Vol 14 No 12, December 2005
1009-1963/2005/14(12)/2387-04

Chinese Physics

© 2005 Chin. Phys. Soc.
and IOP Publishing Ltd

The homotopic mapping method for sea—air

oscillator model of interdecadal
climate fluctuations’

Mo Jia-Qi(Z5 )P, Lin Yi-Hua(k—%)°), and Wang Hui(F£ #)Y

a) Anhui Normal University, Wuhu 241000, China
b) Division of Computation Science, E-Institutes of Shanghai Universities at SJTU, Shanghai 200240, China
)LASG, Institute of Atmospheric Physics, Chinese Academy of Sciences, Beijing 100029, China

d) Chinese Academy of Meteorological Sciences, Beijing 100081, China

(Received 25 June 2005; revised manuscript received 10 August 2005)

The El Nino/La Nifia Southern Oscillation (ENSO) is an interannual phenomenon involved in the tropical Pacific

ocean—atmosphere interactions. In this paper, a coupled system of sea—air oscillator model is studied. The aim is to

create an asymptotic solving method of nonlinear equation for the ENSO model. And based on a class of oscillators

of ENSO model, employing the method of homotopic mapping, the approximate solution of corresponding problem is

studied. It is proven from the results that the homotopic method can be used for analysing the sea surface temperature

anomaly in the equatorial eastern Pacific and the thermocline depth anomaly of the atmosphere—ocean oscillation for

ENSO model.
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1. Introduction

The El Nifio Southern Oscillation (ENSO) is
an interannual phenomenon involved in the tropi-
cal Pacific ocean—atmosphere interactions. The phe-
nomenon of the ENSO is a very attractive object of
study in international academic circles.!=7) Mo and
Lin et al also considered a class of problems in atmo-
spheric physics, ocean weather, dynamic system and
so on.5=26] Superimposed on this natural mode of the
coupled ocean—atmosphere system is the interdecadal
fluctuation that contributes to the irregularity of the
Southern Oscillation. In the eastern equatorial trop-
ical Pacific a shoaling of subsurface isotherms signals
the end of El Nino and the return of colder surface
waters. The oscillatory nature of ENSO requires both
positive and negative ocean—atmosphere feedbacks.
This anomaly reduces the zonal sea surface temper-
ature (SST) gradient and hence the strength of the

southern oscillation circulation, resulting in weaker

The weaker trade

winds in turn drive the ocean circulation and changes

trade winds around the equator.

that reinforce SST anomaly. This positive ocean—
atmosphere feedback or coupled ocean—atmosphere in-
stability leads the equatorial Pacific to a never-ending

warm state.

Recently, many scholars have investigated the
nonlinear problem.27—33 Approximate methods have
been developed and refined, including the method of
averaging, boundary layer method, matched asymp-
totic expansion method and multiple scales method.
In this paper we study a sea—air oscillator model us-
ing a simple and valid method for homotopic mapping

theory.
2.Sea—air oscillator model
The response of the atmosphere to the warming

in the tropics involves an intensification of the extra-

tropical westerly, leading to colder surface waters in
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extratropical regions that happen to be windows to
the equatorial thermocline. It implies a continual in-
terdecadal climate fluctuation with a period which it
takes for water parcels to travel from the extratropics
to the equator.

Now we consider the coupled system for a sea—air

oscillator model of interdecadal climate fluctuations: (2!
dT
d—tl :a'y(Tg —T1)+A1T2 —STf—i—Q*, (1)
dT:
d_t2 = —(To—T1)—8(To =Ty (t—d))+ AT —eT5, (2)

where Tj is the extratropical temperature at an ap-
proximate region 25°N to 50°N (and 25°S to 50°S),
T5 is the tropical temperature at an approximate re-
gion 20°S to 20°N, « is the fraction of poleward atmo-
spheric heat transport, Ay is a negative constant, A5 is
a feedback parameter, «y, §, € are positive constants,
d is the delay time and Q* represents the stochas-
tic forcing from weather systems unrelated to tropical

temperature variations. In this paper, we assume that
Q*=0.
3. Homotopic mapping
Introducing a set of homotopic mapping/®*
H;(Ty,To,p): X xY xI—R,i=1,2:
Hy(T1,T>,p) =L1(T1,T>) — L1 (u1, us)
+ p(L1(u1, uz) + (1)), (3)
Hz(Tl,Tz,P) =L2(T1,T2) - Lz(ul,uz)
+ p(La(u1,uz) — 6Ty (t — d)) + €T5),
(4)
where X = [0,00), ¥ = [0,00), I = [0,1], R =

(—00, +00), while linear operators L; (i = 1,2) are

dT
L(T,T>) = d—tl +ayTy — (ay + 2)T2,  (5)

dT.
Ly(Th, Ty) = —2_ Y1 4+ (y+ 6 — X2)To,  (6)

dt

and (u1,us) is an initial approximation of solution for
the original system (1), (2).
From Egs.(5), (6), let

Ly (u1,uz) = 0, (7)
Lo(u1,uz) = 0. (8)

We have
uy (t) = Croexp(rit) + Capexp(rat), (9)
uz(t) = Digexp(rit) + Dayoexp(rat)],  (10)

where Cyo (i = 1,2) are arbitrary constants, D;p =
[(ri+av)Cio/(ay+ A1) (i =1,2) and r; (1 =1,2) are
characteristic roots of Egs.(7), (8):

1 1
T2 = —5(047—1—7—1—5 —A2) = 5\/2,

A= (ay+7+6— A2)? +4y(ay + A1 — ad).

Obviously, from Egs.(3), (4), H;(T1,T2, 1) =
0 (5 = 1,2) are the same as the system (1), (2).
Then the solution (T} (¢), T2(t)) to the coupled system
(1), (2) is the same as the solution of H;(T},T>,p) =
0 (j=1,2)asp—1.

4. Approximate solution

Let

oo

T, =Y (L), (11)
k=0

T, =) (Ta(t)kp". (12)
k=0
Considering Egs.(11), (12) and Egs.(3), (4), de-
veloped to the power series of p, we compare the co-
efficients of the same power in p for two sides of the
equations.

From the coefficients of zeroth power in p, we have
L;((T1)o, (T2)o) = Li(ug,v0), 7=1,2.
Obviously, then, we have
(T1(t))o = Croexp(rit) + Cogexp(rat), (13)
(Ty(t))o = Dioexp(rit) + Dagexp(rat). (14)
From Egs.(3), (4) and the coefficients of first
power in p, we obtain
Ly ((T1)1, (T2)1)
= — &(Cypexp(rit) + Copexp(rat))?, (15)
La((T1)1, (T2)1)
=dexp(—d)(Crpexp(r1t) + Copexp(rat))
— (D1oexp(rit) + Dagexp(rat))®. (16)
From Egs.(15), (16), we obtain
(T1(t))1 =Chiexp(rit) + Caexp(rat)
+ Aqrexp(3rit) + Asrexp((2r1 + r2)t)
+ Asrexp((r1 4 2r2)t) + Ag1exp(3rat),
(1)
(T2(t))1 =D1rexp(rit) + Darexp(rat)
+ dexp(—d)t(Crpexp(rit) + Copexp(rat))
+ Biiexp(3rit) + Bajexp((2ry + r2)t)
+ Bsiexp((r1 + 2r2)t) + Baiexp(3rat),
(18)
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where C;; (i = 1,2) are arbitrary constants; D;; =

(ri +ay)Cin/(ay+ A1) (1 =1,2) and
€

Ay =-— Z[Cfo(:’)ﬁ +y+6—X2)
1

+ Dig(ay + A2)),

Agy = — %[Cw(zﬁ +ra+y+6—A2)
+ Dio(ay + A2)],

Az = — 7301213)106 [Dio(r1 +2r + 7+ 6 — Az)
+ Cro(ay + A2)]

Ap =-— %4[0?0(37"2 +y+d=X)
+ Dig(ay + A2)],

By = — Ail[Cfov + D}y (3r1 + )],

By = — %[va + Dyo(2r1 + 12 + av)],

Bay — — %[Cmv + Dio(rs + 2r + a)],

13
By =— - [C3yy + D3y (3r2 + av)],
4

3rit+ay —(ay+Ar)
A =
—y 3ri+v+d5— A
A 2ri+ra+ay  — (ay+ M)
2 = )
-y 2ri4re+y+d— A
A ri+2ra+ay  — (ay+ A1)
3= ’
-y  rmA+2re+y+85— A
3ratoay  —(av+A)
Ay =

-y 3ra+y+6— A

Thus we can obtain the first order approximate
solution of the system (1), (2):

where (T4 (t)):, (T2(t)); (¢ = 0,1) are determined by
Eqgs.(13), (14), (17) and (18), respectively.
Using the same method, we can obtain higher-

order approximate solutions to the coupled system (1),
(2).

5. Discussion

1. From the constructions of Egs.(1), (2) and ho-
motopic mapping (3), (4), we can prove that expres-
sions (11), (12) of the extratropical temperature Ty
and tropical temperature Ty are convergent series in
p €[0,1].34 And then expressions (11), (12) are a set
of solution to the coupled system (1), (2) of a sea—air

oscillator model of interdecadal climate fluctuations.

2. From homotopic mapping (3), (4), it is of im-
portance that we should select a series of initial ap-
proximations of solution (u,us) for the original sys-
tem (1), (2). We can also prove that as a series solu-
tion to the system (7), (8) there is a faster convergent
precision. Thus the first-order approximations (19),
(20) of solution to the system (1), (2) are better ap-

proximate solutions.

3. Atmospheric physics is a science studying very
complicated natural phenomena. Hence we need to es-
tablish reduced basic models for the sea—air oscillator.
And then we solve them using approximate methods.
The homotopic mapping method is a simple and valid
method.

4. The homotopic mapping method is an approx-
imate analytic method, which differs from the general
numerical method. The expansion of the solution us-
ing the homotopic mapping method can be continuous
analytic operation. From Egs.(19), (20), we can fur-
ther study the qualitative and quantitative behaviours
of the temperature anomaly in the equatorial eastern
Pacific, the thermocline anomaly and the zonal wind

stress anomaly.

Trapp(t) = (T1())o + (T1(t))1, (19)
Toapp(t) = (T2(t))o + (T2(t))1. (20)
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