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We construct a general form of propagator in arbitrary dimensions and give an exact wavefunction of a time-

dependent forced harmonic oscillator in D(D > 1) dimensions. The coherent states, defined as the eigenstates of

annihilation operator, of the D-dimensional harmonic oscillator are derived. These coherent states correspond to the

minimum uncertainty states and the relation between them is investigated.

Keywords: D-dimensional harmonic oscillator, coherent state, path integral, propagator

PACC: 0365C, 0365D

1. Introduction

As is well known, the harmonic oscillator and co-
herent states are of great importance in both quantum
optics and quantum fields theory. Coherent states, in
the coordinate representation, describe wave packet
which remains unchanged in shape for an arbitrary
long time without dispersing. Coherent states were
first considered by Schrédinger in his work on the har-
monic oscillator as early as 1926.1] The concept of co-
herent states was later used by Glauber!?! to discuss
the photo statistics of radiation fields. After that, they
have been widely used in various fields of physics. Ni-
eto and Simmons investigated approximate coherent
states in a general one-dimensional potential.>~¢! Co-
herent states for the multi-dimensional Coulomb prob-
lem were constructed by Nouri.[”) The path-integral
formalism of Feynman provides a general and pro-
found approach to quantum systems. In this theory,
if the exact propagator associated with the classical
action of a given system is obtained, the wavefunction
of the system can be readily calculated. The origi-
nal Feynman path-integral can be conveniently trans-

formed into a Gaussian integral and this method was

applied to calculate the propagator for the harmonic

systern.[g_lz]

The aim of this paper is twofold. In Section 2 the
exact Feynman’s propagator for the D-dimensional
harmonic oscillator is constructed and the wavefunc-
tion of the system is obtained. In Section 3 the gener-
alized coherent states for the D-dimensional harmonic
oscillator are studied and the correspondent formulas
of the annihilation operator A and creation operator
AT in arbitrary dimensions are constructed. Finally,
the relation between the coherent states and the min-
imum uncertainty states is investigated. In Section 4

we give a terse conclusion.
2.Path-integral solution for the
harmonic oscillator in arbitrary

dimensions

The Lagrangian L and classical Hamiltonian H of
an isotropic harmonic oscillator in D-dimensions may

be expressed as

) ) 1
LP(R,R) = %R2 -y’ R, (1)
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D

Z p3. The Hamiltonian operator H corresponding to
i=1
the classical Hamiltonian can be obtained by making

0
the replacement p; — 171(9 and we have
x;

A 0? 1
HD(R,P):—%Z@+§mw22xf. (3)
i=1

The Feynman’s path-integral propagator KP for D-

dimensions may be written as

. t
KD(R,t;RO,tO):/ [de]exp[%/ dtLD(R,R,t)},
to

RD

H 1:[ dx]‘k. (4)

Here, we follow Feynman’s path-integral method and

adopt a Gaussian type propagator K7,
KP(R,t; Ro, to)

=Aq(t)exp[—ai(t)R* — ay(t)R% — a3(t)RRy), (5)

where Ag(t) is normalization constant. The propaga-
tor contains all information about the system’s evolu-

tion and satisfies the following equation
FrD 9| b
H () lha K (RtRo,to)
= —ihd(R — Ro)é(t — to). (6)

From Egs.(3), (5) and (6) we can obtain the coeffi-

cients in the propagator K as follows:

ay(t) = % cot(wt),
as(t) = % cot(wt),
0= e’
mw b/
Aolt) = <27rih sin(wt) > ' @

Now, we can write the explicit form of the propagator
KD

)

D/2 .
KP(R,t; Ry, tg = 0) = <%> / exp{%[(]%2 + R2) cos wt — ZRRO]}
mw bz D imw 9 9
:<m> j_lexp{m[(mj + 27;) cos wt — 2mjx0j]}. (8)
For the D =1 case, the K is reduced to
mw 1/2 imw
K(z,t;zg,to =0) = (27r1hsmwt> expm[(x2 + x2) coswt — 2], (9)

it turns into the usual formula of the propagator K

for a simple harmonic oscillator in one-dimension.

The wavefunction of the system in D-dimensions

is readily calculated using the formula

WP(R, 1) = / P 2o KP (R, t; Ro, to) P (Ro, to),

RD
(10)

where ¥ (Ry,ty) is the D-dimensional wavefunction

for a simple harmonic oscillator. We can write

YP(Ry, o) in Cartesian space as13l

5]

H (a/v/m2Ni N

D
¢N1, “Np ROatO

(&

2,2
xexp(— 2]>HNj(aa:0j)

x exp[ i(N; + %)wt}, (11)

where Hy,(ax) is the Hermite polynomials of order

N; and a = (mw/h)l/Q.
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Now, let us consider a harmonic oscillator driven
D
> fi(t).
i=1

The Hamiltonian operator H(t) of a time-dependent

by a D-dimensional external force F'P(t) =

forced harmonic oscillator in D-dimensions may be ex-

pressed in coordinate representation as

‘TD( D P h2 - 82 1 2 - 2
i—1 B

D
- szfz(t)

where the external driving force f;(t) is assumed to be
turned on at time (¢ = 0), and for ¢ < 0 the system

is described by the simple harmonic oscillator wave-

(12)

function. It is conveniently to adopt a Gaussian type
propagator K7,

D
KP(R,t; Ro,to) =Ao(t)exp [ —ai(t) Z @

J=1

D D
_ Z ag;(t)z; — as(t) > xf;

i=1

—ay(t ijxoj — Z as; (t)moj}
(13)

From Egs.(6), (12) and (13), we can obtain the coeffi-
cients in the propagator K as follows:

ay(t) :%c ot (wt)
az; (£) = [—w cot(wt)&; (1) + & (1)
as(t) :ﬁ cot(wt),
aa(t) = ifisin(wt)’
|
,(/}D

RD

RD

a2a:?
X exp

2

as;(t) :ﬁéj(t)a
&(t) = M sinfw(t — 7)]dT,

o Mmw

30 ~(rz)
x ﬁ p{% / T cot(wr)é ()
+&rlar . (14)

Now, we can write the explicit form of the propagator
KD

KP (R, t; Ry, to = 0)
D/2 .
mw imw
= ——— exp———
<27rih sinwt) PR sinwt

D D D
X {(Zx?—l—Z:vgj) coswt—22mj:c0j
iz iz =

D

2

+— Z [2;€;(t) sinwt — wa;£;(t) cos wi]
Jj=1

S

D
+22x0j£] +Z/ sin wt
j=1

&(r) smwt] dt}_

= (15)

X [fJ(T) cos(wT) —

If we let the external driving force f(t) = 0, the prop-

agator K will turn into Eq.(8), which is the formula

of the propagator K for a simple harmonic oscillator
in D-dimensions.

From Eqgs.(10) and (11) we can obtain the

wavefunction of the time-dependent system in D-

dimensional Cartesian space as

oNp (R,t)=/dDwoKD(R,t;Ro,to)wfl,...,ND (Ro, to)

D

. 1/2

/dDmoKD R Ro,to H Oé/\/EZN]NJ')/
7j=1

)it e (54 ]

(16)

Substituting Eqgs.(11) and (15) into Eq.(16), and performing the integration, we obtain
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]

Vo g (B =] (a/ VA2 N Hy {olz; — &(1)]}

2,2 g
X exp{ — % + a2$j {fj(t) + @} — %2512@){1 + icot(wt)

i RO S

Thus, we obtain the exact wavefunction of a time-dependent forced harmonic oscillator in D-dimensions.

3. Coherent states for the har-

D
1 mw
D __ 2
. . . . . “om ij 9 Z
monic oscillator in arbitrary di- i=1 =

D
: D
mensions :hw( » afa; + 5). (18)
In this section we use the preceding results and j=

construct the coherent states for the D-dimensional

problem. Coherent state is defined as eigenvector of Then, the generalized coherent states for D-

the annihilation operator, which is a superposition of dimensions may be written as
the energy eigenstates of the harmonic oscillator.

We are able to construct the general formulas of 1) ® |a2> ®..®|ap)

the annihilation operator A and creation operator A" :exp[ —(\a1| 4 |a2| T |CVD‘ )
for D-dimensions as 2
1 D oo af_Vj
. J
a; = ——=—=(mwz; + ip;), <11 X2 IN), (19)
2mhw i=1 N;=0 Vv Nj!
+ 1 :
a; = ——=——(mwz; —ip;), . .
2mhw we can also write it in the concise form
[aj,ak] =0, [a;—vaz] =0, [aJ’ ak} = djk, oo

(= L) S 0
\ o) =exo( 5 1)m2_0 D, )

-1 =1
! b ! b where [a] = (a1,a9,...,ap), [N] = (N1,Na,..., Np)
4, AH] = [Z% Za{r] _p and [N]! = NiIN!...Np!. From Egs.(18), (19) and
=1 = ! (20), we can obtain

< 1 D D N
=(im%m> -

Obviously, the coherent states |[a]) are just the eigenvectors of the annihilation operator A = " a;. We
j=1
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can also prove the completeness of the coherent states

D

I
:li Z N'_M' Na’foexp<—|aj|2>d2aj}

oo 2m
a5 exp(— s a el [ expli; - byl |

D
1 |N;) ( 2N;+1 2
=11 ;27TZ X || exp(— |oy[")d [y
j=1 N; 7
D
~TT(Z 1w v
Jj=1 N]‘
=1, (22)
|
where a polar coordinate d?a; = |oj|d|aj|de has  the summation in Eq.(24) can be easily carried out

been used at the intermediate stage of the calculation, DJ/a D .
and I means the unit operator. By using Eqs.(11) and zp[a](R t) = <m_;::> H exp { — 5(53 — &oj cos wt)?
™

(20), we can construct the generalized coherent states i=1

1
_ i<§wt + &;&o; sinwt

for the harmonic oscillator in arbitrary dimensions in

the coordinate representation

1.5 .
oo [N] — —&p; sin 2wt>] , (26)
(R o) =exp = 31l ) S L g i
NZo V o
. b (p 9 mw\ P72
= uBy(R.0) —exp( - 31l ) syl =(%5)
D
o L™ b {_% —
X R,t). 23 X Hexp (z; — xg; coswt)
U%O T s (R0 (29) 11 2
(27)
mw mw . . . o
If we define a; = o7, 0i = =¢;, The function given in Eq.(26) is just the wavefunc-

_J
and substitute Eq.(11) into ( 3), then we obtaln tion of coherent states for the D-dimensional isotropic

harmonic oscillator in coordinate representation. This

D/4 D . 2 2 coherent state is a displaced ground state wavefunc-
mw 1wt i foj
¢[a](R t) = P H e R N N tion centred around the Rgcoswt in D-dimensional

coordinate space. When [a] is complex, it is a ground

wavefunction whose centre is displaced by a complex

value. The coherent states correspond to the mini-
(24) mum uncertainty states, and we can obtain the fol-

lowing relations in D-dimensions

By using the expansion of the Hermite polynomial A . A
N . (z5) =\ 5 —ajl(aj +aj)lag) =1/ 5——(aj +aj),
J) [Eexp(lwt):| ] . [mwh n . [mwh,
—~, V! pi) =1 —— {ayl(af —aj)ey) = 1/ ——(aj—ay),
. . I3
—eXp[ foJexp —2iwt) + €j50jexp(—lwt)} ,(25) (a?) = o1+ (g + )2,
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() = "1 = (o ),

Ax = \/<x?> — <:cj>2 = %;
Ap=/{(p?) — (p;)* = \/mTWh,
1 .

[Az;Apjla, = ih’ (j=1,2,..,D). (28)

4. Conclusion

In summary, we have constructed the general-
ized formulas of Feynman’s propagator and the an-
nihilation operator for arbitrary dimensions. And we
also obtained the exact wavefunction and the coher-
ent states for the D-dimensional harmonic oscillator,

which can be easily reduced to the three-dimensional

formula. As a result, in a special three-dimensional
case, the correspondent exact wavefunction for a time-
dependent forced harmonic oscillator may be used to
study the quantum properties of a molecule absorbed
on or near a solid surface in a time-dependent exter-
nal electric field. Moreover, the generalized coherent
states can provide an adequate means for a quantum
coherency description of the harmonic problem in ar-
bitrary dimensions. In this sense, we think that we

have obtained the general formulas.
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