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Grover search algorithm in an ion trap system’
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Two schemes for the implementation of the two-qubit Grover search algorithm in the ion trap system are proposed.

These schemes might be experimentally realizable with presently available techniques. The experimental implementation

of the schemes would be an important step toward more complex quantum computation in the ion trap system.
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Quantum computers, which are based on the fun-
damental quantum mechanical principle, can solve
some problems exponentially faster than the classi-
cal computers.!! For example, Shor!?/ has shown that
the problem of factorizing a large integer, the basis of
the security of many cryptographic systems, can be
solved in polynomial time by using a quantum com-
puter, while it takes exponentially increasing time to
On the other hand,

Grover® has shown that a search with a quantum

solve on a classical computer.

computer for an item from a disordered system needs

much shorter time than that with a classical computer.

We first give a brief review on the Grover’s search
algorithm. The goal is to find one item among N
items stored in an unsorted database. The database
can be accessed by a “black box” oracle comparing
any item with the searched one. It gives the “Yes”
answer when the item matches, “No” otherwise. The
most efficient classical algorithm is to examine items
one by one until the oracle returns “Yes”. On average,
N /2 inquiries are necessary. In the quantum search al-
gorithm, multiple items are simultaneously examined
by using a superposition of the corresponding states.

The quantum search for the marked item requires only

O(v/N) inquiries.

The database items are represented by a quan-
tum resister with n qubits, having 2™ possible states,
|0) = |00...0), |1) = |00...1), [2"!) = |11..1). Let
us assume that the marked item corresponds to the

state |m) and that the Yes/No answer from the oracle

is encoded in a /0 phase shift. The transformation
performed by the oracle is thus I,,, = I — 2|m) (m|,
where I is the 2™ x 2™ identity matrix on the quantum
resister. Note that I,,, amounts to a conditional phase
operation. The algorithm consists of a repetition of

the transformation
Q=HIHI,,, (1)

where Iy = I —2|0) (0| and H = [];_, H;, with H;
being the Hadmard gate on the corresponding qubit

10); — (10); +[1),)/V2,

K3

1) — (10); = 11),)/V2. (2)

The sequence of () operations acts on a state prepared

1 no.
initially in |¥) = Wii [T;—, 7). All states are then ex-
amined by the oracle. After the operation I,,, only the
state |m) gains minus sign and the resulting resister

1
Wii (H#m |i) — |m)). The operation HIoH

state is

finally performs an inversion-about-the-average opera-
tion, which increases the probability amplitude of |m) .
After O(\/N ) iterations of the elementary transforma-
tion, the probability to get the resister in the state |m)
is maximum and of the order of unity. Thus, a simple
read-out of the resister provides the searched item.
In the simple case of two qubits, on which we will
focus from now on, there are four items: |0) = |00),
[1) = |01), |2) = |10), and |3) = |11). After I,,, the
amplitude of the four states is 1/2 for ¢ # m and —1/2
for ¢ = m. After HIpH the amplitude becomes 0 for

1t # m and 1 for ¢ = m. Grover’s search thus requires
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only one transformation @ and one inquiry of the or-
acle. The H; transformations are single-qubit gates,
which are easily performed. The most critical part
of the algorithm is the realization of Iy and I,,, which
produce an entangled state of the two qubits. We note
that I is essentially the quantum phase gate, perform-
ing a conditional phase shift on the resister only when
it is in the state |0). For m = 0, I,,, is the phase gate
Iy. For m # 0, I,,, can be obtained by I plus a single
qubit transformation.

Recently, a scheme has been proposed for realizing
the Grover search algorithm in cavity QED;* how-
ever, the experimental demonstration has not been
reported yet. On the other hand, recent advance
in ion trap has opened prospects for quantum infor-
mation processing. In recent experiments involving
two or three trapped ions,>=7 the control gate and
entanglement operations between different ions have
been achieved. However, only the simplest Deutsch—
Jozsa algorithm has been implemented in such a
system.[®! In this paper we propose two schemes for
the implementation of the two-qubit Grover search
algorithm in ion trap system. Owur schemes might
be experimentally realizable with presently available
techniques.[>~8] The experimental implementation of
our schemes would be an important step toward more
complex quantum algorithm, serving to illustrate the
power of the ion trap system for quantum information
processing.

We consider two identical three-level ions, which
have two ground states |e) and |g) and an excited state
|r) confined in a linear trap. The transition |e) — |r)
is driven by two classical laser fields with detunings
A and A + wy; — §, with w; being the frequency of
the centre-of-mass vibrational mode and ¢ being the
difference between w; and the relative detuning of the
two lasers. The first laser is perpendicular to the trap
axis and thus does not excite the vibrational modes
along the trap axis, while the second laser propagates
along the trap axis. The relative detuning of the two
lasers is close to wy: i.e., w; > 4. In this case, we
can neglect other vibrational modes. In the rotating-
wave approximation, the Hamiltonian for this system

is given by (assuming A = 1)[%:1%]

H =wiata+ Z { |r;) (e;] e~ 1A= n(ata™)]

£
2 ) (e e At Dentetat e | ()

where at and a are the creation and annihilation

operators of the vibrational mode respectively, f2;
(j=1, 2) is the Rabi frequency of the jth laser, and
n = ky/\/2w, M is the Lamb-Dicke parameter, with ky
being the wavevector of the second laser and M being
the mass of the two ions. Assume that the lasers are
far off-resonant with the ions, i.e., A > §2;, w;. In this
case, the ions do not undergo any real transition. Ac-
cording to the perturbation theory the lasers induce

energy shift. The energy shift for the state |r;) is
(rj| H |e;) (e;| H |r;)

A
1( 0%+ 02 o 4
_LfE S w8t n(atat)]
2{ oA e
where 0.0
142
T 24 (5)

The first term in Eq.(4) describes the process that
each ion may absorb one photon from one laser and
then immediately emit one photon to the same laser.
The other two terms describe the process that each
ion may absorb one photon from one laser and then
immediately emit one photon to the other laser. On
the other hand, the energy shift for the state |e;) is

(ej| H|rj) (rj| H |ej)

—-A
__ LA ilen—s)t-n(ata®)]
2 2A
+ gelndimateranl ©)

Thus, the effective Hamiltonian is

2
22 + 22
He :w1a+a + Z {%

j=1

4 0e-iler—8)t—n(a+a®)]

Fodeieilo )

where 1

025 = 5(Iri) {rsl = les) {es])- (8)
If the ions initially have no probabilities of being pop-
ulated in the state |r), they will remain in the ground
states during the interaction. In this case the Hamil-

tonian reduces to

2
22 + 02
H,=wata -y {g

: 1A
=1
4 2 il@i-s)t-n(ata®))
2
0.
+ ge‘[(“’l_‘;)t_"(““ﬂ]} lej) (el (9)



2224 Zheng Shi-Biao et al Vol. 14
Consider the behaviour of the trapped ions in the r_ _ ﬁ st _ 4 17
= " 55 ), (17)
Lamb-Dicke regime, where n\/n +1 < 1, with n be- ) )
ing the mean phonon number of the centre-of-mass 0 = 914202 T 5 sin(w; — §)T. (18)
w1 —

mode. We can expand the Hamiltonian to the first

order in 7

2
022 + 22
H, =wiata— Z [% + 2 cos(wy — 0)t

i=1

2 .
+ inge_l(“’l_‘s)t(a +a')

Q.
—inT e a+a") | ej) (e (10)

In the interaction picture the interaction Hamiltonian

is given by
2 2 2
H;=- Z {% + 2cos(wy — )t
71=1
+ inga+[eiét _ ei(2w1—6)t]
0 . .
~infafe = ) (e (1)

Assume that nf2 <« 2w; — §. In this case the
0 .
terms —in;a*’e‘[(z“’l*‘;)t“"i’] + H.c. oscillate very fast

and thus can be neglected.[®!!] Then the interaction

Hamiltonian reduces to

2
027 + 023
Hi:—Z{ﬁ—l—Qcos(wl—cS)t

j=1
: 2 + 6t —idt
ing (@t —ae ) e (el (12)

The evolution of the system isl®1?l

191) 192) [0(0)) — 191) g2) [6(0))

le1) lg2) [60(0)) — eeD(a) [e1) |g2) [¢4(0)) ,
(1) le2) [6(0)) — e“eD(a)[g1) [e2) |6,(0)) ,
le1) lez) [¢0(0)) — e*°e*D(2a) |g1) [e2) |6,(0)) ,

(13)

T2 2 .
=— —e0tdt = —p—— (7 —1 14
o /0”26 M55(e ), (14)

D(a) =e®@ —a (15)

:<ng>2 [% - ésin(sr} , (16)

|¢,(0)) is the initial state of the vibrational mode.
With the choice 67 = 2w, the vibrational mode re-
turns to the original point in the phase space, i. e.,

a =0, and ¢ reduces to

2\%2n
o=(n3) 5 (19)

¢ is controllable by the Rabi frequencies of the laser
fields. Then we obtain the evolution of the internal

state

— |91) 192)
— e’ [e1) [ga)
— elfel? lg1) le2)

— el20eti® ler) |e2) . (20)

We now assume that the quantum logic states |1)
and |0) are represented by |g) and |e) respectively.
Both ions are first prepared in the state (|e)+|g))/v/2.
Then I is achieved by this transformation plus the
single-qubit transformation: |e; o) — e™%e™? |e; 5)
with the choice ¢ = m/2.
tained by the transformation plus the single-qubit
transformation: |e;) — —e e % |e;) and |ey) —
e %e"?|e;). For m = 2, 3, I, is obtained by the
transformation plus the single-qubit transformations:
ler) — e Ye ?le;) and |ex) — —e eTi® ey);
le1,2) — ie %% |e12) and |g12) — —ilg1,2), Te-

For m = 1, I,, is ob-

spectively.

We note that the Grover’s search algorithm can
also be realized in an ion trap by using the vibrational
mode as the data bus. We here assume that the ions
have two excited metastable states |e) and |¢’) and
one ground state |g). The quantum bit (qubit) is car-
ried by states |e) and |g) . Both ions are first prepared
in the state (le) + |g))/v/2. We now drive the first
ion with a laser tuned to the first upper vibrational
sideband with respect to the transition |g) — |e). As-
sume that the laser is off-resonant with the transition
lg) — |¢) and thus the state |e’) is not affected dur-
ing the interaction. In the Lamb—Dicke limit and the
weak-excitation regime where the Rabi frequency is
much smaller than the vibrational frequency, the in-

teraction Hamiltonian is!!3l

H =inRe %a™ |e1) (g1 + Hec., (21)
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where a™ and a are the creation and annihilation op-
erators of the centre-of-mass vibrational mode of the
trapped ions, n is the Lamb—-Dicke parameter, and {2
and ¢ are the Rabi frequency and phase of this laser
field. After an interaction time 7; the state of the

system combined by this ion and the centre-of-mass

V2 le 0)+ 1/ Seos(a2r) o 1)

e id sin(nf27) le1) |1)]. (22)

mode is

With the choice ¢ =0 and 27, = 7/2 we obtain
lex) (10) + |1))/v2. (23)

By this way the electronic state of the first ion is en-
coded to the centre-of-mass motional mode.

We then drive the second ion with a laser tuned
to the first lower vibrational sideband with respect to
the transition |g) — |e’). The interaction Hamiltonian

is given by
H' =in2e ' ale)) (ga] + Hoc. (24)

After an interaction time 75 the evolution of the state
1) |g2) is
1) |g2) — [cos(nf2'7") [1) |g2)

— e % sin(n2'7') |0) |ea)]. (25)

On the other hand, |0) |e2),]0) |g2),|1) |e2) do not un-
dergo any transition during the interaction. With the
choice n2'my = 7 we obtain |1) [g2) — — 1) |g2) . We

now map the state of vibrational mode back to the

first ion, leading to

l91) l92) — —191) g2) - (26)

We here assume that the quantum logic states |1)
and |0) are represented by |e) and |g) respectively.
The above mentioned transformation corresponds to
If m # 0, I, can be
obtained by Iy plus the single qubit transformation
Z: |g)y — —lg), for m = 1; |g), — —|g), for
m =2 le);, —> ile);, and |g); , — —ilg),, for

m = 3. Then we perform the Hadmard transforma-

the control phase gate Ij.

tion on each qubit. After repeating the control phase
gate Iy and Hadmard transformation, we obtained the

transformation for the Grover’s search algorithm.

In conclusion, we have described two schemes for
the implementation of the Grover’s search algorithm
with trapped ions. The required experimental tech-
niques of the first scheme are within the scope of what
can be obtained in the ion trap setup of the NIST
group,!®% while the techniques of the second scheme
are within the scope of what can be obtained in the
setup of the Innsbruck group.[”®! Therefore, based
on presently available techniques we can say that our

schemes might be realizable.
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