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By means of a Painlevé—Béacklund transformation and a multi-linear separation-of-variable approach, abundant

localized coherent excitations of a modified Broer—Kaup system are derived. There appear possible phase shifts for the

interactions of the (2+1)-dimensional novel localized structures, which are discussed in this paper.
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1. Introduction

Modern soliton theory is widely applied in al-
most all of the physics fields, such as fluid mechan-
ics, plasma physics, nonlinear optics, condensed mat-
ter physics, etc.[] Particularly, some localized coher-
ent theories of (2+1)-dimensional soliton systems have
proved to be of considerable interest. For instance, a
discovery, via the Backlund transformation by Boiti
et al,l?l of dromion type of coherent solutions of the
Daver—Stewartson I system aroused renewed interest
in (241)-dimensional soliton systems. In the recent
decade, the main effort to study higher-dimensional
physical models has focused on single valued local-
ized excitations, such as solitoffs, dromions, rings,
lumps, breathers, instantons, peakons, compactons,
localized chaotic and fractal patterns, etc.>~8 How-
ever, in reality there are various complicated phenom-
ena like the ordinary bubbles on a fluid surface, which
are folded in a simple way but they cannot be de-
scribed by the single valued functions obviously, nei-
ther can the various types of ocean waves. In Refs.
[9,10], some multi-valued localized excitations were
introduced to describe the folded solitary wave and
define a new type of soliton, i.e. foldon, if the inter-

action between the folded solitary waves (FSWs) is

fully elastic. Actually, the simple foldons in lower di-
mensions can be equivalently called the loop solitons
which can be found in many (1+1)-dimensional in-
tegrable models'>12 and have been applied in some
physical branches like the quantum theory, string the-
ory and particle physics.['3~16] However, beyond these
lower-dimensional foldons, we know little about some
foldons in higher dimensions.

Inspired by the foldon phenomena, we focus on
the interaction between two FSWs for the (2+1)-
dimensional modified Broer-Kaup system (mBKs)
where exists the elastic or nonelastic behaviour.

For the (2+41)-dimensional modified Broer-Kaup
system (mBKs),'”! we have

(Hi — Hyy +2HH,)y + Gy + G, =0, (1)

Gi+2(GH) 4+ Goo+4a(Gy — Hyy) +B(G—2H,) = 0,

(2)
where a, (3 are arbitrary constants. Zhang et all'8]
first extended the (141)-dimensional Broer—Kaup
(BK) system!!9:2]

1
Ut = Uy + Vg — Euzza (3)

1
vy = (uv), + Evm, (4)
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to a new (2+1)-dimensional nonlinear evolution equa-
tion (which is called (2+1)-dimensional generalized

Broer-Kaup system)

hi — hgy + 2hhy +uy + Au+ Bg = 0, (5)

+4B(gy — hyy) + C(g — 2hy) =0, (6)

Uy — Gz = 0, (7)
by means of the Painlevé analysis, and gave some ex-
act particular solutions of Eqs.(5)—(7) by using the
truncated Painlevé expansion; Huang et all'” then
derived the mBKs through differentiating Eq.(5) with
respect to the variable y once and substituting Eq.(7)
into Eq.(5) (A = o, B = 0,C = B,h = H,g = G),
and applied the proposed variable-coefficient projec-
tive Riccati equation method to finding many exact
soliton-like solutions for it. However, to the best of our
knowledge, the abundant localized coherent structures
for the (2+1)-dimensional mBKs, especially its multi-
valued (folded) localized excitations were not reported
in the preceding literature.

The present paper falls into four parts. In
Sec.2, after using the extended homogeneous balance
method, both Bécklund transformation and rather a
general separation-of-variable solution of the (2+41)-
dimensional mBK system are found. In Sec.3, several
interactions of elastic and nonelastic behaviours be-
tween two FSWs are discussed. Finally, the section 4

contains a short summary of the results.

2.Separation-of-variable excita-
tions for the (2+1)-dimensional
mBKs

Now we apply the separation-of-variable approach
to Egs.(1) and (2).

Firstly, we apply the following Painlevé-Backlund
transformation to H, G in Egs.(1) and (2)

H=Y Hjf/~™, G=Y Gif™™, (8
j=0 j=0

where H,, and G,, are the arbitrary seed solutions
of the (2+1)-dimensional mBks. By using the leading

term analysis, we obtain
a1 = ].7 g = 2. (9)

Substituting Egs.(8) and (9) directly into Egs.(1) and
(2) and considering the fact that the functions Hy and

G are the seed solutions of the original model, yield

3 3
Y oPuft=0, Y Puftt=0, (10)
=0 =0

where Pj; and Py; are the functions of {H;,Gj, f}
and their derivatives. Due to the complexity of the
expressions of Pj; and Ps;, we neglect their concrete
forms. Eliminating the leading and sub-leading terms
in Eq.(10), the functions {H;,G;,j < 2} are deter-
mined. Inserting all results into Eq.(8) and rewriting
its form, the Painlevé—Backlund transformation be-

comes the following form:

H=I(fle+H, G=In(fay+Gs  (11)

For the convenience of discussion, we choose the seed

solutions H; and G5 as
H, = Ho(CE,t), Gz = 0> (12)

where Hg(z,t) is an arbitrary function of indicated
arguments.

Now substituting Eq.(11) with the seed solutions
(12) into Egs.(1) and (2) yields an identical trilinear

equation of f under the above transformation,

(fozay + 20fzay + foyt + 2Ho foay + 2Hog foy)

— (20 fanfy + 40 fo oy + Foyfr

+ fofoay + fotfy + fofyt + fozafy + foofay

+ 2fofyHow + 2Ho fou fy + 4Ho fofuy) f

+ 2fonfufy + A f2fy + AHo f2f, + 2f0 fyfr = O.
(13)

Secondly, after obtaining the trilinear equation
of the original system, we select an appropriate hy-
pothesis for separating the variables in the function
f. From among available models, we choose a mod-
ifying Horita’s multi-soliton form. For instance, we
often take f as an ansatz for some significant physical

models[21—23]

f(z,y,t) =ao + ar1p(z, t) + azq(y, t)
+ a3p(977t)CI(y:t)a (14)

where the separation-of-variable functions p = p(,t)
and ¢ = q(y,t) are only the functions of (z,t) and
(y,t) respectively; ag, aj, as and as are arbitrary
constants. When p and ¢ are set as exponential func-

tions, Eq.(14) is just the Hirota’s two-soliton form.
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Inserting the ansatz (14) into Eq.(13) and car-
rying out some tedious calculations carefully, we ob-
tain the following simple equations with variables sep-
arated:

Pt + 205 + Do + 2Hops + co(az + agp) =0, (15)

gt = co(ar + asq), (16)
where ¢g = ¢(t) is an arbitrary function of time ¢.
Obviously, Eq.(16) has the solution

_ %;J)(ef ascodt _ g}, (17)

where ef ascodt _ o # 0 and Q(y) is an arbitrary func-
tion of y. Although it is not easy to obtain a general
solution of Eq.(15) for any fixed Hp, we can treat the
problem in an alternative way. Since Hy is an ar-
bitrary seed solution, we can view p as an arbitrary
function of x and t, the seed solution Hy can be fixed
by Eq.(15), which reads

Ho = 5= [pi + 200+ poa + ooz + asp))- - (19)

Finally, substituting Eq.(14) with the seed solu-
tion (18) into Eq.(11), we obtain quite a general exci-
tation of the (241)-dimensional mBKs

_ (al + GSQ)PI
ag + a1p + azq + aspq

1
- g[m + 20p; + Pax + coaz + asp)], (19)

2(apasz — a1a2)paqy
(a0 + a1p + azq + azpq)?’

where p is an arbitrary function of x and ¢, ¢ is de-

G = (20)

termined by Eq.(17). It is interesting to mention that
performed slightly by scalar transformation, the ex-
pression (20) can be valid for many (2+1)-dimensional
soliton models, such as the Davey—Stewartson (DS)
equation, the asymmetric DS (ADS) equation, the
Nizhnik—Novikov—Veselov (NNV) equation, the asym-
metric NNV (ANNV) equation, the Burgers equa-
tion, the Breaking soliton system, the Ablowitz—
Kaup—Newell-Segur (AKNS) system, the generalized
AKNS (GAKNS) system, the generalized nonlinear
Schrodinger (GNLS) equation, the dispersive long
wave (DLW) equation, and so on.!?4~27] Therefore, we
refer to the expression (20) as a common field quan-
tity.
In fact, we can expand the ansatz (14) into

F(z,y,t) = ap + Zaipi(m’t)%’(yvt)v (21)

i=1

where L is an arbitrary integer constant, ag, ay,---,ar,
are arbitrary constants and the separation-of-variable
functions p; = p;(z,t) and ¢; = ¢i(y,t)(: =1,2,---, L)
are only the functions of (z,t) and (y,t) respectively.
When we take L = 3, ¢ = p2 = 1, the above function
F(z,y,t) is just the same as the function f(z,y,t) in
Eq.(14).

Substituting the ansatz (21) into Eq.(13), we ob-

tain

2pim

Hy =

)

g = Qiy)el O (i=1,2,... L), (22)

where ¢(t) is an arbitrary function of ¢ and Q;(y)(i =
1,2,---,L) are arbitrary functions of y. In this way,
we obtain the separation-of-variable solution of the

(241)-dimensional mBKs as follows:

L
Zizl A;Pixqi

H = H
Flay,t) "
1 L
G=—"r—s i i
F@%w<;a%“
L
+ ) ajpj(qiyqj—qiqjy))mx>- (23)
=L

In the above solutions, the functions F(z,y,t), Ho and
qi(i = 1,2,---,L) are expressed by the expressions
(21) and (22) respectively; p;(¢ = 1,2,---,L) are ar-
bitrary functions of (z,t).

3. Some novel localized structures
for the (2+1)-dimensional
mBKs

In this section, we discuss some novel localized
structures for the field G expressed by the expression
(20).

or the function ¢ is included in the expression (20),

As the arbitrariness of either the function p

the field G may obviously extend to several different
types of structures, such as the multi-soliton solutions,
multi-dromion and dromion lattices solutions, multi-
ple ring soliton solutions, breathers, instantons, os-
cillating solitons, peakons, compactons, chaotic and
fractal localized solutions. For instance, a dromion so-
lution which is localized in all directions can be driven
by multiple straight-line and straight-line ghost soli-
tons. When the functions p and ¢ are simply chosen

as

p= exp(K;z + L;t + xo;),

on

Il
-

(2
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N
g=1+> exp(ky + yo:),

i=1
where K;, L;, k;, xo; and yo; are arbitrary constants
and M and N are positive integers, we can obtain
a particular multi-dromion solution for the field G.
Meanwhile, when functions p and g are considered to
be some piecewise smooth functions, we can derive

some multi-peakon excitations for the field G. For

example,
i xi(z + kt), x+ kt <0,
p =
o1 | il (= + k)] +2x:(0), =+ kt >0,
io1 | —vi(—y) +2¢:(0), y>0,

where the functions y;(z + kt) = x(£) and ¥;(y) are
the differentiable functions of the indicated arguments

and possess the boundary conditions
XZ(Z*:OO) = Aii: (7’ = 1525 o 7M)7

¢z(ioo) :Bih (Z: 1727"'7N)

with A4; and B4; being constants and/or even infin-
ity.

In order to construct kinds of interesting folded
localized excitations and/or foldons for the field
G, we should introduce some suitable multi-valued

functions.[?8! For example,

My
P =) Pi(E +cjt),
j=1

r=E+) X;(E+ct), (24)

where P; and X; are localized excitations with prop-
erties Pj(£o0) = 0, X;(+o0) =const. From Eq.(24),
one knows that £ may be a multi-valued function in
some suitable regions of = by selecting the functions
X; appropriately. Therefore, the function p,, which is
obviously an interaction solution of M; localized ex-
citations since the property & |;— 00— 00, may be a

multi-valued function of x in these areas though it is

a single-valued function of £. Actually, most of the
known multi-loop solutions are the particular situa-
tions of Eq.(24). Similarly, we also treat the function
q(y,t) in this way

Ny
9 =Y Qi(n+wjt),
j=1

N2
y=n+Y Yi(n+uwt). (25)

j=1
Generally speaking, if the functions p and ¢ are
taken as multiple localized excitations that possess
the phase shifts of (141)-dimensional models then the
(2+1)-dimensional localized excitations involving the
expression (20) inherit phase shift structures. For ex-

ample, when setting

pe = 0.8sech®¢ + 0.5sech? (¢ — 0.25t),
z=¢ — 1.5tanh¢ — 1.5tanh(€ — 0.25¢);  (26)

qy = sech’n, y=n— 2tanhn+ tanh®7,

(ap =20,a1 = az = a3z = 1), (27)

we can obtain folded localized excitations that possess
phase shifts. Some interesting structures are depicted
in Fig.1-Fig.3. From Fig.1, one can find that the in-
teraction between the two folded localized structures
is fully elastic since the velocity of one of the local-
ized structures has set to be zero and there are still
phase shifts for the two localized structures. To see
more carefully, one can easily find that the position
located by the large static localized structure moves
from about £ = —1.5 to x = 1.5 and its shape is com-
pletely preserved after interaction.

Figure 2 is another interesting type of two folded
localized excitations that inherit phase shift structures

if we take

pe = 0.8sech®€ + 0.5sech? (€ — 0.25t),
xz=¢ — 1.5tanh{ — 1.5tanh(€ — 0.25¢); (28)

gy =€”", y=n—2tanhn, (29)

and ag = 20,a; = as = a3z = 1.
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Fig.1. The evolution of the interaction between two folded localized structures for the field G expressed by
Eq.(20) with conditions (26) and (27) at different times (a) t = —18, (b) t = 12, (c) t = 18.

e :::

A
7
X X
X0
o
‘0

g

=
"

7
S

o
Y o 0 e
RSSO ITo>
SIS
‘\\\\‘:\’\:3’
s

7
&
L
. ?
"

3 RO
Ko
RS s e raeias
2

o QOO
NS e 23
s
2 TSI
S

7
7

1L
7

e

2

A

i

Fig.2. The evolution of the interaction between two folded localized structures for the field G expressed by
Eq.(20) with conditions (28) and (29) at different times (a) t = —18, (b) t = 12, (c) t = 18.
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Along with the above ideas, however, we find
that the interaction between folded localized struc-
tures may exhibit another novel property, which is not
fully elastic for their shapes are not completely pre-
served after interaction. In order to clarify this phe-

nomena more clearly and visually, a simple example

SR

N

=N
R
pets

XS

Mo

o
i

is depicted in Fig.3 when

po = 10sech®(¢ — t) + 12sech’,

x=¢—1.15tanh & — 1.15tanh(§ — ¢);  (30)

qy = 25ech277, y=mn—1.15 tanhn, (31)

and ag = 30,a; = as = a3z = 1.

Fig.3. The evolution of the interaction between two folded localized structures for the field G expressed by
Eq.(20) with conditions (30) and (31) at different times (a) t = —4, (b) t = 2.2, (c) t = 6.5.

4. Summary and discussion

Painlevé-
the multi-
separation-of-variable approach, the (2+1)-

with the help of the
Backlund transformation and using

In summary,

linear
dimensional mBK system is solved. A general expres-
sion of excitation which includes two functions with
variables separated for the (241)-dimensional mBK
system is derived. Based on the general excitations
with variables separated , various types of localized
coherent soliton structures, such as multi-dromion,
multi-ring, multi-lump solutions, breathers, instan-
tons, peakons, chaotic and fractal soliton solutions,

etc. can be constructed by selecting appropriate ar-

bitrary functions. Furthermore, some possible phase
shifts for the interactions of the (2+41)-dimensional
localized structures are investigated. To our knowl-
edge, the general localized excitations, especially the
folded structures, for the (241)-dimensional mBK sys-
tem have not reported yet in the previous literature.
Due to the wide applications of the soliton theory in
reality, it is worthy to learn more about the localized

excitations and their applications.

Acknowledgment

The authors would like to thank Professor C. L.

Zheng for fruitful discussions and helpful suggestions.

References

[1] Lou S'Y 1998 Phys. Rev. Lett. 80 5027

[2] Boiti M, Leon J, Martina L and Pempinelli F 1988 Phys.
Lett. A 102 432

[3] Tang X Y, Lou S Y and Zhang Y 2002 Phys. Rev. E 66
46601

[4] Lou S Y, Chen C L and Tang X Y 2002 J. Math. Phys.
43 4078

[5] Zhang J F, Guo G P and Wu F M 2002 Chin. Phys. 11
533

[6] Zhang J F, Huang W H and Zheng C L 2002 Acta Phys.
Sin. 51 2676 (in Chinese)



No. 12

Interaction between two folded solitary waves for a...

2401

[7]
(8]

[9]
(10]

Zhu J M, Ma Z Y and Zheng C L 2004 Acta Phys. Sin.
53 3248 (in Chinese)

Zheng C L, Chen L Q and Zhang J F 2004 Chin. Phys.
13 592

Tang X Y and Lou S Y 2003 J. Math. Phys. 44 4040
Zheng C L, Zhang J F and Chen L Q 2003 Commun.
Theor. Phys. 40 385

Vakhnenko V O 1992 J. Phys. A: Math. Gen. 25 4181
Morrison A J, Parkes E J and Vakhnenko V O 1999 Non-
linearity 12 1427

Matsutani S 1995 Mod. Phys. Lett. A 10 717

Schleif M and Wunsch R 1998 Eur. Phys. J. A 1 171
Kakuhata H and Konno K 1999 J. Phys. Soc. Jpn. 68 757
Matsutani S 2000 J. Geom. Phys. 43 146

Huang D J and Zhang H Q 2004 Chaos, Solitons & Frac-
tals 23 601

Zhang S L, Wu B and Lou S'Y 2002 Phys. Lett. A 300 40

NV =
=S o

Broer L J F 1975 Appl. Sci. Res. 31 377

Kaup D J 1975 Prog. Theor. Phys. 54 396

Ablowitz M J, Kaup D J, Newell A C et al 1973 Phys.
Rev. Lett. 30 1262

Lou S Y and Hu X B 1997 J. Math. Phys. 38 6401

Ma Z Y, Zhu J M and Zheng C L 2004 Chin. Phys. 13
1382

Ruan H Y and Chen Y X 2003 Acta Phys. Sin. 52 1313
(in Chinese)

Zheng C L, Zhang J F, Wu F M et al 2003 Chin. Phys.
12 472

Zheng C L, Zhang J F, Sheng Z M et al 2003 Chin. Phys.
12 11

Xu C Z and Zhang J F 2004 Acta Phys. Sin. 53 2407 (in
Chinese)

Lou S'Y 2003 J. Phys. A: Math. Gen. 36 3877



