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The entanglement properties of the system of two two-level atoms interacting with a single-mode vacuum field are

explored. The quantum entanglement between two two-level atoms and a single-mode vacuum field is investigated by

using the quantum reduced entropy; the quantum entanglement between two two-level atoms, and that between a single

two-level atom and a single-mode vacuum field are studied in terms of the quantum relative entropy. The influences of

the atomic dipole—dipole interaction on the quantum entanglement of the system are also discussed. Our results show

that three entangled states of two atoms—field, atom—atom, and atom-field can be prepared via two two-level atoms

interacting with a single-mode vacuum field.
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1. Introduction

Quantum entanglement (QE) is one of the
most striking properties of quantum mechanics.
It is a key problem in Einsten—Podolsky—Rosen
(EPR) Paradox,!!! Bell’s inequalities,? quantum
cryptography,[?’] quantum teleportation,[4] quantum
computation® and so on, and has been viewed as an
elementary resource for quantum information process-
ing. It is essential to create and manipulate entangled
states for quantum information application. Most ex-
perimental works of quantum entanglement have been
implemented with photons. Although individual po-
larization states of photons are easily controlled and
their quantum coherence can be preserved over many
kilometers in an optical fibre,!%! photons cannot be
stored for a long time, and the manipulation of collec-
tive entangled states demonstrates considerable diffi-
culties even if photons are confined in the same cav-
ity. The creation of long lived entangled pairs with
atoms, on the other hand, is a relatively recent pur-
suit, which may provide reliable quantum information
storage. The entangled state of a pair of two-level

atoms by using pulse area technique in a microwave

cavity has been realized by Hagley!”! based on the pro-
posal of Cirac and Zoller.®] The generation of atom-
photon entanglement has also been proposed in Ref.[9]
in a tripod-like laser-atom-cavity system, which sus-

tains two cavity modes.

In this paper, we will explore the generation of
atomic and atom-field entangled states via the sys-
tem of two two-level atoms interacting with a single-
mode vacuum field. We will investigate the degree of
the entanglement (DE) between two two-level atoms
and a single-mode vacuum field by using the quantum
reduced entropy. In addition we will also study the
DE between two two-level atoms, and that between a
single two-level atom and a single-mode vacuum field
through using the quantum relative entropy.!%
2.Reduced density matrices of
and a

two two-level atoms

single-mode vacuum field

The system considered here consists of two two-
level atoms interacting with a single-mode vacuum

field. We assume a two-level atom with an upper
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level |+) and a lower level |—). The upper level |+)
is coupled to the lower level |—) by the single-mode
vacuum field. In the interacting picture, the effective
Hamiltonian 1! in the rotating wave approximation

(RWA)[1213] s (B = 1)

H = HO + H17 (1)
with
2 .
Hy = wy Z S?()Z) +wa'a, (2)
i=1
and

2
HI = Zg(a‘*’s(f) + CLS_('_Z))
=1
+02(sMs® 4 5W 5y, (3)

Here a™ and a are the creation and annihilation op-
erators of the field mode of frequency w; wq is the
atomic transition frequency; Ss, S and S_ are the
usual pseudo-spin operators of the two-level atom; g is
the atom-field coupling constant, and {2 is the atomic
dipole-dipole coupling constant, i(= 1,2) denotes ith
atom. For simplicity, we consider only the resonant
case (W = wp).

We consider that at ¢ = 0 the two atoms are in
the excited state|++) and the field is in a single-mode
vacuum state |0). The initial state of the system is a

decoupled pure state, and the state vector is
|2(0)) = [¥a,4,(0)) @ [¥4(0)) = [+ +0).  (4)

In the interacting picture, at any time ¢ > 0 the
evolution of the state vector of the system obeys the

Schréodinger equation (A =1)

0
ig 01(t)) = Hi ¥1()). (5)

It can be obtained by solving the Schrédinger equation

|¥1(2)) =Co(t)] + +0) + C1 ()| + —1)
+ Cao(t)| = +1) + C5(t)| — =2),  (6)

where the coefficients[!!] are

Colty = a2,
CMU:@@:—gB,
Cs(t) = Zﬁngf v (7)

2, 3’
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B = at _ elbt
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0, = \/ 22 + 2442,
0+ \/92 T 24g2)

b —/ .(22 + 24g2) ()

The density matrix of the system is

p(t) = | ¥r()) (¥r(t)]- (9)

The reduced density matrix of the subsystem com-

posed of two atoms is

Paas (t) = trp (| ¥1(2)) (¥r(t)])

CoCt 0 0 0
0  C,Cr CCr 0
= e M2 . (10)
0 C0F CCF 0
0 0 0 O30

Its eigenvalues can be obtained as follows,

AL(t) = CoCL,

Aa(t) = C1CF + O3,

As(t) = C5C,

Aa(t) = 0. (11)

Similarly, we can obtain the reduced density matrix

of the single-mode vacuum field

ps(t) =traa,p(t)
=CoC3|0)(0[ + CLCY 1) (1]
+ GG 1) (1] + C5C312)(2
=A1(1)[0){0] + A2 (#)[1)(1]
+23(1)[2)(2]- (12)
It turns out that the eigenvalues of p;(t) are identi-

According to the Schmidt

the state vector of the system can be

cal to those of pg,a,(t).
theorem, 14

rewritten as

| 1(t)) =/ A1(t |+-|—|0 Y+ VA2 (t)/2] + —
+ 1/ A2(t)/2] — +)[1) -}-\//\3 |——|2
(13)
In what follows, we will utilize the above results to

investigate the entanglement properties of the system

and the subsystems.
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3. Quantum entanglement
between two two-level atoms

and a single-mode vacuum field

We use the reduced quantum entropy as the mea-
sure of the DE between two two-level atoms and
a single-mode vacuum field. The entropies of the
subsystem can be defined through their respective

reduced-density matrix as/'?l

Si(t) = —tr[p;(t) Inp; ()], (i = aiaq, f). (14)

The entropies of a general two-component quan-
tum system are linked to a remarkable theorem pre-
sented by Araki and Lieb,1% which states that

|Saraz (t) = S5 (6)] <Sayaz7(t)

<[Sara (t) +55()]. (15)

Here S,,4,f(t) = —tr[p(t)Inp(t)] is the total entropy
of the system of two two-level atoms and the single-
mode vacuum field. It is worth noting that the p(t)
given by Eq.(9) is governed by a unitary time evolu-
tion and consequently the total entropy S, a,f(t) is
time independent. Since we have assumed that the
two two-level atoms and the single-mode vacuum field
are initially in a disentangled pure state, the total en-
tropy Sa,a,f(t) of the system is zero. One immediate
Sf(t). As

a result, we only need to calculate the atomic quantum

consequence of inequality (15) is Sg,4,(t) =

entropy Sg,q,(t). We can express the atomic quantum
entropy in terms of the eigenvalues \;(t) of the atomic

reduced density matrix given by Eq.(10)

4
Sayas () = = > Xi(t)In Xi(2). (16)
i=1

It reflects the DE between the two two-level atoms
and the single-mode vacuum field: if Sy, ,,(t) takes its
minimal value zero, the two atoms and the field are
disentangled. If S,,,,(t) takes its nonzero value, the
two atoms and the field are entangled.

Figure 1 displays the numerical results for the
time evolution of the reduced entropy Sg,a,(t) for
k = 2/g = 0, 10, 20. In Fig.l (a), k=0 corre-
sponding to the time evolution of the reduced entropy
Sa,a,(t) in the absence of the dipole-dipole interaction
between the two two-level atoms. It is observed that
the reduced entropy S,, 4, (t) evolves with a period of
m. When t = (n — )7/g, (n = 1,2,3,...), Sa,a,(t)

evolves to its zero values and the two two-level atoms

are disentangled from the vacuum field, while at time
t = (2n — 1)7/(4g),
values, the two atoms are strongly entangled with the

Saya, (t) evolves to its maximal

vacuum field, which means that the two atoms-field

entangled state can be prepared by choosing the time
t=(2n—1)7/(4g).
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Fig.1. The time evolution of the reduced entropy

Sajas(t). (a) k=0; (b) k= 10; (c) k= 20.

The results for the time evolution of reduced en-
tropy Sa,a,(t) in the presence of the dipole—dipole
interaction are plotted in Figs.1 (b) and (c). From
these figures, we can see the influences of the atomic
dipole-dipole interaction on the atomic reduced en-
tropy Sa,a,(t). It is observed that the dipole-dipole
interaction of the two atoms leads to the decrease of
the maximal values of the atomic reduced entropy and
the increase of its time evolution period, which means
that in order to prepare the two atoms-field entan-
gled state, the influence of the atomic dipole—dipole

interaction should be reduced.
4. Quantum entanglement

between two two-level atoms

The above results show that the effective Hamil-
tonian given by Egs.(2) and (3) will lead to the entan-
glement between two two-level atoms and the single-
mode vacuum field. Therefore, the states of atom-
atom and a single atom-field may evolve into mixed
states. In these cases, the reduced entropy cannot
measure the DE between atom-atom and that between
a single atom—field. However, the relative entropy of
the entanglement is a good measure for the DE of two-
atom mixed state and the DE of a single atom—field,
which is defined as!!7]

Er = min 5(p|lo), (17)
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where S(p|lo) = tr[p(lnp —

ative entropy, its minimum is taken over D, the set

Ino)] is the quantum rel-

of all disentangled states. The relative entropy of the
entanglement is viewed as the minimal ‘distance’ be-
tween the state p and the disentangled state o. For
a pure state, the relative entropy of the entanglement
reduces to its reduced entropy, while for mixed states,
it is usually difficult to calculate the relative entropy
of the entanglement except for some specific states.
Recently, the following theorem about the relative en-
tropy of the entanglement has been proven, 819 and
it is considerably suitable for our analysis.

If a bipartite quantum state can be expressed as
p= Z Ay, mz | ¥ny Oy ) (Yo B |- (18)

ni,Mn2
Then the relative entropy of the entanglement is given

by

Ej (pJ) = Z Ann In Anyn + tr(pj In p])

n

(j = a1az,af), (19)

and the disentangled state o that minimizes the quan-

tum relative entropy S(p||o) is given by

where |¥,) and |¢,) are orthonormal states of each
subsystem.

It should be noted that the reduced density ma-
trix given by Eq.(10) could take the form

=Y anmln,n)(m,m|, (21)
n,m

Paias

where an,m = (N, n|pa;a,|Mm,m). Hence, the relative

entropy of entanglement for the state in Eq.(10) is

written as

Zannlnann — S(payas)

=— E Qpnlna, ,

+ZA £) In Ay ( (22)

Ea1a2 palllz

Therefore, E, 4, (t) reflects the DE between two
two-level atoms. The numerical results of Eq.(22) are
shown in Fig.2 and the parameters used are the same

as in Fig.1.

It is obvious that the relative entropy E,, ., (t)
also evolves with a regular periodicity. In Fig.2 (a), we
assume that the atomic dipole-dipole interaction is ab-
sent. At time t = 2(n — 1) /(5¢g), (n =1,2,3,--) the
relative entropy achieves its minimum, which means

that the two two-level atoms are disentangled.
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Fig.2. The time evolution of the relative entropy

Ea a5 (t). (a) k=0; (b) k= 10; (c) k = 20.

At time t = (2n — 1)m/(5g), the relative entropy
reaches its maximum, i.e. the two two-level atoms are
strongly entangled. This result shows that at time

= (2n — 1)7/(5g), the atom-atom entangled state
can be prepared. The results for the time evolution
of relative entropy of the two atoms in the presence
of the dipole-dipole interaction are shown in Figs.2(b)
and (c). It is shown that the atomic dipole-dipole in-
teraction leads to the decrease of the maximal values
of the atomic relative entropy and the shortening of

its time evolution period.

5. Quantum entanglement
between a single two-level atom

and a single-mode vacuum field

By tracing an atom for the density matrix of the
system, the reduced density matrix of a single two-
level atom and a single-mode vacuum field is obtained
in the atom-field bases | + 0), | — 1), | + 1) and | — 2):

Paf(t) = trap(t)

CoC; CoCi 0 0
C.Cr CCF 0 0

= | e T (23)
0 0 GO G0
0 0 CsC; CsC3
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Its eigenvalues r;(t), (j=1, 2, 3, 4) are given by

T‘l(t) = COC'S‘ ~|— Cle,
Tg(t) = CQC; + C’gC?f,
r3(t) = ra(t) = 0. (24)

The relative entropy of the single atom-field is
3 4
Eap(t)=— > CiC{In(CiCy) + Y rj(t)Inr;(t). (25)
=0 7j=1

The time evolution of E,(t) reflects the time evolu-
tion of the DE between a single two-level atom and a
single-mode vacuum field. E,((t) is plotted in Fig.3.

The parameters are the same as in Fig.1.
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Fig.3. The time evolution of the relative entropy

Eqf(t). (a) k=05 (b) k =10; (c) k= 20.

It is interesting to note that the entanglement
dynamics of a single atom and a single-mode vac-
uum field is almost the same as that of the two
atoms in section 4. This result shows that at time
t = (2n—1)m/(5g), the atom-field entangled state can
be prepared.

6. Conclusion

In this paper, we explore the quantum entangle-
ment of the system of two two-level atoms interacting
with a single-mode vacuum field. We study the DE
between two two-level atoms and a single-mode vac-
uum field by using the quantum reduced entropy, and
investigate the DE between the two two-level atoms,
and that between a single two-level atom and a single-
mode vacuum field by using quantum relative entropy.
We can conclude as follows: First, three entangled
states (two atoms-field; atom-atom and atom-field)
can be prepared via two two-level atoms interacting
with a single-mode vacuum field. Second, three kinds
of the QE evolve periodically with the same phase.
Finally, the atomic dipole—dipole interaction leads to
the decrease of the degrees of the entanglement. In
order to prepare entangled states, the influence of the
atomic dipole—dipole interaction should be reduced.
Our results are important for the experimental real-

ization of the preparation of entangled states.
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