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The dynamic response and stochastic resonance of a kinetic Ising spin system (ISS) subject to the joint action of
an external field of weak sinusoidal modulation and stochastic white-noise are studied by solving the mean-field equation
of motion based on Glauber dynamics. The periodically driven stochastic ISS shows that the characteristic stochastic
resonance as well as nonequilibrium dynamic phase transition (NDPT) occurs when the frequency w and amplitude hg
of driving field, the temperature t of the system and noise intensity D are all specifically in accordance with each other
in quantity. There exist in the system two typical dynamic phases, referred to as dynamic disordered paramagnetic and
ordered ferromagnetic phases respectively, corresponding to a zero- and a unit-dynamic order parameter. The NDPT
boundary surface of the system which separates the dynamic paramagnetic phase from the dynamic ferromagnetic
phase in the 3D parameter space of hg-t-D is also investigated. An interesting dynamical ferromagnetic phase with
an intermediate order parameter of 0.66 is revealed for the first time in the ISS subject to the perturbation of a joint
determinant and stochastic field. The intermediate order dynamical ferromagnetic phase is dynamically metastable in
nature and owns a peculiar characteristic in its stability as well as the response to external driving field as compared

with a fully order dynamic ferromagnetic phase.
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1. Introduction

Stochastic resonance (SR) is an interesting phe-
nomenon and has attracted much attention from
physicists over the last decade.l! 1% Contrary to con-
ventional perception of destructive effect caused by
noise, noise in an SR process surely plays a construc-
tive positive role in transmission of noisy signals and
patterns forming through the nonlinearly cooperative
interaction between random signal and determinant
modulation within a system. Generally, the bistable
system in a double well model has been fully stud-
ied in comparison with that in an Ising spin system.
Some efforts, however, have been devoted to the par-
ticular studies of SR in the Ising spin system in recent

[1.2,4.6-13] Among those investigations of SR in

years.
an Ising model, most of them are concerned with the

practical applications of devices by resorting to SR

technology. As for a kinetic Ising spin system, another
subject of interest is associated with the nonequilib-
rium dynamical phase transition (NDPT)[4=22 and
the nonlinear resonant excitation of soliton??! induced
by an external driving field. Unfortunately, the inves-
tigations on NPDT features in the Ising model have
been executed mainly under the condition of either a
determinant driving field, e.g. sinusoidal oscillation,
or a stochastic impulsive perturbation. To our certain
knowledge, there have not yet existed any systemat-
ical studies ever reported, even including our recent
paper,/24 concerning the NDPT features in a kinetic
Ising model subject to a persistent stochastic pertur-
bation plus a determinant periodic modulation. This
paper focuses on the NDPT in the kinetic Ising model
driven simultaneously by white noise and sinusoidal
oscillation and has an insight into the dynamic re-

sponse of Ising spin system to the joint external field
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as well as possible new features about NDPT with

stochastic resonance involved.
2.Brief description of nonequilib-
rium dynamic phase transition

and stochastic resonance

2.1. Nonequilibrium dynamic transition of ki-
netic Ising spin system subject to an ex-
ternal field
Nonequilibrium dynamic phase transition occurs

in a kinetic Ising spin system when a dynamic exter-

nal field is applied, and the system exists in either
dynamic disordered or dynamic ordered state. Con-
sidering a kinetic Ising spin system with IV interactive
spins S subject to an external field H(7), Hamiltonian

could be expressed as follows:
- J
H:fﬁzsi-sij(T)ZSi, (1)

where J denotes the exchange coupling constant and
spin S takes a value either positive or negative.
> and ) stand for the sum of neighboring spin pairs
i, i

;n]c)l the sum of all spins, respectively. H(T) is a re-
sultant driving field consisting of a determinant pe-
riodic modulation (sinusoidal oscillation hg sin(wT))
and a stochastic perturbation (white noise (7)) as ex-
pressed in Eq.(2a). Symbols hy, w and 7 represent the
amplitude and frequency of sinusoidal field, and evolu-
tion time, respectively. Gaussian white noise conforms
to the zero average and auto-correlativity as listed in
Eq.(2b). D is the intensity of white noise. The Kro-

necker Delta function §(7) is expressed in Eq.(2¢):
H(7) = hgsin(wr) + vV2D((7), (2a)
(C(r)¢(0)) =2D5(7),  (2b)

. !
1, =171,

0, 7#7. 2(©)

For the Ising model with nearest-neighbour in-
teractive spins as described in Eq.(1), the mean-field
equation of motion based on Glauber dynamics is

given as!14

) _ g (oo [MOEEO] ) )

or t

where the static order parameter m(7) =< S; > is an

ensemble average over all spins. Symbols ¢t and K are

the temperature of the system and a phenomenologi-
cal constant, respectively. For simplicity, all physical
variables in Eq.(3) are reduced to the dimensionless
form. The dynamic order parameter @ is defined be-
low to describe quantitatively the dynamical response
of the system to the driving field as well as the char-
acteristics of the relevant NDPT:

Q=5 fmiryar (4)

The dynamic order parameter () is defined as the
period-average of the static order parameter m. The
two states when Q= 0 and @ # 0 correspond to the
dynamic disordered and dynamic ordered states, and
both of them are generally referred to as dynamical
paramagnetic phase (P) and dynamical ferromagnetic
phase (F'), respectively. The decrease in @ param-
eter from non-zero to zero means that the dynamic
symmetry-breaking vanishes and the system evolves
into dynamic symmetry (i.e. dynamic disorder) fi-
nally while Q= 0. Figure 1 exhibits a typical NDPT
boundary of the kinetic Ising spin system driven sim-
ply by a sinusoidal field at zero noise D = 0. The
NDPT boundary is plotted on the plane consisting
of amplitude hg and temperature ¢, and on the dy-
namic boundary curve situated are the critical points
of amplitude hg. and temperature t.. Dynamic para-
magnetic phase (Q = 0) and dynamic ferromagnetic
phase (@ # 0) occupy the two regions above and below
the boundary in the ho-t phase diagram, respectively.

The two insets in Fig.1 illustrate the time evolutions
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Fig.1. The illustrative boundary of dynamic phase
transition at zero noise intensity D=0. The bound-
ary of dynamic phase transition separates dynamical
ordered ferromagnetic phase (F, Q #0) from the dis-
ordered paramagnetic (P, Q=0) phase. Two insets
show the evolutions of sinusoidal field (H) and mag-
netization (M) versus time within F and P regions,

respectively.

of static order parameter m(7) and driving field H(T).

The static order parameter m(7) oscillates symmet-
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rically in accordance with driving field H(7) within
the region P, resulting in a dynamic symmetry with
Q = 0.

with Q#0 occurs because the static order parameter

In contrast, a dynamic symmetry-breaking

m(7) always holds in either positive or negative status,
leading to a dynamic ferromagnetic ordering.

The amplitude hg and frequency w of driving field
as well as the temperature t are vital to the nonequi-
librium dynamic phase transition of a kinetic Ising
system. When a cooperatively interacting spin sys-
tem with numerous degrees of freedom of motion is
driven by an external field, the thermodynamic re-
sponse of the system usually lags behind the applied
field due to the intrinsic relaxation delay, giving rise
to a nonequilibrium dynamic hysteresis.!”) This hys-
teresis is dynamical in origin and disappears in the
quasistatic limit. When the time period of the exter-
nal driving field 27 /w becomes comparable in quan-
tity with the typical relaxation time A of the ther-
modynamic system, the dynamic phase arises sponta-
neously out of dynamically broken symmetries due to
the competition between the above two time scales in
such a nonequilibrium driven system.['$:20] Studying
the matching between the two competing time scales
under a variety of conditions is one of the most inter-

esting topics on NDPT.[15—21]

2.2. Stochastic resonance

Consider a simple case in which a Brownian parti-
cle agitated by a fluctuational force, e.g. noise, moves
The fluctua-

tional force causes the transition of the particle be-

in a symmetric double-well potential.

tween the neighboring potential wells at a rate given

by the famous Kramers ratel!!
7% = Yoexp(~AV/D). (5)

The prefactor ¢ is a positive constant. AV and
D are the height of the potential barrier separating the
two minima and the noise intensity, respectively. D is
directly proportional to temperature T as D = kgT.
The intensity of noise D has a twofold effect on the
jump capability of moving particle over the energy
barrier as well as the jump frequency, and this differs
significantly from the amplitude of determinant driv-
ing field. When the stochastic field and determinant
periodic driving field are applied simultaneously, there
appear two characteristic time scales in competition:
the vibrating period of determinant driving field 7,
and the average transition lifetime of moving particle

jumping twice over double-well energy barrier 74 (D).

Apparently,
Tw =27 /w, and 7(D) = 1/k. (6)

When the two competing time scales above match
exactly each other in quantity, the original indepen-
dent stochastic signal and determinant driving modu-
lation interact with each other in synchronization and
the stochastic resonance comes into being. It is easy
to derive the matching conditions suitable for the oc-

currence of stochastic resonance as below
Tw = 27(D), and w ~ 7. (7)

The matching of above conditions can be attained
through tuning either the frequency w of determinant
driving field or the intensity of noise D. In this pa-
per, we concentrate on the variation of intensity of
noise D and take D as the variable for stochastic res-
onance. The dynamic order parameter () defined in
Eq.(4) serves as a characteristic indicator for NDPT
resulting from the stochastic field. The distinctive in-
tensity of noise D is marked as Dgg, the characteristic
value optimal for stochastic resonance, at which dy-
namic order parameter ) peaks. Actually, the NDPT
owing to the stochastic resonance is in nature differ-
ent from the NDPT caused simply by a determinant
periodic oscillation.

The statement above makes it clear that there ex-
ist three kinds of competing time scales in the Ising
spin system driven by a determinant modulation and
stochastic perturbation jointly. They are the intrin-
sic relaxation time A of a thermodynamic system, the
time period of an external driving field 27 /w and the
average transition lifetime of moving particle jump-
ing twice over a double-well energy barrier 74(D) de-
rived from the Kramers rate, respectively. Of the three
time scales, the matching between A and 27 /w brings
about the conventional NDPT while the matching of
2n/w  with 7, (D) gives rise to the stochastic reso-
nance. Could a new NDPT characterizing the stochas-
tic resonance be attained if the three competing time

scales befit each other in a certain way?
3. Computational result and anal-
ysis
As elaborated above, the dynamic order parame-
ter @ of the Ising spin system driven by an external
field changes either from zero to nonzero or vice versa

when the system undergoes a nonequilibrium dynamic

phase transition. We select the amplitude hg and the
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frequency w of external field, the intensity of noise D
and temperature t as the variables to investigate the
dependence of parameter @@ on them in this paper.
On the consideration of the linear response, the am-
plitude is limited to hy <1 while the frequency w and
the intensity of noise D take values in a wide range.
Below are some of typical results.

Figure 2 presents the various curves of reduced
Q/Qmax versus D at t = 0.8 and hg = 0.5 with differ-
ent frequencies w. All curves take on a peak-shaped

trend, and the parameter @ attains the maximum at

j —0— w=0.5
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a certain D value, denoted as Dgsg, a characteristic of
the stochastic resonance. Only single resonant peak
or valley is observed in a wide range of D from 1073
to 103. The increase in frequency causes the shift of
resonant peak to small values of D, accompanying
the change of the shape of curve from peak to val-
ley. The change of the shape of curve above indicates
the transformation of the system from a steady state
of preferentially dynamic symmetry to a steady state
dominated by dynamic symmetry-breaking.

In addition to the intensity of noise D, frequency
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Fig.2. Dynamic order-parameter Q) versus intensity of noise D at several frequencies with a high

temperature t=0.8 and the amplitude hp=0.5 of driving field.

w is another key factor affecting the NDPT, which has
been identified by numerous studies in the absence of
noise.['*=20] The frequency dependence of NDPT in
the presence of noise, however, remains yet to be stud-
ied. Under the condition free of noise, the determinant
periodic modulation acts as just a factor triggering the
NDPT of system. It is of theoretical significance to in-
vestigate the possible change, if any, in the feature of
NDPT when a stochastic field is involved. Figure 3
displays the trend of Q/Qmax versus both hy and D
at a low temperature ¢ = 0.3 and high temperature
t = 0.8 with the frequency fixed at w=1. The stable
regions of dynamic ferromagnetic (Q#0) and param-

agnetic phases (@ = 0) exist in a parameter space

of hg-D. At a low temperature, the system always
stays in a dynamic ferromagnetic state with a terrace
at @ = 1 if both hg and D keep small (hy < 0.3,
D < 0.1), which is quite similar to the situation of
symmetry-breaking in a conventional zero-noise case.
When hg and D take larger values (hg > 0.5, D > 0.1),
however, @ data surface transforms into a peak shape
with Dgg = 1, a new evidence of NDPT character-
izing the stochastic resonance. In contrast, at high
temperatures the terrace region of common NDPT
shrinks substantially while the system-breaking region
of stochastic resonance extends, and the characteristic
intensity of noise Dgr shifts also from the preceding
Dsgr =1 at t = 0.3 to the current Dgg>10 at ¢t = 0.8.
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Fig.3. The data surface of dynamic order-parameter @ in a coordinate system consisting of noise intensity

D and driving-field amplitude hg, while driving-field frequency w=1 and temperatures t=0.3 and t= 0.8

respectively.

Fig.4. The dynamic boundary surface separating the

dynamical paramagnetic phase from the dynamical

ferromagnetic phase in a parameter space consisting

of amplitude hg of driving field, the temperature ¢ of

system and noise intensity D.

Figure 4 visualizes the boundary surface of dy-
namic phase transition in a parameter space of hg, t
and D through extruding a noise axis from the two-
dimensional ho-t boundary as shown in Fig.1 by com-
putation. The regions above and below the boundary
surface correspond to a dynamic symmetric paramag-
netic state (Q = 0) and a dynamic symmetry-breaking
ferromagnetic state (Q #0), respectively. The bound-
ary surface neither fluctuates randomly nor declines
monotonously with the increase of temperature and
intensity of noise. The dynamic ferromagnetic phase
augments regularly within some specific regions of ¢
and D, as profiled by the enlarged zone of dynamic
ferromagnetic phase under the boundary surface, im-
plying that a certain dynamic ferromagnetic order is

induced by noise. The intersection of the boundary

surface with the plane D = 0 is the common bound-

ary of dynamic phase transition as exhibited in Fig.1.

In addition to the typical dynamic paramagnetic
phase (Q = 0) and dynamic ferromagnetic phase
(Q = 1) existing in the kinetic Ising spin system, there
appears intriguingly, probably due to the involvement
of stochastic field, another new intermediate-order dy-
namic phase (IODP) at Q/Qmax = 0.66 nearly invari-
able. The region where IODP exists steadily is sensi-
tively dependent upon other parameters, particularly
D and w. In Fig.5 plotted is the curve of reduced dy-
namic order Q/Qmax against hg in the cases of several
noise intensities D. The influence of white noise on
the transition from the dynamic order state Q = 1 to
the dynamic disorder state Q = 0 is also demonstrated
in Fig.5. At zero noise, the smooth curve of Q/Qmax—
ho presents simply a two-state trend, and the critical
amplitude hg. declines with temperature increasing,
as indicated in Fig.1. The involvement of white noise
brings in not only the fluctuation of original dynamic
disorder phase within the range of Q/Qmax = 0— 0.3,
but also the presence of the new IODP. Note that the
IODP initiates at Q/Qmax=0.66 when D=0.1 and the
range in which IODP exists steadily (the flat extension
of Ahg at Q/Qmax=0.66) extends with the increase of
D as shown in Fig.6(a). The temperature dependence
of IODP existence, however, is complicated in that
two distinctive trends of Ahqg versus t are observed
at a weak and a strong noise, respectively. Figure
6(b) indicates that the monotonous drop of Ahg ver-
sus t in larger D values turns into a peak-shaped trend
in small D values, and the greater the D value is,
the faster the Ahg drops.
at which Ahg peaks, if any, shifts to a low temper-

The optimal temperature
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ature with the increase of D. The influence of fre-
quency w on Ahg is quite prominent as displayed in
Fig.7. According to Fig.7, the flat extension of Ahg
comes into view only when frequency w takes even
number, such as 2 or its doubled frequency 4 as indi-
cated by the solid curve in the figure, and the exten-

sion shrinks once frequency rises. A slight deviation
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of frequency from 2, e.g. w=1.8 and w=2.2 in the fig-
ure, causes completely the disappearance of the flat
extension of Ahg finally. And this very sensitivity to
the frequency also discloses the metastable nature of
IODP at Q/Qmax=0.66 in contrast to the stable dy-
namic ferromagnetic phase at Q/Qmax=1.
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Fig.5. The dependence of reduced dynamic order-parameter Q/Qmax upon the amplitude hg of
driving field at various temperatures t and different noise intensities D.
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ferromagnetic phase, versus noise intensity D (a) and temperature ¢ (b).
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Fig.7. The dependence of reduced dynamic order-
parameter Q/Qmax upon the amplitude hg of driving
field at different frequencies w of driving field.

4. Summary

We have studied the dynamic response and
nonequilibrium dynamic phase transition of a kinetic
Ising spin system in the case of stochastic resonance.
Noise plays a certain constructive role in inducing
the dynamic order of kinetic Ising spin system sub-
ject to the jointly driving of both a stochastic field
and a determinant periodic modulation at an appro-
priate temperature. Dynamic order parameter peaks
at a specific intensity of noise, a typical feature of
stochastic resonance. The jointly driving of stochas-
tic field and determinant modulation gives rise to a
steady nonequilibrium dynamic phase transition in
the kinetic Ising spin system when some conditions
are satisfied. Similar to the situation of only a de-

terminant field applied, there exist the dynamic dis-

ordered phase and dynamic ordered phase due to the
dynamic symmetry-breaking caused by the dynamic
phase transition in the case of stochastic resonance.
The properly matching of three kinds of competing
time scales, namely the intrinsic relaxation time A of
the thermodynamic system, the time period of the
external driving field 27/w and the average transi-
tion lifetime of moving particle jumping twice over the
double-well energy barrier 7 (D), is vital to the occur-
rence of the dynamic phase transition. The variations
of the amplitude and the frequency of periodic modu-
lation not only affect the intensity of resonant peak of
dynamic order parameter, resulting in the shift of the
peak, but also bring about the change of the shape of
curve from peak to valley, indicating the transforma-
tion of the system from a steady state of preferential
dynamic symmetry to a steady state dominated by the

dynamic symmetry-breaking.

Another peculiar feature of the nonequilibrium
dynamic phase transition in the case of stochastic res-
onance is the development of intermediate-order dy-
namic phase (IODP) at Q/Qmax =0.66 in the kinetic
spin system. The IODP, in contrast with fully dy-
namic ordered phase at Q/Qmax =1, depends strongly
upon the amplitude of periodic field, intensity of
noise and temperature. Moreover, the intermediate-
order dynamic phase also shows the very sensitivity
to the frequency of periodic field and exists only at
even number frequencies. By judging the nature of
intermediate-order dynamic phase, we regard it as a

metastable dynamic ordered phase.
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