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A differential equation of first order can be expressed by the equation of motion of a mechanical system. In

this paper, three methods of analytical mechanics, i.e. the Hamilton—Noether method, the Lagrange—Noether method

and the Poisson method, are given to solve a differential equation of first order, of which the way may be called the

mechanical methodology in mathematics.
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1. Introduction

There are some classical methods of solving a dif-
ferential equation of first order, such as the separation-
of-variable method, the homogeneous equation, the
linear equation, the Jacobi equation and the Riccati
equation, etc.!=%! In order to find the integrals of the
differential equations of mechanical systems, a com-
plete set of special integral theories and methods have
been developed in analytical mechanics, such as the
method of reduction of order, the canonical trans-
formation, the Poisson method, the Hamilton—Jacobi
method,[®7 the field method,®?! etc.

Since Noether in 1918 revealed the inherent rela-
tion between symmetry and conserved quantity, the
methods of finding the conserved quantities of me-
chanical systems by using the Noether theory have
developed rapidly.[*0=20] In this paper, three of the in-
tegral methods in analytical mechanics are introduced

to solve a general differential equation of first order.
2.Hamilton—Noether method

Consider a differential equation of first order

dy _ g(z,y)
&~ floy)’ @)

where f and g are continuous functions of x and v,

and f(z,y) #0.

For Eq.(1), introduce an intermediate variable ¢
such that

&= f(z,y),
(2)
y=g(z,y),
where q 4
_ 4z 9
=5 VT q (3)

Tt is easy to see that solutions of Eqgs.(2) must be those
of Eq.(1).

In the following, we use the Hamilton—Noether
method to partly transform Egs.(2) into Hamilton’s
equations of a mechanical system, and then find its
conserved quantity by using the Noether theory.

Firstly, partly transform Egs.(2) into Hamilton’s
equations of a mechanical system. Setting

g==z, p=y, (4)

and taking the Hamiltonian and generalized force as
follows:

1

H =p/ f(g, Tp)dr,
0

5

Q=T+ gla.p) K

= ey 9\4q,p),

respectively, Eqgs.(2) can be expressed as

. O0H ) O0H
Q—a—pa p——a—q+Q~ (6)
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This is the Hamilton system with a nonconservative
force.

Secondly, find the conserved quantity of the sys-
tem (6) by using the Noether theory. The Noether
identity yields!*1-12]

) 9 ) .
b St o€ Héa+ Q€ ~d6o) + O =0, (1)

where & = &o(t,q,p) and £ = £(t,q,p) are infinites-
imal generators, Gy = Gn(t,q,p) is the gauge func-
tion. The Noether theory shows that if the expression
(7) has a solution, then the system (6) has the follow-
ing Noether conserved quantity:

Iy =p§ — H¢ + Gn = const. (8)

Finally, we rewrite the expression (8) in coordi-
nates z and y. Then the solution of Egs.(2) can be
obtained. It is also a solution of Eq.(1).

3. Lagrange—Noether method

Here we use the Lagrange—Noether method to
partly transform Egs.(2) into the Lagrange equation
of a mechanical system, and then find its conserved
quantity by using the Noether theory.

Firstly, express Egs.(2) as a Lagrange system.
Suppose that y can be solved from the first equation

of Egs.(2), and written as
y = hz,#). )

Substituting the expression (9) into the second equa-

tion of Egs.(2), we obtain

Oh ., Oh ., .
e + 555 = g(z, h(z, ).

Suppose that & can be solved, and written as

i = F(,), (10)
where
ah
. g .
F(a,3) = 5 — 925, (11)
oz oz

Equation (10) can be regarded as a holonomic me-
chanical system with one degree of freedom, and its
Lagrangian and generalized force are
1 dv
L= —$.2—V(I), Q:F($,$)+—, (12)
2 dx
respectively, where V(z) is an arbitrary smooth po-

tential function.

Secondly, find the conserved quantity of the sys-
tem (12) by using the Noether theory. The Noether

identity gives!7—19]

Léy+a(é — i) — d_Zgw(g — i)+ Gy =0, (13)

where & = &o(t,z,2) and £ = £(¢, z, %) are infinites-
imal generators, Gy = Gn(t,z,2) is the gauge func-
tion. If the expression (13) has a solution, then, ac-
cording to the Noether theorem, the Noether con-

served quantity can be found as follows:

oL
In = L& + a(f — 2€o) + GN = const. (14)

Finally, replacing the & appearing in the expres-
sion (14) by the first equation of Egs.(2) yields the
integral of Egs.(2).

4. Poisson method

We employ the Poisson method to transform
Egs.(2) into the form of Lie or Lie-admissible alge-
bra, and then find its integral by using the generalized
Poisson condition.

Transforming Eqs.(2) into the form of Lie-
admissible algebra and setting

1 _ 2
a =gq, a =p,

Equations (6) can be expressed asl20,21]

oH
- S =0

dav (/j,,l/ = 152)) (15)

where

=0 ) (o

System (15) has an integral I if and only if

0
9 ) (16)

da?

ol
— +JToH=0 17
5 T 1o ) (17)
where a1 SH
IoH D o (18)

Then it turns to solving the partial differential equa-
tion (17) to find the integral of Eqgs.(2).

5. Illustrative example

In the following, an example is given to illustrate
the application of the methods.
Solve the Bernoulli equation

dy 2 1
—Z 4y = /2, 19
e —dy=ay (19)
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Firstly, apply the Hamilton—-Noether method in
this example. Introducing an intermediate variable ¢,

Eq.(19) can be expressed as
i=x, y=4y+ z2y'/% (20)
Setting ¢ = z and p = y, the expression (5) gives
1
H =p / qdT = py,
0
0H
Q=——+4p+4°p'/%
9q
The Noether identity (7) yields

p€ + (4p + ¢*p"/?)(€ — d&o) — plao + d&) + Gn = 0.

It has the following solution:

1 i 1 1
=0, £=5p 122, GN=5p1/2q 2—5lnq~

The Noether conserved quantity expression (8) gives

/2 —2

1
In =pt/%qg 2 - 5lnq = const.

Rewriting the above expression in coordinates z and

Y, we have
1
Iy =y'%272 - 5 Inz = const. (21)

Secondly, apply the Lagrange—Noether method in

this example. Eliminating = from Eqgs.(20), we obtain

. S
=49+ 5y g% — 8y. (22)

It can be transformed into a holonomic nonconserva-

tive system; its Lagrangian and generalized force are

1. o1
L =29 -4y, Q=49+ 3y Y9,

2
respectively. The Noether identity (13) gives
L&y + §(€ — 9éo) — 8y¢
+ <4y + ;ylzf) (€ — 9€o) + Gn = 0.
It has a solution
f0=0, €= iy~ 1y,
Gx =gy —4y) " — in [y~ )
P - )

The Noether conserved quantity expression (14) yields

. 1 172,
In =y(y — 4y) 1- 1 In {y 1/2(y — 4y)} = const.
(23)

Substituting the second equation of Egs.(20) into the

above expression, we obtain
12,-2 1
In=y/"2™* — §lnm:const. (24)

Finally, apply the Poisson method in this exam-
ple. Setting

) a - y’
the generalized Poisson condition (17) gives

or ~or , oI 2 12 2v1/2] _
8t+8a1a +3a2 [4a + (a*)*(a®) ]—0.

It is equivalent to the following equation:

dt da! _ da?
1 ol 4a2+(a1)2(a2)1/2’

from which we obtain
dal = aldt, da? = {4(12 + (a1)2(a2)1/2} dt.

Then we have

- o+ fa ] aa

" %(al)”(az)*l“da?
= o) @+ )

+ %(a1)72(a2)71/2 [4a2 n (a1)2(az)1/2} dt
=0.

Integrating the above expression, we obtain
12/ 2y1/2 L 1
(a’)*(a*)"/* - 3 Ina" = const. (25)

Rewriting the above expression in coordinates = and

y, we have

1
Y22 — 3 Inz = const. (26)

6. Summary

The classical analytical mechanics, which once
was a branch of applied mathematics, needs to use a
lot of mathematical methods. On the contrary, some
results of analytical mechanics can be applied in math-
ematics. This paper shows how to use three methods
of analytical mechanics to solve a differential equation

of first order.
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