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By taking the energy conservation and angular momentum conservation into account, the characteristics of the

quantum-tunnelling radiation of Einstein—-Maxwell-Dilaton—Axion black hole are studied and the result shows that the

tunnelling rate of such a black hole is relevant to Bekenstein—Hawking entropy and that the obtained radiation spectrum

is not pure thermal.
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1. Introduction

Inspired by Bekenstein, Hawking proved that the
black hole has thermal radiation, and the spectrum
is precisely thermal.l!] The finding plays significantly
and actively meaningful roles in further research, and
even research on the evolution of fixed stars. On the
basis of it, much effort has been devoted to the static,
stationary and non-stationary black holes.2~1% There
are usually two methods to investigate the Hawk-
ing thermal radiation, namely quantum field theory
method and Damour-Ruffini method.'®! The simi-
larity of these two methods is that the background
spacetime of the black hole is fixed and the derived
thermal radiation spectrum is pure thermal. How-
ever, for the sake of authenticity, when a black hole
is radiating, the mass of the black hole varies so that
the event horizon also varies, and energy conserva-
tion as well as angular momentum conservation should
be taken into account during the process of radiating
particles. Parikh recently put forward the tunnelling
model and, in accordance with energy conservation,
advocated that the position of event horizon varies af-
ter the black hole radiates particles. Moreover, Parikh
also did some research on spherically symmetric black

holes such as Schwarzschild and Reissner—Nordstrom

black holes.'7=19 And the achievements show that
the radiation spectrum of the black hole is not pure
thermal, and further, some amendments are made to
the thermal radiation of Schwarzschild and Reissner—
Nordstrom black holes.
symmetric black hole, the Einstein-Maxwell-Dilaton—

As to the stationary axi-

Axion black hole, its characteristic of tunnelling ra-
diation has not been studied previously. Accordingly,
the tunnelling radiation characteristics of black hole is
researched in this paper; and there are some aspects
different from Parikh’s results, for the angular speed
of black hole {2 # 0, and then the analysed results are
relatively more meaningful. In the following parts,
the spacetime line element of the Einstein—-Maxwell—
Dilaton—Axion black hole under a dragging coordinate
system undergoes a general Painlevé coordinate trans-
formation, then the characteristics of the tunnelling
process at the event horizon is analysed, and finally
the characteristics of tunnelling at the event horizon

of the black hole is discussed as well.

2.General Painlevé coordinate

transformation

According to Ref.[20], the spacetime line element
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of Einstein-Maxwell-Dilaton—Axion black hole is
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where A = r2+a? —2mr, ¥ = r2—2Dr+a? cos® 6; m,
a, and D are the mass of black hole, angular momen-
tum of unit mass and magnetic charge respectively.
When tgympa is the time coordinate of the Einstein—
Maxwell-Dilaton—-Axion black hole, from Eq.(1) we
can obtain the non-zero components of the inverse

metric tensor
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From the null super-surface equation, we can obtain
the event horizon of the black hole

ru =m+ vm2 — a2. (3)

From the equation ggg = 0, we can derive the infinite
red-shift surface

r =m+\v/m?2 —a?cos? 6. (4)
By comparison, the event horizon (3) is not coinci-
dent with the infinite red-shift surface (4), and then
the geometrical optics limit is not valid. To carry out

dragging transformation on Eq.(1) we can obtain

de  _ 9w
dtgmap 933
_a [(7‘2 + a2 — 2DT) — A] (5)

(r2 + a2 — 2Dr)* — Ad?sin®6’

and the line element (1) is transformed to

X
d52 = goodtIZEMDA =+ Zd’l”2 + Ed@z, (6)

where

2
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gss3
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In the dragging coordinate system, from Eq.(6) we can
derive the event horizon of the black hole which is in

coincidence with the infinite red-shift surface
rg =1y =m+Vm? —a? (8)

But the line element (6) still has a coordinate sin-

Make the general Painlevé coordinate
[21,22]

gularity.

transformation
dtgvpa = dt + F (’I", 9) dr+G (’I‘, 0) de, (9)

under the integrability condition

OF (r,0) _ oG (r,0)

a0 or (10)

Substituting Eq.(9) into Eq.(6), we have
ds? =goodt? + 2Go0 F (r, 0) dtdr
+ 2GooG (r,0) dtdé
+ | GooF? (r,0) + % dr?
+ 2goo F (r,0) G (r,0) drdf

+ [00G? (r,0) + X] d6>. (11)

Considering the flat Euclidean space in radial terms,

we have 5
GooF? (r,0) + F=1 (12)

Substituting Eq.(12) into Eq.(11), we obtain

/ X
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Substituting Eq.(13) into Landau’s condition of coor-

dinate clock synchronization
0 <_&> = 0 <_ g0i> (14)
oz’ oo dxd goo /)’

OF (r,0) 090G (r,0)
0 or

we obtain

. (15)
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The condition is in accordance with Eq.(10); then the
Painlevé coordinate system satisfies Landau’s condi-
Through

coordinate transformation in Eq.(9), we obtain the

tion of coordinate clock synchronization.

spacetime expressed by line element (13) with the fol-
lowing advantages: there does not exist coordinate
singularity; the outer infinite red-shift surface is in
coincidence with the event horizon; it satisfies Lan-
dau’s condition of coordinate clock synchronization.
We consider uncharged tunnelling radiation coming
from the black hole. From Eq.(13) we can have the

radial null geodesics
_dr ¥ — /X (¥ -A4)
\/(7‘2 +a? = 2Dr)? — Aa?sin? 0

,  (16)

=% =

where “+” signs can be identified with outgoing (in-

3. Quantum tunnelling character-

istics

We can consider the picture of a pair of virtual
particles spontaneously created inside the horizon,
where the positive energy virtual particle can tunnel
out and the negative energy particle is absorbed by the
black hole. In the following discussion, we consider the
particle’s self-gravitation and the tunnelling particle
as a shell (an ellipsoid shell) of energy w and angular
momentum wa, the mass and the angular momentum
of the black hole will become (m — w) and (m —w)a
respectively; at this critical moment the mass m in
the radial null geodesics and the line element (13) will

be replaced by (m — w), and the event horizon is

(m —w)® — a2, (17)

going) radial motion, namely “4” corresponds to the ry=(m—w)+
outgoing geodesic and “—” corresponds to the ingoing
geodesic. | and the dragging angular velocity of the black hole is
a
2} =

2(m —w)®+2(m—w)

Since the event horizon is in coincidence with the infi-
nite red-shift surface, the geometrical limit is approx-
imately reliable. From WKB approximation can ob-

tain the relation between the action and the tunnelling

rate of particles(23-24]
I~ e 2ms, (19)
where S is the action of particles with
tf
s= [ Lo (20)
ti

Here L (r,7,p,¢,t) is a Lagrangian function. There is
no ¢ in the dragging coordinate system, so ¢ is a neg-
ligible coordinate. In order to eliminate the freedom

of ¢, we have

S = / Y (L — P,p)dt. (21)
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So the imaginary part of the action can be expressed

as

s 2
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According to the Hamilton equation we have

. dH d(m—w) dw
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Substituting Eqgs.(23) and (24) into Eq.(22), we have
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where

A':r2+a2—2(m—w')r:(r—rh)(r—r'_),

r;=1rg =m+\Vm2 — a2,

r=(m-w)- (m—w)Q—aQ. (26)
then the tunnelling rate is

T Ne—QImS

2672ﬂ[m27(m7w)2+mx/m27a27(m7w)\/(m7w)27a2+2D\/(m7w)27&272D\/m27a2+2D(m7w)72Dm}

:eASBH , (27)

in which ASgy = Sgu(m — w)—Sgu(m); and Sgu(m — w), Spu(m) represent the Bekenstein-Hawking entropies
of the black hole after and before radiation.

tunnelling rate of the Schwarzschild black hole, where

4. Conclusion only when the item w? is ignored can we obtain a con-
' sistent pure thermal spectrum of Hawking radiation

in the Schwarzschild black hole. The tunnelling ra-

The radiation of black hole causes the spacetime o o . ) )
diation characteristics of Einstein—Maxwell-Dilaton—

background geometry to be not constant. Because of

. Axion black hole are investigated through the above-
the energy conservation and angular momentum con-

tioned methods and th It not onl ists of
servation, the event horizon of a black hole will con- fuentioned meshods an € Tesuil Lot only Consists o

. . the exact expression of tunnelling rate, but also works
tract when some particles tunnel out. The two turning

. . . as a good amendment to Hawking pure thermal spec-
points, for the pre-contraction and post-contraction

. . . trum.
occurrence, are the two turning points of the radial

barrier. The tunnelling rate of particles is related Acknowledgments
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rate I' ~ exp [871'mw<1 — 2—)} is the quantum-
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