin 0
(1)02 = ar sin 0 pE 5
2M
Ti1y3 = — I sin 8 cos o,

T(1)12 =cosfcos ¢ 0, p — cosp Jp (psin 9/\/2),

o P Z’)}
T =sinfsing|— — .| — ||,
(W ¢L/Z <P

Xsinf
T(1)23 =pcosfsin¢p — sin ¢ 39( s >,
r
T =2Masin 0 o | —= |,
(2)01 asin @ cos ¢ <p4‘7>
T o) 60 sin 6
=2Mar cos
(2)02 o\ oz )
—2M
T(2)03 :pTar sinf sin ¢,

T(2)12 =cosfsin 0, p —sin¢ 0y (psin@/\/Z),

. p X
T :mn@cosgb[ar()],
(2)13 \/Z p

XY'sin6

T(2)23 =cos ¢ g ( ) — pcos 6 cos ¢,

T(3y12 = —sin® 9, p — g (pcos 0/VA).

Then, using Eq.(21) we find that the component 7(°)!
of the canonical momentum for the EMDA black hole
can be expressed as

X VA
O = —2ksin9<p+ = —arz>.
p p
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