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We study analytically the generation of maximally entangled states (MESs) formed by a two-component Bose—

Einstein condensate (BEC) trapped in an adiabatically driven single potential well. Under the condition of the linear

interaction controlled by a driven field being much stronger than the effective nonlinear interaction between the compo-

nents, MESs, as some particular cases of superpositions of spin coherent states (SSCS), may emerge periodically along

with not only time evolution but also the equidifferent change of the linear coupling strength at a particular time.
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1. Introduction

MESs are of great importance in fundamen-
tal physics as well as in applications in quantum
teleportation.! =3 The two-component atomic BEC
has manifested its outstanding advantages such as its
intrinsic nonlinearity*®! but coherently controlled lin-
earity, extremely long coherent time, initially pure and
separable states prepared, etc.~121 MESs are very
closely related to atom-macroscopic quantum super-
position states. It has been proved that the quan-
tum superposition of two macroscopically distinct co-
herent states is actually a maximally entangled state
(MES),!*3] which implies that MESs may be easily
produced by using the same schemes devised to gener-
ate some coherent superpositions of different quantum
states.[®1415] In this paper, we describe a method to
generate a SSCS with periodicity formed by a two-
component atomic BEC trapped in a single potential
well consisting of two internal states which are coupled
by a spatially uniform radiation field, then show ex-
plicitly that MESs, as some particular cases of SSCS,
may appear periodically along with not only time evo-
lution but also the equidifferent change of the linear
coupling strength at a particular time, if the linear in-
teraction is strong enough compared with the effective

nonlinear interaction between the components.

2.Model and solution
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We consider for simplicity a so-called two-model
describing the coupled two-component (A and B) con-
densate trapped in a single potential well. Its second

quantized Hamiltonian is(h = 1)[7’10716]

H =w,ata+ wpbTh
+%a+a+aa + %z}ﬂ}ﬂ}é + xatabth
+G (athel?® + &+Befi‘p(t)>, (1)

where a and b are the annihilation operators for com-

ponents A and B, respectively,

2

wi= [ @ror ()15 H Vi () (= ad)

(2)
is the single-particle energy of mode %, where V; (r) is
the trapping potential, ¢; (r) represents the conden-
sate wave function for mode 7, n; denotes the coupling
constant of two-atom collision in each atom species,
and x is the coupling constant of atomic interspecies
collisions. Finally, G and ¢ (t) describe the strength
and phase of the linear coupling between components,
respectively, which can be controlled by a driven field.

Here the phase ¢ (t) is assumed to be

) po t=0,
p(t) = 0 0. (3)
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Obviously, the adiabatic condition, i.e. d—f = 0 and

% = 0 is tenable.

dt
The analysis of Eq.(1) is greatly simplified by in-

troducing the following angular momentum operators

~ 1 ~ ~
Je =3 (a+b n b+d> ,

~ 1 ~ ~

Jy=5 (atb—b*a),

A 1 PN

J.=3 (a+a - b+b) , (4)

and the Casimir invariant

j2=g<§+1>, (5)

where N = a*a + b*b* is the total number operator,
which is a conserved quantity. Thus the Hamiltonian

may be rewritten as('6]
IA{ = wojz + quZ + G(t) <j+ei"°(t) + j_e—iap(t)> ’ (6)

with wp = wg —wp+ (N — 1) (s — M) /2, the effective
nonlinear interaction strength being ¢ = (1, + ) /2—
X, and ji = 31 + ijy.

The time evolution of the quantum state is gov-

erned by the Schrodinger equation
id/dt| W (1)) = H| (1)) (7

Considering the {j,m} subspace spanned by |m) =

|7, m) with j denoting the quantum number of angu-

lar momentum for the N-atom BEC, we have j = >
and m = {g,g +1,..., g -1, %} In this pa-
per, we choose N as an even number, that is to say, j
is an integer.

Since the two-component BEC is experimentally
created by coupling two hyperfine states with a radia-
tion field, it has been shown that the prepared initial
state can be a particular case of spin coherent states
(SCS) which is defined asl'”]

10,¢) = 2(0,9) 5,4)

1/2

£ (%) (=37

m=—j

o\ "™ ..
«(sing ) SO ), (5)

where

2 = exp[h/2 (T]_ei‘ZS - j+e_i¢>]. (9)

In order to obtain the solution of Eq.(7), we
adopt a generalized gauge transformation in terms of
the time-dependent unitary transformation/'8! which

is defined as

A~

R = exp[)/2 (j_efi“’(t) - j+ei“’(t))]. (10)

Then the time-dependent Schrodinger equation is co-

variant under the gauge transformation so that

id/dt |’ (1)) = H'| ¥ (1)), (11)
where
H' = RHR*, (12)
and
| (1)) = R(1)| ¥ (1)) (13)

For a single trap a reasonable condition is wy =0
<)\ = g) .16] With the help of time-dependent uni-

tary transformation (10), Eq.(12) can be simplified

into the form
H' =2GJ, —q/2J2, (14)

where the two-photon transition terms (proportional
to jieiiz‘p(t)) have been neglected, which is good
enough inaccuracy for the condition ¢ << G.['®l The

state (13) can be expressed as follows:

|9’ (1) = explit (~2GJ. + 272)1R (=5,0) [# (0),
(15)

where | ¥ (0)) = |0, ¢) as mentioned above.
Defining a scaled time 7 = ¢t/2 and a running

frequency
0,, =m? —em, (16)

where ¢ = 4G /gq(e >> 1), the state (15) can be rewrit-

ten as

|0 (1)) = z]: eXp[iTGm]<j_2+_jm) <c0592—°>j+m

m=—j

) jt+m o
x <sin 7“) emii=m)weo |5 5y (17)

where 0y = 0 — /2, ¢y = —¢.

We note that the state (17) differs from a conven-
tional spin coherent state (8). According to Kuang’s
idea,®19:20] some states such as generalized coherent
states, or generalized squeezed states can always be
represented as a continuous sum of entangled coher-
ent states or entangled squeezed states, respectively,

because they include a common factor e¥. Here the
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SCS also has such a feature, so the state (17) can also

be represented as a continuous sum of SCS
2m

)= [ Fe@) g -, a8)

0

where the phase function g () is given by

9 () = explithy,, —i(j —m) ¢]. (19)

Here we consider a special situation where ¢ is taken
as a value of nonzero integer that can be chosen by
determination of the strength of the linear coupling
between the components G controlled by the driven
field, and ¢ — j is an even number at some particular
M=1,2--

the phase function g(p) is a periodic function with

scaled times 7oy = 7w M /j ( -). In this case,
respect to m with a period j, what is more, the g (¢)
function is also of double periodicity with respect to
both M and e with the same period N. Then the
state (18) can become a discrete SSCS which can be

expressed as follows:

Z C |607 ©r — §00> (20)

r=1

|kpl TM

where the running phase ¢ is defined by
2mr .
$r = —— (T:1727"'7])' (21)

From Egs.(17) and (20) we can find the following equa-

tion to determine the coefficients C,.:

Zc exp{——[Me + 2mr]} =1.  (22)

r=1
Carrying out summations over m on both sides of the

above equation from 1 to j, and taking into account

j
the normalization condition ). C,.C* = 1, we obtain
r=1

the coefficients C,. given by

;zj:exp{ M6, +2mT]} (23)

1

Obviously, C,. is of period N with respect to both M
and e. Hence, the state (20) is also a periodic function.
Finally, the solution of Schrodinger equation (1)

at the time 77 can be expressed as

|9 (tan)) =B (=57 ) 19 (ran))
JZCO@ 2 e —0)

: T
+eilN<p0 0+ 55()00 (Pr>>7 (24)

which is the SSCS with a period N with respect to
both M and e.

Now we consider the case of N=8 and £=100.
With the help of the following relations:

9). =10,¢),[=3). = |m ), (25)

™ ™
=T :_7i> 26
-, = |30y =|-5.47), ()
) _‘ 0 7r>_ T 7r>
=792/ Tl T2/
T T
5= IV | T 27
-y =550 = -5-3) @D
where jl|i]>z = Jjilj);, (i==,9,2), and using

Eqgs.(16) and (23) we can obtain the results as follows:
(1) At the time 7 = /j, we may obtain ¢; = ¢35 =

3 and cg = —¢4 = 561%, resulting in the state

)= (0, +1-0,) @)

for the initial state |¥ (0)) = |j)_, i.e. @0 = g 0=
(2) At the time 7 = 27/j, ¢ = ¢3 = 0 and
1
o =ch = 2 (1 — ) are obtained, and the state
W) = =), +-0),  @9)
) =— — ,
1 \/5 I )z

for the initial state | ¥ (0)) =

and

7)., 1e. o =0,0 =0,

(¥ (n)) = —=(19). +1-3).) (30)

1
V2
for the initial state |¥ (0)) = |j), i.e. o = 0,0 = g
can be produced. These states (28-30) above are
called MESs because if one individual spin is found to
be aligned along the negative coordinate axis or the
positive coordinate axis, so are all other spins. These
states are also called Schrodinger cat states since they
all come from a coherent superposition of two macro-
scopically distinct states—one has all the population
in component A and the other in component B.["! On
the other hand, due to the periodicity of the wave
function in Eq.(24), we may expect that under the
condition ¢ << G, such MESs can be generated at
the time 7as4xn (K = 1,2,---) for different values of
e+ kN(k = 1,2,--+), that is to say, the MESs may

appear periodically not only in the process of time
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evolution, but also at a particular time along with
the equidifferent increase in the value of ¢, i.e. the
strength of the linear coupling G controlled by a driven
field, if the effective nonlinear interaction strength g
remains unchanged. This is the striking feature of this

scheme.

3. Conclusion

We have proposed a scheme to generate a peri-
odic SSCS in a two-component BEC trapped in a sin-
gle potential well under the condition of ¢ << G. As
some particular cases of SSCS, MESs may appear and
present a dual periodicity with respect to both time
and the strength of the linear interaction controlled by
driven field. This scheme provides a simple and prac-

tical way for further applications of quantum MESs.
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