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Rotation and vibration of diatomic molecule
oscillator with hyperbolic potential function
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The explicit expressions of energy eigenvalues and eigenfunctions of bound states for a three-dimensional diatomic

molecule oscillator with a hyperbolic potential function are obtained approximately by means of the hypergeometric

series method. Then for a one-dimensional system, the rigorous solutions of bound states are solved with a similar

method. The eigenfunctions of a one-dimensional diatomic molecule oscillator, expressed in terms of the Jacobi poly-

nomial, are employed as an orthonormal basis set, and the analytic expressions of matrix elements for position and

momentum operators are given in a closed form.
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1. Introduction

Molecules are far more complex in structure than
atoms, but they may be simplified by assuming the ra-
tio of nuclear mass to electron mass to be large, which
implies that the energy associated with the motion of
the nuclei is much smaller than that associated with
This

simplification is the basis of all molecular approxima-

the motion of the electrons round the nuclei.

tions. It is a good approximation to regard the nuclei
as being fixed in calculating the electronic motion.!!]

The nuclei are assumed to have a stable equilib-
rium arrangement somewhere between a completely
collapsed structure and a completely dispersed struc-
ture. The nuclear motions can then be classified into
translations and rotations of the quasi-rigid equilib-
rium arrangement and internal vibrations of the nu-
clei about equilibrium; the translational motion does
We thus ar-

rive at a classification of molecular energy levels and

not give rise to non-classical features.

wavefunctions into electronic, vibrational, and rota-
tional types. Bohn and Oppenheimer!?! have showed
formally that the electronic part of the wavefunction
does not change much as the nuclei move, so long as
not too high vibrational and rotational modes are ex-
cited.

It is clear that two distinct problems arise in con-
nection with molecular structure. Omne is to obtain
electronic wavefunctions and potential energy function
in nuclear coordinates. The other is to obtain the solu-
tion of the nuclear motion equation. The first problem
can be solved analytically only in the simplest cases.
And for solving the second problem, constructing a
suitable potential function for diatomic molecules is
very important.

For a diatomic molecule in general, if the nuclei
have masses m; and msy, and their relative position
vector r has polar coordinates r, 6, ¢, the equation

for relative motion is

[—;LNV”V(T)} U (r,0,0) =EV¥(r,0,0), (1)

mims

where p = is the reduced mass, V' (r) is the

my + meo
potential function of the diatomic molecule. It has
been found that the potential-energy function for the
lowest electronic states of actual diatomic molecules

can be represented by the Morse potential,®! i.e.
Vi (r) = D{l —exp[—a(r—ro)]}°, (2

which contains three adjustable positive parameters:

D, a, and 7. It is clear that V} (r) has a minimum
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value 0 at a point of » = ry, and approaches D expo-
nentially for large r. If — is somewhat smaller than
the equilibrium distance ro(j, Va (r) becomes large (but
not infinite) as r approaches zero. When the Morse
potential is used as a potential function for the sys-
tem of one-dimensional (1D) diatomic molecule, the
The en-

ergy eigenvalues and eigenfunctions obtained from the

Schrédinger equation is exactly solvable.

equation are not only simple in form, but also practi-
cal in calculation.

Since the Morse potential function was intro-
duced, numerous advances have been made in the field
of diatomic molecules, and extensive uses of the po-
tential function have been achieved.[!**~8] At present
the Morse potential is still one of potential func-
tions used most in molecular physics and quantum
chemistry.[®~11 However, for the Morse potential, if
the distance between two atoms approaches zero, the
interaction between the two atoms should approach
infinity, because of the Coulomb repulsive action be-
tween the atomic nuclei, as well as the Coulomb and
Pauli repulsive action among the electrons. It is obvi-
ous that, unlike the true interaction, the Morse poten-
tial is finite at » = 0, and cannot satisfy the boundary
condition. Although the boundary condition seldom
brings about a remarkable effect on bound states, it
will give rise to some difficulty in solving the collision
problems considered.

Another problem for the Morse potential is its
inaccuracy, which is due to the replacement of the
Van der Waals term by an exponential. This makes
the value of the Morse potential smaller than that
from the experiments in a region of large r. There-
fore efforts have been made to try to improve it; at
the same time, some new potential functions are also
suggested.[1:5:12-19]

In 1986, Schisbergl??! suggested a hyperbolic po-

tential function,
Vi (r) = D1 — o coth (ar)]?, (3)

where D, «, and o are the adjustable positive parame-
ters. This potential function can improve the accuracy
of Morse potential to some extent. Being similar to
the Morse potential, Vi (r) has a minimum value 0 at

the point of
1
r = rog = —arctanho, (4)
a

and approaches D exponentially for large r. Unlike
the Morse potential, the hyperbolic potential function

approaches infinity at the point of r = 0. In the region
of large r, the hyperbolic potential is closer to reality
than the Morse potential for some diatomic molecules.
It is evident that the hyperbolic potential Vy (r) is
more accurate in a way than the Morse potential.

In the present paper, we give approximate energy
eigenvalues and eigenfunctions for a three-dimensional
(3D) system, and rigorous solutions as well as ma-
trix elements of position and momentum operators
for a 1D system. We solve approximately the sta-
tionary state Schrodinger equation for a 3D diatomic
molecule oscillator with a hyperbolic potential func-
tion by means of the hypergeometric series method in
Section 2. In Section 3, we also obtain rigorous energy
eigenvalues and eigenfunctions for the 1D system us-
ing a similar method. We then employ the wavefunc-
tion, expressed in terms of the Jacobi polynomial, as
an orthogonal basis set to obtain analytic expressions
of matrix elements of the position and momentum op-

erators.
2.Approximate energy eigenval-

ues and eigenfunctions

If the potential function V (r) is replaced by
Vi (r) in Eq.(1), the stationary state Schrédinger
equation for a 3D diatomic molecule oscillator with

a hyperbolic potential function is obtained as
h2
_TV2+VH (T) W(T,Q,Q)ZEW(T,H,QD). (5)
I

As a wave equation with a spherically symmetric po-
tential, Eq.(5) can be separated in spherical coordi-

nates to give

b (r

W(T,O,(p) = %iflm (07()0)7 (6)
where Y, (0, ¢) is a spherical harmonic function with
angular momentum quantum numbers being [ and m.

We can then obtain the radial equation

h? d? & (r)

L(l+1)R?
2u  dr2

v
+ | Vu(r)+ 2502

b(r)=E®(r),
(7)

by substituting Eq.(6) into Eq.(5).
Equation (7) is the wave equation for 1D mo-
tion of a particle of mass g in a potential Vi (r) +
L1+ 1)K

2ur?
vanishes at the points of r = 0 and » — oo. If [ is not

, with the boundary condition where @ (r)

too large, we are primarily interested in vibrations of
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small amplitude about the minimum. We can then

introduce the following approximation:

I(1+1) 1(l+1 -2
ERIRIETI AP 1
T g 1 —exp(—2ar)
2
exp (—2ar)
—_— 8
e [1—exp(—2ar)} }’ (®)
where
Co=1— {1 — exp (—2(17‘0)}2
2ary

—_——3-2 9
1 —exp (—2ary) aro} ’ 9)

€y =2 [exp (20r0) — 1] {3 {

— (3+ 2amy) {I_L(_zwo)] } (10)

2arg

1 — exp (—2ary)
2ary

1— exp (—2arg)]?
2arg

4argy
1 — exp (—2ary)

Cy = [exp (2ary) — 1)° [

X [3 + 2arg — (11)
and higher-order terms are neglected. In fact, Eq.(8)

is the approximate expansion of the centrifugal po-

1(+1)

r2

tential
VH (’I")
Inserting Eqgs.(3) and (9) into Eq.(8) and letting

nearby r = rg, the minimum point of

z = exp (—2ar) (12)

yields the following equation:

2 d?® (2) n Zd¢ (2)

dz2 dz

z 1 z 1\’
K2+Q:+ <521> <1_Z> ] P (z) =0,
where @ (z) = @ (r), and

uD 2 L(+1) uE
K = 1-— Co — 14
\/2a2h2 (1=o)"+ 4ar? 0 (14)

20212
_ 2uD I(1+1)
Q= —a2h20(1 —o0)+ ta?r2 Ch, (15)
2uD I(l+1) 1
S = 2 Cy + —. 16
\/a2h20 + 40272 ? + 4 (16)

Here we select a trial solution

B (z) =25 (1-2)"2Q(2), (17)

and insert it into Eq.(13), and we have

z2(1—2)° d (;22(2)
F[2K +1)—2(K +1+8)2] dgiz)

—~ [(2K+ 1) <S+ %) +Q] 2(z)=0. (18)

Equation (18) is a hypergeometric equation of variable

z. The solutions of the equation can be expressed as
2 (2) = F(a,b,c; 2) (19)

and
2(2)=2KFa—c+1,b—c+1,2¢2z), (20)

where F (a,b,c;z) is a hypergeometric function, and

1 1
a—K+S+§—\/K2+SQ—Q—Z, (21)

1 1
b:K+S+§+\/K2+SQ—Q—Z, (22)
c=2K +1. (23)

Considering the boundary condition where the wave-
function is finite as 7 — oo, we must give up % (z),
and select {21 (z) as the solution of Eq.(18). On the
other hand, it is found that it is necessary to obtain a
polynomial solution in order to satisfy another bound-
ary condition where the wavefunction is finite as r = 0,

1.e.

1 1
a=-n, n:0,1,2,---,§\/SZ—Q—Z—S—Q

(24)
Hence, we can obtain solutions of Eq.(19) satisfying
the boundary conditions, i. e.

‘Q(Z) = F(—n,b,c; Z)a (25)

where F'(—n,b,c; z) is in fact the nth degree Jacobi

polynomial, i.e.
F(—n,b,c;z) = 27 /
j=0
and
(b)j:b(b+1)(b+2)---(b+j71). (27)
The energy eigenvalues can then be given by Eqgs.(22)
and (25) as follows:
a?h?

2p

1(1+1)R?
2;”'(2]

0 —

E,=D(1—-0)’+

X

1 1\21°
, (28)

1
S —
+n+2
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and the corresponding eigenfunctions can be obtained

as follows:
v, (r,6,0)
:EK (1— 255 F(=n,b,¢;2) Vi (6, ), (29)
where
o o+ e
(30)

3. Rigorous solutions and matrix

elements for 1D system

The motion of a diatomic molecule oscillator with
a 1D hyperbolic potential function can be described by

the following stationary state Schrodinger equation:

K2 d2

Tz TVa@ Y@ =evl@), (1)

where

2

Vi () = D[1 — o coth (az)]”. (32)

By comparing with Eq.(7), we can easily obtain rigor-

ous energy eigenvalues from Eq.(28), i.e.

2h2
en=D(1-0)" -2
2p
2
omio (o)
s“—qg—=—\|s+n+ =
4 2
x - . (33)
s+n+ -

2

and corresponding eigenfunctions from Egs.(17) and

(25), i.e.

b (2) = Ny (1= y)* "2 F(=n, 8,7;y), (34)

where n = 0,1,2,---,< /82 —q— Z_S_ﬁ’N" are
normalization constants, and

y = exp (~2az), (35)

1 1
ﬂ:k+s+§+ k2+s2—q—1, (36)
v=2k+1, (37)

2uD

q:7a2h20(1_0-)’ (38)

_ [2pD , 1

/'LD 2 HEn
202h? ( ) 20212 (40)

Here it should be noted that the eigenfunctions (34)

can be normalized, the normalization constants are

N, :{ 20(y =) (M, I (B+7+1) 1/2
B -r+n+1)(B), T (T (B-y+1) .

As is well-known, the quantum-dynamical vari-

ables do not obey the commutative law of multiplica-
tion. It is convenient to represent such noncommuta-
tive dynamical variables, which are called operators,
as matrices. Matrix theory provides a very flexible
representation scheme, since there exist an arbitrarily
large number of ways of choosing rows and columns of
a matrix, all of which are of equal validity.

Diagonal matrix elements of an operator that is
in a diagonal form are just eigenvalues of the operator.
If the operator is not in a diagonal form, the diago-
nal matrix elements are expectation values of opera-
tors for states that are normalized, and off-diagonal
matrix elements are related to probabilities for tran-
sitions between pairs of states.

The eigenfunctions of a 1D diatomic molecule
with the hyperbolical potential functions, expressed in
terms of the Jacobi polynomial, can be employed as an
orthonormal basis set in the theory of rotation and vi-
bration for the polyatomic molecules. Therefore, the
analytic expressions for matrix elements of common
operators can be calculated in a closed form.?!

From Eq.(35) the position operator can be writ-
ten as

= 1 Iny. (42)
2

We can also obtain the following relationship:

; (43)

if we use the method introduced by Sage.??] Generally

we have

l
1\ o
AU o A
v < 2a> Y

We then obtain the matrix elements of position oper-

, 1=1,2,3,---. (44)
A=0

ator

it = ()

where

[ )| (45)

A=0
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(ml o' ny = / " o () 1 o (2)d

m_ n (—m)i(—n)j(ﬂ)i(ﬁ)jf[ﬁ—%(m+n)—25+i+j+A—1}r(25+2)

NNy,
~ e X i " -
i=03=0 iljl(B—m—2S),(B-n—28);I ﬁ—g(m+n)+z+1+)\+1
by means of Eq.(26) and the properties of B- Then we can obtain the matrix element of momentum
function.?] operator
In the way similar to Eq.(42), the momentum op- d
erator can be expressed as (m|p|n) = 2aih (m)| Y In), (48)
Y
. ., d ., od
p= *lha = 2a1hy@ (47) Where
(mly < )
m|y— |n
ydy
h d
— [ @ g )da
0 Y
L 1 L
NN (n —m+2j —2i) (—m), (—n); (B), (B); I [ﬂ— 5(m—|—n)_25+z+]—1} Ir2s+2)
m n
- 8a Z Z s 1 L  (49)
i=0 j=0 (B —m—25),(B—n—-2S),I" |B— §(m+n)+z+]—}—1
which is similar to the calculation of position matrix elements.
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