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A new second-order neural Volterra filter (SONVF) with conjugate gradient (CG) algorithm is proposed to predict

chaotic time series based on phase space delay-coordinate reconstruction of chaotic dynamics system in this paper, where

the neuron activation functions are introduced to constraint Volterra series terms for improving the nonlinear approx-
imation of second-order Volterra filter (SOVF). The SONVF with CG algorithm improves the accuracy of prediction

without increasing the computation complexity. Meanwhile, the difficulty of neuron number determination does not

exist here. Experimental results show that the proposed filter can predict chaotic time series effectively, and one-step

and multi-step prediction performances are obviously superior to those of SOVF, which demonstrate that the proposed

SONVF is feasible and effective.
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1. Introduction

With the development of chaos theory and re-
search on its application technique, modeling and
prediction of chaotic time series have received con-
siderable attention in the area of chaotic signal
processing,['! and have been applied to economy,!?
hydrology!®! and biomedicinel* fields etc. successfully.
The key problem of predicting chaotic time series lies
in the formation of prediction model.

In recent years, neural networks such as multi-
layer perceptron (MLP),[E”G] radial basis function net-
work (RBFN),["8l wavelet network (WN),[®! fuzzy
neural network (FNN),['! and recurrent neural net-
work (RNN)[' have been used to predict chaotic
time series successfully due to their favourable non-
linear approximation capability, parallel information
processing and fault tolerance ability. However neu-
ral network also presents many weaknesses:['3] (i) the
numbers of hidden layers and neurons are difficult to
determine; (ii) it suffers from over-fitting phenomenon
and slow convergence characteristics; and (iii) it is

prone to be trapped in local minima.

Compared to neural networks, adaptive Volterra

filters synthetically utilize linear and nonlinear terms
and essentially belong to the category of parameter
identification model, so they have better prediction
capability.'¥ But computation complexity of adap-
tive Volterra filters will increase exponentially with
the increase of their orders, which restricts the non-
linear order of Volterra filters to no larger than two
in general. Furthermore, second-order Volterra filters
(SOVF) have some limitations in predicting high di-
mensional chaotic time series, because the capability

of approximating nonlinear functions is limited.[*3—15]

It is well-known that nonlinear approximation of
neural networks mainly comes from neuron activation
function, so a new second-order neural Volterra filter
(SONVF) is proposed to predict chaotic time series
in this paper, where the neuron activation functions
are introduced to constrain the Volterra series terms
for improving the nonlinear approximation of second-
order Volterra filter. Thus not only can the predic-
tion accuracy be improved, there also does not exist
the difficulty of the determination of the numbers of

hidden layers and neurons.

This paper is organized as follows. In section 2 we
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briefly review the prediction and modeling of chaotic
SONVF and its adaptive algorithm are

formulated at length in Section 3. In Section 4, we

time series.
present some simulation and results. Section 5 con-

tains a brief summary and discussion.

2.Prediction and modeling of
chaotic time series

Suppose a scalar time series{z(t),t = 1,2,...,n} is
obtained from a measurement on the chaotic dynam-
ical system in the state space. If the embedding di-
mension m and the time delay 7 have been chosen for
the phase-space reconstruction, a reconstructed vector

can be written as follows:

X :{x(i))x(ifT)a-“ax(if(mfl)T)}' (1)

According to Taken’s embedding theorem or its

extensions, there exists a function F' such that:

z(t+T) = F(Xy), (2)

where integer T is the look-ahead time. Let the recon-
structed attractor be denoted by S, it is necessary to
fit F only in the domain S by the prediction model.
A model of chaotic time series can be obtained by
finding a functional form F for the training set pairs
(X(t),d(t)),t =1, --,n, where d(t) = x(t + T) is the
output of the model, and X (¢) the input of the model.
F maps X (t) to d(t):

o(t+T) = F(Xy) +(2), (3)

where £(t) represents the noise with finite length and

fitting error.

3. Adaptive neural Volterra filter

3.1. Filter structure

Nonlinear filters based on Volterra series expan-
sions provide a good representation to deal with non-
linear signals and systems.[!6] Research results have
shown that SOVF can adaptively track current chaotic
fine trajectory and effectively predict some chaotic
time series through using prediction errors to update
Presently, SOVF and its variant

types have been widely used to predict some chaotic
[13—15,17,18]

filter coefficients.

time series.

Considering the second-order M-sample memory

truncated Volterra filter described by the input-output

relationship
z(n+T) ho—l—Zhl z(n —1)
M—1M-1
+ 3> ha(i,a(n —i)a(n — ), (4)
=0 j=0

where z(n) and z(n + T') are the input and output of
SOVF, and M denotes the memory size of nonlinear
system. Also, hyi(i) and hy(4,j) represent the linear
With-

out loss of generality, the quadratic coefficients are

and quadratic filter coefficients, respectively.

assumed to be symmetric: i.e. ha(4,7) = ha(7,7). We
rewrite Eq.(1) as

z(n+T) ho—i—Zhl z(n —1)
M-1M-1
+ Y > haliyf)z(n —dz(n = j). (5)
=0 j=1

However, the capability of SOVF to approximate
nonlinear functions is limited, especially for predict-
ing high dimensional chaotic time series.'3~15] It is
well-known that nonlinear approximation of neural
networks mainly comes from neuron activation func-
tion. In order to improve the ability of approximating
nonlinear functions, SONVF is proposed to predict
chaotic time series, where the neuron activation func-
tions are introduced to constrain Volterra series terms.

The proposed filter can be described as follows:

M-1
z(n+T) =hoS(1) + Y hi(i)S(z(n — i)
e MT°
+ > ks z(n —i)z(n — 7)), (6)
i=0 j=i

where S(e) is neuron activation function such as
1 1—eB=

1+eBe & 1 ePa
as a representation of neural network. Its hidden lay-

Equation (6) can be viewed

ers and neurons are determined by the Volterra series
directly. The adaptive SONVF filer structure is shown
in Fig.1.
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Fig.1. The structure of second-order neural Volterra filter.

@® — Neuron activation function, O)— Coefficient of Volterra filter.

3.2. Adaptive algorithm

Adaptive Volterra filters can be developed using
linear techniques by embedding the nonlinear problem
into a linear multivariate problem, in which Volterra
filter’s coefficients can be updated by adaptive linear
filtering algorithms. The corresponding SONVF in
Eq.(6) can be embedded as follows:

z(n+T)=H"(n)X(n), (7)
where superscript T denotes the transpose operator,
the input vector X (n) and corresponding adaptive co-

efficient vector H(n) at time index n are defined as:

X(n) =[S(1), S(z(n)),---, S(x(n - M + 1)),

S(z*(n)), - S(z(n)z(n — M + 1)),

5(w2(71*1)) ;

S(x(n—1)z(n - M +1)),--,

S(z*(n — M+ 1))*, (8)

and
H(n) :[ho,hl(O), a 'ahl(M - 1)7

h2(070)7"' )h2(07M - ]-)a
ho(1,0),- -+, ho(1,M — 1), -,
ho(M —1,M —1)]T. (9)

Of the numerous algorithms that can be used for
adaptive linear filters, the conjugate gradient (CG)
algorithm has many advantages over the normalized
least mean square (NLMS) and recursive least square
(RLS) algorithm,['?:20] such as: (i) the CG algorithm
has much faster rate of convergence than the NLMS

algorithm; and (ii) it has lower computational com-
plexity without inverting the auto-correlation matrix
R and better numerical stability than the RLS algo-
rithm. Therefore the CG algorithm is applied to adap-
tive SONVF in this paper. Based on the SONVF’s
construction of Fig.1, the CG algorithm for SONVF

is presented as follows:

Initialization
H(O) = [0505 aO]Ta
9(0) =[-1 0%,
p(1) = ()(/\f—05)S <A, n=1.
Algorithm
R(n) = MR(n— 1)+ X)X (),  (10)
_,pi(ng(n—1)
) = o) Rp(n) 1)
H(n) = H(n—1) + a()p(n),  (12)
g(n) =Atg(n — 1) — a(n)R(n)p(n)

+X(n)(d(n) = WT(n—1)X(n)), (13)
_ (9(n) —g(n—1))"g(n)

Aln) = gt (n—1gn—-1) '

p(n+1) = g(n) + B(n)p(n), (15)

where A\f(0 << Af < 1) is the forgetting factor, g(n)

the residual vector, p(n) the direction vector and R(n)

(14)

the auto-correlation matrix. a(n) is the step size that
minimizes the cost function f(X) = %XTAX +bTX,
B(n) provides R-conjugacy for the direction vector.
The parameter n in Eq.(11) controls the convergence

of the algorithm and must be set within the range
(At — 0.5) < i < Ap.[20
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4. Simulation and results

To illustrate the effectiveness of the SONVF
for making predictions, Lorenz system and a four-
dimensional nonlinear dynamical system are chosen
as examples. Each example uses the corresponding
2000 values after omitting initial transient points. The
experimental time series are scaled appropriately in
the range [-1, 1] and divided into two parts: the first
1000 values are the training set used to reconstruct
the model, and the rest are treated as the test set.
The mean-square-error (MSE) and the relative mean-
square-error (RMSE) are used to evaluate the predic-

tion accuracy, where:

1
MSE = —
n

RMSE = > [2(i) — &(i ]Q/ZmQ (17)
i=1 =1
In the following numerical experiments, the

embedding dimension of Lorenz system and four-

dimensional nonlinear dynamical system chaotic time

series are 3 and 4, respectively, and the time delay 7

is 1 in order to reconstruct the phase space of chaotic

time series given above. The forgetting factor A¢ and

parameter nﬁare selected to be A\f = 0.99 and n = 0.5,
1—eP"

1+eP=
function in this research. To show clearly the predic-

and is implemented for neuron activation

tion results of the SONVF for making one-step and
multi-step prediction of chaotic series, only one is plot-
ted for each ten points compared with the actual val-
ues in Fig.2(a) to Fig.5(a).

4.1. Prediction performance

Example 1 Lorenz chaotic system with integral
step 0.01:

jj:o'(y—m),
y=—xz+re—uy,
Z=uxy— bz,

o =10,r =28,b=8/3.
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Fig.2. (a) Result of the original and predicted Lorenz system (true values z(n)-o, prediction values
zp(n)—+), (b) Prediction errors. (MSE=8.4359x10~6, RMSE=0.00018754, m=3, T=1, 3=2).
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Fig.3. (a) Result of the original and predicted Lorenz system (true values z(n)—
—+), (b) Prediction errors. (MSE=4.5784x10~%, RMSE=0.010178, m=3, T=6, 3=4).

zp(n)

o, prediction values
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Example 2 Four-dimensional nonlinear dynamical system with integral step 0.1:

T =ax — vy,

y=1x-yz?

= 7b1y - ng - bg’u),

w =z + cw,

a=0.56,b; =1.0,by = 1.0,b3 = 6.0, c = 0.80.
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Fig.4. (a) Result of the original and predicted four-dimensional nonlinear dynamical system
(true values x(n)—o, prediction values zp(n)—+), (b) Prediction errors. (MSE=8.1804x10"6,
RMSE=0.00022839, m=4, T=1, #=1).
j 0.15 T
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Fig.5. (a) Result of the original and predicted four-dimensional nonlinear dynamical system (true values z(n)—o,
prediction values zp(n)-+), (b) Prediction errors. (MSE=6.9469x10~%, RMSE=0.019395, m=4, T=6, 3=2).

From the experimental results listed above, it can
be seen clearly that the predicted values for the case of
one step agree well with true values and that the pre-
dicted results for six steps are also good, though not
as good as those of one step. The MSEs of two kinds
of chaotic time series are less than 8.500x10~6 for
one-step prediction, and the MSEs of the six-step pre-
dictions are below 7.0000x10~*. Obviously, this neu-
ral Volterra filter with conjugate gradient algorithm

is capable of capturing the underlying dynamics from

chaotic time series efficiently.

In order to further discuss the prediction accuracy
of the proposed filter, the performance comparison of
SOVF and SONVTF is explored using the same chaotic
time series given above. The SOVF with NLMS algo-
rithm and SONVF using two different adaptive algo-
rithms (NLMS and CG algorithms) are implemented
respectively in Matlab software. Table 1 presents the

comparative results of three kinds of Volterra filters.
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Table 1. The comparative results of three kinds of Volterra filters (MSE).

Prediction model Lorenz system Four-dimensional nonlinear dynamical system
One step Six step One step Six step
SOVF (NLMS) 0.00025712 0.0011883 0.00057483 0.0039122
SONVF(NLMS) 4.4136x107° 0.00069956 3.4407x10—° 0.00079312
SONVF(CG) 8.4359x106 4.5784x10~4 8.1804x106 6.9469x10~%

The results presented in Table 1 illustrate that
one-step and six-step prediction accuracy of the
SONVF is obviously superior to those of SOVF, and
the performance of CG algorithm is also better than
that of NLMS algorithm, which demonstrate that the
SONVF proposed in this paper is feasible and effec-
tive. At the same time, this proposed filter overcomes
the scenario that the capability of SOVF to approxi-
mate nonlinear functions is limited, and the numbers
of hidden layers and neurons are difficult to be deter-

mined in neural networks.
4.2, Slope (8 of neuron activation function

Neuron activation function is the core of neural

networks, the nonlinear approximation of neural net-

3\ /

) \\ /
L /
-~ k)
a \ /
= \ /

2 \ /

"/
0 R (...
~20 _10 0 10 20

Slope of neuron activation function

works depends on neuron activation function to a large
extent besides that it is related to the network struc-
ture and learning algorithm. Through adjusting the
slope of neuron activation function, the saturation of
hidden neuron in neural networks can be avoided so
as to quicken the learning process and improve the
accuracy of nonlinear approximation. Consequently,
the influence on prediction performance of SONVF
caused by the slope 8 of neuron activation function
is discussed. One-step prediction is used as an exam-
ple in this experiment, and the slope 3 varies in the
range [-20 20] and B #0, when other parameters are
chosen the same as those given in prediction perfor-
mance. A summary of the performed experiments is

given in Fig.6.

MSE/10~3
w
—~
e

/
™
\\

0 —
-20 -10 0 10 20

Slope of neuron activation function

Fig.6. The relationship of MSE and the slope of neuron activation function: (a) for Lorenz system,
(b) for four-dimensional nonlinear dynamical system (SONVF-solid line, SOVF-dashed line).

Figure 6(a) and 6(b) show that the influence on
prediction performance of SONVF caused by the slope
(B of neuron activation function is symmetrical in pos-
itive and negative interval, and there is a confidence
interval of the slope 8 of neuron activation function
for SONVF compared to SOVF. And the confidence
interval is different for different chaotic time series. As
long as the slope value of neuron activation function
is selected in the confidence interval, the prediction
performance of SONVF is better than that of SOVF.

At the same time, the selection is very convenient and

simple.

4.3. Anti-noise performance

When chaotic dynamic system is located in a
noisy environment, the collapse of chaotic attractor
will take place so that chaotic dynamic system will
lose its intrinsic characteristics and it is impossible to
predict chaotic time series. If the predicted time series
can resume its primary attractor to some extent, the
model of this proposed filter is very close to dynamics

characteristics of actual system and has certain anti-
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noise performance.?!]

In the following numerical experiment, one-step
prediction is also taken as an example, and each ex-
perimental time series are normalized and added by
one percent of the additive Gaussian white noise which
is generated by randn-function in Matlab and subject
to normal distribution N (0,1).2? Simulation param-

eters are selected the same as those given in prediction

(a)
0.4
0.2
~
X
£
8
-0.2
-0.4

-0.2 0.0 0.2 0.4

z(n)

performance. Figures 7 and 8 present the attractors
of noise-free and predicted noisy chaotic time series,
respectively.

As shown in Fig.7 and Fig.8, the attractors of
predicted noisy chaotic time series are very similar to
those of noise-free chaotic time series in the outline
and shape. Consequently the proposed SONVF has

anti-noise performance to some extent.

0.4f (b) ,,w:'" )
S
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0.2 :
©
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04 0.2 0.0 0.2 0.4
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Fig.7. Attractor of noise-free chaotic time series: (a) for Lorenz system, (b) for four-dimensional

nonlinear dynamical system.
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Fig.8. Attractor of predicted noisy chaotic time series:

dimensional nonlinear dynamical system.

5. Conclusion

In this paper, a new second-order neural Volterra
filter (SONVF) with conjugate gradient algorithm is
proposed to predict chaotic time series, where the neu-
ron activation functions are introduced to constrain
the Volterra series terms for improving the prediction
accuracy of second-order Volterra filter (SOVF). From

the above experimental results, we can see that this

(a) for Lorenz system, (b) for four-

proposed filter has the following advantages. Firstly,
the SONVF can predict chaotic time series effectively,
and one-step and multi-step prediction performances
are obviously superior to those of SOVF. Secondly,
there does not exist the problem that the numbers
of hidden layers and neurons are difficult to deter-
mine, and the computation complexity of this pro-
posed SONVF does not increase. Thirdly, it has anti-

noise performance to some extent.
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