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The self-consistent fluid variational model (SFVM) has been used to describe the pressure dissociation of dense

hydrogen at high temperatures. This paper focuses on a mixture of hydrogen atoms and molecules and is devoted to

the study of the phenomenon of pressure dissociation at finite temperatures. The equation of state and dissociation

degree have been calculated from the free energy functions in the range of temperature 2000-10,000K and density

0.02-1.0g/cm?3, which can be compared with other approaches and experiments. The pressure dissociation is found to

occur in higher density range, while temperature dissociation is a more gradual effect.
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1. Introduction

Knowledge of the equation of state (EOS) for
dense hydrogen is of central importance for astro-
physics as well as for the general understanding of the
behaviour of matter at extreme conditions.[!! Pres-
sure dissociation has been found to become impor-
tant in dense molecular fluids. The effective one-
component model has been used to calculate EOS of
fluid He+H, mixtures.[2l The effects of dissociation
on the EOS have been treated by using dissociation
model. Various models were also applied to study
the behaviour of hydrogen at ultrahigh pressure. For
instance, linear-mixing model of Ross,!4 path-integral
Monte Carlo (PIMC), wave-packet molecular dy-
namics (WPMD)!® and quantum molecular dynam-
ics (both density functional (DF)[”) and tight-binding
(TB)!®! approaches) were performed under conditions
that can be reached in shock wave experiments. Fur-
thermore, various simulation methods have proven the
importance of this effect by inspecting the variation
of the pair distribution function with density.[®! In
particular, assuming that effective pair potentials are
valid for the interactions in partially dissociated fluid,
standard fluid variational theory (FVT) has been ap-

plied to such a two-component system with dissocia-
tion reaction.!!% In this work, the condition of chemi-
cal equilibrium for this reaction (Ho =2H), pp,=2umn,
was fulfilled self-consistently when minimizing the free
energy functional.

Recent developments in shock wave experimental
techniques have allowed the 100GPa pressure range

in hydrogen to be probed.!]

The principal Hugoniot
was determined up to 300GPa in recently reported
single shock wave laser-driven experiments.['?] Tt has
been shown that dissociation of hydrogen molecules
becomes operative under such ultrahigh pressures.
Therefore, in this paper, we first have to take into ac-
count pressure dissociation due to the modification of
the binding energy of Hy molecules. The dissociation
equilibrium Hy+=2H reflects the very subtle changes in
the electronic and structural properties at high pres-
sures via correlation contributions which are consis-
tent with the equation of state. In a next step the
ionization equilibrium H+e+p should also be treated
for even higher densities to give a better description of
the plasma state, but this is not the intention of this
paper.
function such as the pressure and internal energy are

From the free energy, other thermodynamic

derived. Comparison with other approaches is per-
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formed.
2.The self-consistent fluid varia-

tional model

2.1. The free energy

At density p <lgem™3, temperature T <10%K,
hydrogen is adequately described as a mixture of H
atoms and Hy molecules. The concentrations of H™
and H2* ions are found to be negligible (< 10~3) for
obtaining EOS. The molecules and atoms interact via
effective two-body potential, which implicitly approx-
imates the real many-body effects. Effective pair po-
tentials of the exponential-6 form have been used to
model the interactions between hydrogen molecules
and atoms.'3] The three-parameter exponential-6 po-
tential of the form for the mixture of hydrogen atoms
and molecules is taken in Eq.(1). The values of pa-

rameters ¢, r*, and « are listed in Table 1.

- gfeelei-2)] )} o

Table 1. The exponential-6 potential parameters for the
Ho—H»>, H-H and H-H» systems are used in present work.[13]
Interaction (e/kB)/K r*/nm «a
H2-Hs 36.4 0.343 11.1
H-H 20.0 0.140 13.0
H-H» 26.98 0.2415 12.0125

Supposing that the dense fluid hydrogen consists
of atoms and molecules which interact via the effec-
tive pair potentials described in Eq.(1), we introduce
the expression for the free energy of a two-component
system with a reaction and give the other thermo-
dynamic quantities. Considering in the following the
dense hydrogen fluid at a fixed temperature 7', and

particle density n, we study the dissociation processes
H, = H+H. (2)

In order to define the thermodynamics of the sys-
tem, we introduce the free energy per particle ft°t =
F**/N and the degree of dissociation « = Ny/N,
N = N;—+ N; being the total number of particles. The
free energy is given as a sum of the ideal contributions
of the pure components fi¢ (with i=1, 2, 1=H, 2=H,)

C

and a term for the correlations among all particles f;;,

and also a term for the quantum correlation.

FoU =3+ 1) + fam (3)

L]

The ideal free energies for the atomic and molecular

components are given by

0, T) = (0, T) + fF™(T), (4)
J 0, T) =2 (n, T) + FRHT) + F(T)
— Dy, (5)

where Dy=4.478¢V is the dissociation energy of iso-
lated hydrogen molecules. T and n are temperature
and particle number density, respectively. The trans-
lational degrees of freedom for each component can

then be integrated, yielding
fi%(n, T) = kpT In(4jn), (6)

where A; = h/v/2mm;kpT is thermal wavelength. The

two spin directions of atom lead to the term
SPIN(T) = —kpTIn2. (7)

The rotational and vibrational states of the Hj

molecule can be integrated and give!'4

(T T. 1 (T.\?
"\T) 737 90 \aT
T

D) = ke (1 - exp(-2) + 2] (0

fit; (T) = kpT (8)

The rotational temperature of the Hy molecule is
T,=85K, and the vibrational temperature of it is
T, = 6210K. The correlation part is determined vari-
ationally using the Gibbs—Bogolyubov inequality. In
particular, one obtains in the case of a hard sphere

(HS) reference system
fcor = Z .fzcj ~ (?ll}dr;{fHS[Ta 2N/i ) 772]
ij

+ afiian,m] + 2a(l — @)

x fiz[n,mi,me] + (1 — a) f22[(1 — a)n, nal}.
(10)

The expression for the free energy of a binary HS ref-

erence system is given by!?!

3
fas(n, T, n1,m2) :kBT|:§(1 +y1 — Y2 —y3)

+3y2+2y3
1-n
+§1—yl—yz—y3/3
2 (1—n)?

T (g3~ 1)In(1 - nﬂ, (1)
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where

d; +d;
Y1 = ZZA”W’
T J>
(d; - dj)'/?
Y2 = ZZAijZ%d—:a

i j>i k
3
e lz <%)2/3 (%)1/3] |

(nin;)'/? (d; — d;)? (nin;)'/?

Ai‘ = )
J 12 dld‘] n
™y
n= Znia m=g d?.

Here {n;} and {d;} are the particle number densi-
ties and the diameters of the species, respectively.
The correlation contributions f;; are given by inte-
grals over the effective pair potential ¢;;(r) and the
respective pair distribution functions g;;(r) which are
approximated by those of the hard sphere reference

system.
fii = 1277/ 22 ¢;i(dz)gii(z,m)de, (12)
1
fij = 127]/ 2 ¢ (dx)gij(x, 7)d, (13)
1
where z = r/d, and
d = [6n/(mn)]"/?,
d = [67ix/ (7)) '/,
i = {(m1 /)" + [n2/ (1 = a)]'/*}? /8,
0= (m"* +m*)?/s.

The pair distribution functions of the hard-sphere
reference system use the Percus—Yevick analytical

expression!1°]

1 /‘”i"" tL(t)e"tdt
©24mri S5 [L(E) + S(t)et]’

(14)

S(t) =(1 —n)*t* + 6n(1 — )t
+ 18n%*t — 12n(1 + 2n),

L(t) =12n[(1 + )t + (1 + 2n)]

The integrals in Eq.(14) can thus be evaluated by
means of the residue theorem. fqu is the first-order
quantum correction in the Wigner—Kirkwood expan-
sion

_ BR*nN [

T 24mm*

g(r,n)V2¢(r)r’dr. (15)

fam

The minimization of the correlation free energy f<°*
in Eq.(10) is with respect to the packing fractions ;,
which is equivalent to minimizing with respect to the
hard sphere diameters d;, and can be performed by

the downhill simplex method in multi-dimension.

2.2. Dissociation equilibrium

Pressure dissociation occurs in dense hydrogen as
the temperature and pressure are increased. The frac-
tion « of dissociation molecules is determined by the

correlation contributions to the chemical potential ac-

cording to
n& A3 |
nH, = I\{/§H o™exp(Dy — pi, +2p"),  (16)
. T
ot = ?[1 —exp(=T,/ksT)]*, (17)
h
Ag = ——— (18)

vV 27rmHk'BT’

where Dy is the dissociation of isolated Hy molecules
and Ay the thermal wavelength of H atoms. o™ de-
notes the internal partition function of vibrational and
rotational states. The correlation parts of chemical

potentials can be calculated via the following formula

Por = <‘9F (19)

‘ ON; >T,V,N,—;£N]—

The condition of chemical equilibrium pp,=2uy for
the reaction Eq.(2) has to be fulfilled self-consistently
within the free energy minimization as the above de-
scription by taking into account the correlation con-
tributions to the chemical potentials according to
Eq.(19). Then the pressure (P) and the internal en-
ergy (E) of the system may be calculated by

aFtot 1 9 aFtot
= —-—— = — 2
P v =N a5 (20)
8(ﬂFt°t) 5 8 Ftot
F=——~=-T"— 21
o or\ T ) (21)

respectively, where F'°t=Nftot,

3. Results and discussion

The resulting dissociation degree o = Ng/(Ng +
Ny,) is shown in Figure 1 as a function of density
for various temperatures. As can be seen, the disso-
ciation increases rapidly with increasing temperature

and there is a minimum in each of the dissociation
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curves from 6000 to 10000K. The position of the min-
imum is shifted towards the elevated density with the
increase of temperature. The minima of the dissoci-
ation degree corresponding to the pressures are 2.23,
6.85, and 19.75GPa at T=6000, 8000, and 10000K,
respectively. The minimum of the dissociation degree
can be derived from the law of mass action combined
with the conservation of the total particle number.
At constant temperature and pressure, the dissoci-
ation degree is a constant when the dissociation of
Hs molecules comes to an equilibrium. As the den-
sity increases from 0.02g/cm? to 0.6g/cm®, the prob-
ability of the formation of molecules becomes larger
due to the collision recombination of atoms, and the
chemical equilibrium is shifted towards the reverse re-
action Hy <—2H. So the dissociation degree becomes
smaller. When the formation of molecules due to the
collision recombination of atoms and the collision dis-
sociation of molecules are dynamically balanced with
the increase of the density of the system, the dis-
sociation degree comes to a minimum. Further in-
crease in density, the probability of the formation of
molecules could become larger due to the collision re-
combination of hydrogen atoms, but at the same time
the probability of the collision dissociation and the
repulsive interaction of H atoms would also be in-
creased, the probability of the hydrogen atoms com-
bined to form Hy molecules would become smaller. At
this point, the chemical equilibrium is shifted towards
the positive reaction Ho —2H. Therefore the disso-
ciation degree will become larger, and the pressure
dissociation will become dominate. The dissociation
degree curves in Fig.1 corresponding to the curves of
the pressure versus density at the same temperature
are shown in Fig.2, along with the data obtained in
Monte-Carlo(MC) calculations based on the same po-
tentials for H-Hs mixture at temperatures between
6000 and 10000K.["] Note that the general agreement
between the MC calculations and the present results
is very good below 0.6g/cm?. The deviations from the
MC pressures increase systematically with the density
(p > 0.6g/cm?). The reason is that the many-particle
nature of the interaction might not be well approx-
imated by those effective pair potentials for density
above 0.6g/cm3. Another effect, pressure ionization of
hydrogen atoms, should occur under these conditions
as well. The polarization correction for the interac-
tion between electrons and neutral particles should be
taken into account. Therefore, the short-range parts

of the effective pair potentials become more and more
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important for very high densities.
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Fig.1. Dissociation degree of fluid hydrogen as a func-

tion of the density at different temperatures.
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Fig.2. Isotherms for the H-Hs mixture as a function

of density at different temperatures.

Figure 3 shows the concentration of atomic and
molecular hydrogen as a function of density at temper-
ature 10000K. For density between p=10"2 and 0.07
g/cm?, it shows strong recombination as given by the
law of mass action. At higher densities, strong non-
ideal correlation effects come play, decreasing the dis-
sociation energy and favouring molecular dissociation
and ultimately leading to pressure ionization. Tem-
perature dissociation effects are clearly displayed by
the low-density part of the isotherm sequence. Note
that the hydrogen molecules are the dominant species
in the density range of ~0.07-0.5(g/cm?), the hydro-
gen atoms are the dominant species beyond this den-
sity range. The dissociation degree increases with in-

creasing density.
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Fig.3. Concentration of atomic and molecular hydro-

gen as a function of density.

In Fig.4, the pressure is shown as a function of
temperature for a constant volume of V' =6.0cm?® /mol
(r¢=2, where r; = d/ap is the mean distance d be-
tween the electrons in units of Bohr radius ag). The
present SFVM is compared with path-integral Monte
Carlo (PIMC),['®19 quantum molecular dynamics
(QMD)!"! simulations based on a tight-binding elec-
tronic structure calculation, tight-binding molecular
dynamics (TBMD),[?%! wave-packet molecular dynam-
ics (WPMD)!?! simulations, and the linear-mixing
(LM) model.[??] The present results lie between those
of WPMD and LM in the entire temperature range.
The pressure increases very slowly with increasing
temperature between 5000 and 14000K, which indi-
cates where the dissociation occurs. The pressure-
temperature curves from WPMD and LM show a simi-
lar behaviour of the pressure but at values higher and
lower than the present absolute values, respectively.
The deviations of the present calculations from those
of WPMD and LM come from the fact that the disso-
ciation reaction has not been included in the WPMD
and LM. The present SFVM and WPMD calculations
show an increase of the pressure with increasing tem-
perature up to about 5000K. Further increase in tem-
perature causes the dissociation of the molecules to
atoms, leading to a decrease of the thermal pressure.
This effect nearly cancels the increase of the kinetic
energy with temperature, so we observe a region with
(0p/0T),, = 0 between 5000 and 12000K. PIMD seems
to overestimate the effectiveness of dissociation be-
low 10000K so that a region with (9p/9T), < 0 oc-

curs. The additional considerations of ionization in

our model would lead to lower pressure at higher tem-
peratures. Therefore, the present SFVM is applicable
to the calculation of EOS in the range of tempera-
ture from 2000 to 10000K and density from 0.1 to
0.6g/cm?.
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Fig.4. Pressure as a function of the temperature for

a constant specific volume of V=6cm?/mol.

4. Summary

The self-consistent fluid variational model and ef-
fective pair potential have been successfully used to
describe the phenomenon of molecular dissociation,
caused by both temperature and pressure effects in the
range of temperature 2000-10000K and density below
0.6g/cm?. The present SFVM produces pressure and
temperature dissociation varying continuously as ei-
ther the density or temperature increases. SFVM rep-
resents a significant effect to describe the interaction
properties in a dense mixture of atoms and molecules
in chemical equilibrium. It has immediate applica-
tions in the study of outer layers of giant planets and
the analysis of shock compression experiments on hy-
drogen, where partial dissociation may occur. Ap-
plications of the SFVM to experiments on other di-
atomic molecules are straightforward. The pressure
ionization, the polarization correction for the interac-
tion between electrons and neutral particles, and the
many-particle nature of the interaction are not well
taken into account in the present calculational model,
which leads to the important reason of deviations. In
another paper we will take into account the ionization

equilibrium H=e+p.
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