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This paper studies the correlation properties of the speckles in the deep Fresnel diffraction region produced by the

scattering of rough self-affine fractal surfaces. The autocorrelation function of the speckle intensities is formulated by

the combination of the light scattering theory of Kirchhoff approximation and the principles of speckle statistics. We

propose a method for extracting the three surface parameters, i.e. the roughness w, the lateral correlation length & and

the roughness exponent «, from the autocorrelation functions of speckles. This method is verified by simulating the

speckle intensities and calculating the speckle autocorrelation function. We also find the phenomenon that for rough

surfaces with a = 1, the structure of the speckles resembles that of the surface heights, which results from the effect of

the peak and the valley parts of the surface, acting as micro-lenses converging and diverging the light waves.
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1. Introduction

Speckle fields are the random intensity distribu-
tions produced when the incident light waves are scat-
tered from random surfaces. They appear in many op-
tical phenomena related to light propagations!*2/ and
have found wide applications in a variety of scientific
and technical fields.>=5] In reviewing the studies of
speckles, we may divide the speckle fields into differ-
ent categories according to the position of the obser-
vation plane in the following diffraction regions: the
near-field region,!! specifying a region within a dis-
tance smaller than a few wavelengths from the random
surface and with the evanescent waves inducing in-
teresting phenomena,l”) the far-field regions including
the Fresnel and the Fraunhofer diffraction regions, and
the deep Fresnel diffraction region located in between
the near-field region and the Fresnel diffraction region,
defined by Wu et al!8! in the studies of coherent poly-
chromatic speckles. At present, most of the papers in

the literature are focused on the speckles in the Fresnel

and the Fraunhofer diffraction regions. The structures
of the speckle fields in these two regions have been well
understood to depend sensitively on the structure of
the surfaces, but in the statistical descriptions of the
speckle structures, the autocorrelation function of in-
tensities are only related to the scattering aperture,!!
thus the information of the random surfaces is missed.
In recent researches!®) with a qualitative analysis, the
speckles in the deep Fresnel region have been shown to
have a correlation function containing the information
of the random surface and then the average scattering
grain sizes of the objects are successfully extracted. In
the descriptions of practical surfaces, more parameters
such as surface roughness w, lateral correlation length
¢ (or average scattering grain size, as it is called) and
fractal dimension a are needed. The extraction of all
these parameters would be of great significance in the
characterization of random surfaces; however, it has
not been tackled by using the correlation functions of

the speckle fields.
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Combining the scattering theories of random
rough surfaces and the statistical theories of speck-
les, we will derive in this paper the rigorous analyti-
cal expression for the autocorrelation function of the
speckle fields in the deep Fresnel diffraction region. In
contrast to the autocorrelation function of the far-field
speckles, it has the form with the scattering intensity
profile taking the place of the aperture of the scatter-
ing object, and hence it is related explicitly and quan-
titatively to the surface parameters. Then we propose
the method for extracting the surface parameters by
fitting the data of the speckle autocorrelation func-
tion to the obtained theoretical results. This method
is validated by the simulational measurement of the
three surface parameters: i.e., the roughness w, the
lateral correlation length £ and the roughness expo-
nent a of the self-affine fractal surface samples. In
the simulations, we generate the random surface sam-
ples, and calculate the corresponding speckle intensi-
ties and the data of their autocorrelation functions,
with which the fits are performed. Additionally, by
analysis of the calculated speckle intensities, we can
find the local fluctuations in the speckle structure in
deep Fresnel diffraction region, and reveal the obvi-
ous resemblances between the structure of the speckle
intensities in the observation plane at an appropriate
distance and the variation of the surface heights for
the random surface with o = 1, which originates from
the peaks and the valleys of the surface, converging

and diverging the light waves like the micro-lenses.
2. Theoretical analysis of the
speckle formation in deep Fres-

nel diffraction region

For simplicity, we consider the one-dimensional
geometry of speckle formation in deep Fresnel diffrac-
tion region as shown in Fig.1. The random screen is
placed on the object plane with coordinate xp, and
the random screen is illuminated by a parallel laser
beam with wavelength A and amplitude Uy. The ob-
servation plane with coordinate x at a distance z from
the object plane is in the deep Fresnel diffraction re-
gion, which means that z is so small that the area on
the object plane, from which the scattered light waves
contribute to an observation point, is smaller than the
area of illuminating beam. The formula of the scat-
tered light field in Kirchhoff approximation is given
by Eq.(4.17) in Ref. [10]. With the terms of surface

height derivatives neglected and the transmitting ob-

ject taken into account and by letting y = 0, we can
obtain the expression for the scattered light field at

point x for the one-dimensional case:

U(x) :/exp[i27r(n — 1)h(z0)/A]

ik
" exp(ikr)

cosfdzy, (1)

Fig.1. Schematic diagram for generating the speckles

in the deep diffraction region.
where h(zg) is the surface height distribution of the
screen, cosf is the inclination factor, n is the refractive
index of the screen, k = 27/ is the magnitude of the
wave vector, and r = [22 4 (z —m0)2]1/2 is the distance
between the object point and the observation point.
To obtain the autocorrelation of speckle intensities, we
need to calculate the autocorrelation function of the

light field first, which is defined as follows:

Ry (z1, w2) =(U(21)U"(22))
= //(exp{i%r(n = D[h(zo1) — h(zo2)]/A})

" exp(ikry) exp(—ikrsy)

1 T2
x cosbf;cosbydzgi dzgs, (2)

where Eq.(1) has been used, ( ) denotes the ensemble
average, and r; and ro are the distances of the obser-
vation points 1, x2 from the object points xg1, xo2,
respectively. Assuming that the height distributions
of the random screen have Gaussian joint probability

density, then we have the following relation:
(exp{i2m(n—1)[h(z01) — h(z02)]/A})
=exp{—[27(n — )] [w®~Rp(zo1—202)]}, (3)

where w is the root-mean-square deviation roughness,
Rh(x(]l—xog) = Rh(m()l,l'oz) = <h($01)h(l‘02)> iS the
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autocorrelation function of the surface height. Usually
Ry(w1,22) and Rp(zo1 — zo2) are narrow functions
with respect to the correlation separations z; — o
and xg;—xo2, respectively, indicating that the range
of xg1—xg2 for the integrand on the right-hand side of
Eq.(2) to be significant is very small (in the order of
correlation length of the random surface, i.e., about a
few micrometers). Then we only need to consider the
case with s close to x; and zgo close to zg1, and we
have 6; ~ 60>. Defining ro; as the distance between
points xgy and x; as shown in Fig.1, we can obtain in

first-order approximation:

ro1 & To + (22 — x1) sinby, (4)
ro1 X T+ (CU(]Q — 5601) sin01, (5)
where we have used sinfy & sinf; = (zo1 — @1)/71.

Then we have:

r1 — 1y & (Azg — Az) sinfy, (6)

With
these relations and the variable substitutions of xgs =
201 + Azg and k, = sinfy /A = (xo; — x1)/(Ary) in the
integral, Eq.(2) can be simplified as

where Axzy = zgy — 291 and Azx = x5 — 27.

Ry(Az) =X // exp{—[27r(n—1)/)\]2[w2—Rh(Ax0)]}
" expli2rky(Azg — Ax)]

T1

dk,dAzy,  (7)

where Ry(Az) = Ry(wi,z2), and we have used
costy =~ costh and dk, = (cos201)dm01/(r1)\) and

71 & ro in the denominator.

The integral with respect to Az in Eq.(7) is actu-
ally the Fourier transform FT![F(Aw)] of the func-
tion F(Azg) = exp{—[2m(n—1)/A*[w?—Rnx(Azo1)]},
and it is transformed to the function of k,, where the
respective integral is in essence carried out over the
random screen. From the results of light scattering
theory,[1%1] we know that FT~'[F(Ax)] is the scat-
tered intensity profile of k;. Then Eq.(7) has the ob-
vious significance in physics: the correlation function
of the light wave in the deep Fresnel diffraction region
is the integral with respect to kg, the integrand being
the scattering profile reciprocally projected onto the
screen surface. This is illustrated by the bell-shaped
curve on the screen in Fig.1. In Eq.(7), 11 = z/cosb;

is varied in the integral with respect to k4, and it can

be written as

Ry(Az) =()\/2) / / exp{—[2m(n—1)/\]?
X [w?—Rp(Azor)]}
x expli2rk,(Azor — Ax)]cosfdk,dAxzor.
(8)

If the inclination factor cosf; does not vary con-
siderably within the significant part of the scattered
intensity profiles, the approximation cosf; ~ 1 can
be made, as in most of the literature for diffraction
theory.[) The integral on the right-hand side of Eq.(8)
simply reduces to the pair of Fourier transform and the
inversion of the exp{—[27(n—1)/A]’[w2— Ry (Azo)]}.
The correlation function of the light field turns out to

be

Ry(Az) = (\/2)exp{— [2n(n—1)/X[w* ~ Ry (Aa)]}.
(9)

Based on the definition of the autocorrela-
tion function of intensity, we have Rj(zi,z2) =
(I(xz1)I(z2)). From the speckle theory, we know that
when the surface is rough, U(z) is a circular complex
Gaussian variable,[!l and with the Gaussian moment

theorem, we have
Ry(w1,2) = (I)* + |(U(x1)U" (x2)) [, (10)

where (I) = (I(z1)) = (I(z2)) is the average speckle
intensity. It is usually more convenient to use the
normalized autocorrelation function of the speckle in-

tensity defined as
v1(z1,22) = [Re(z1,22) — (]/(0)% (11)

Using Egs.(9)—(11) and noticing (I) = (Ry(Az = 0))
and w? = Ry (Az = 0), we finally obtain

71(Az) = exp{—2[2m(n—1)/A[w’~Rn(Aa)]}. (12)

Compared with the speckle intensity autocorrela-
tion function 7 (Az) in the far-field,[!l which is related
to the Fourier transform of the squared modulus of the
scattering aperture function, the above equation is the
result that the scattering intensity profile reciprocally
projected on the object plane takes the place of the
aperture function. Rigorously speaking, the scattering
aperture function and the reciprocated scattering in-
tensity profile determine vy;(Az) altogether. Because
the scattering intensity profile is narrowed when the
observation plane is close to the object plane, its range
is much smaller than the scattering aperture, and then
it dominates y7(Az). As aresult, Eq.(12) is obtained.
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From Eq.(12), we know that vy;(Az) depends only
on the properties of the random surface, such as its
roughness w and the autocorrelation function Ry (Ax)
of its height.

random self-affine fractal surfaces which can describe

In this paper, we will consider the

a variety of practical surfaces ranging from growth
fronts to ground interfaces.!213] The height autocor-
relation function of this kind of surfaces is phenomeno-

logically given by

Ry (p) = wexp[—(p/€)*"], (13)

where p = |Azg| is the correlation separation, ¢
the lateral correlation length and « the roughness
exponent related with the fractal dimension d¢ by
di = d— «a, with d the embedded dimension.['*] When

a = 1, the random surfaces reduce to those with Gaus-

sian correlation.

3. Numerical simulation of the
speckle field scattered by the
random self-affine fractal sur-

face

Next, we simulate the speckle field produced by
the scattering of random self-affine fractal surface. We
generate the numerical height distribution h(zy) in
surface samples with arbitrary values of parameters
by using the speckle-autocorrelation-function-analogy
algorithm, which has been proposed in Ref.[15]. Based
on Eq.(1), we calculate the light field U(z) in the deep
Fresnel diffraction region with the generated height
h(xzg) of a surface sample and the corresponding inten-
sity distribution I(z), which is the quantity that can
be actually measured with the detector in practical
experiment. In practical calculations, the wavelength
of the illuminating light is set at 632.8nm, correspond-
ing to that of the He-Ne laser. The refractive index of
the screen is that of glass, i.e. n = 1.532.

Figure 2(a) gives the speckle intensity distribu-
tions of 256 x256 pixels in the deep Fresnel diffraction
region produced by a random surface sample with the

parameters w =0.2um and £ =3.0pum, and o = 0.8.

The range of distance from the observation plane to
the object plane is [5A, (5+255)A] with a distance
increment A. We can see that there are structures
of local fluctuations in the speckle intensities, which
are induced by the fractal characteristics of the ran-
dom surface, and can rarely be found in the far-field
speckles except in the deliberately arranged optical
systems.[16] This figure also shows how the speckle in-
tensities evolve in the deep Fresnel diffraction region.
Figure 2(b) shows the intensity distributions at the
distances 60, 80, 100 and 120\, respectively, produced
by a surface sample of Gaussian correlation (o = 1.0)
with w =0.2um and £ =4.5um, as shown in the lower
part of this figure. Here proper background values
have been added in the intensity curves except for the
curve at the distance 60\. We may see that the peak
positions in the speckle intensity curves are almost the
same as those in the surface height. This means there
are obvious resemblances between the speckle intensi-
ties and the surface heights. These resemblances origi-
nate from the local smoothness of the surface, of which
the peaks and the valleys act as convex and concave
micro-lenses, respectively. Obviously, the convex ones
converge the light and the bright spots with larger in-
tensities are formed behind them, while the concave
ones diverge light with dark area formed behind. By
careful comparison of the speckle intensity curves and
the surface height, we may find that the intensity dis-
tributions at the distance 100\ resembles the heights
most, indicating that this distance is close to the av-
erage focal length of the convex micro-lenses.

It should be noted that the light waves scattered
from a point on the random surface propagate in a
cone-like region with a certain angular range behind
the surface. Correspondingly, the light field at a point
on the observation plane is the addition of the light
waves scattered from the area on the random surface
subtending an angular range of the same size at this
point. In the deep Fresnel diffraction region, this an-
gular range does not change with distance of the obser-
vation plane from the object surface, and for most ran-
dom surface scattering problems, this range does not
extend too large and the approximation of cosf ~ 1

will not result in significant error.!
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Fig.2. (a) The grey scale map of the speckle intensity distributions in the deep Fresnel diffraction region produced

by a random surface sample with w =0.2um and £ =3.0um, and a = 0.8. (b) The intensity distributions at different

distances produced by a surface sample of Gaussian correlation (o = 1.0) with w =0.2um and £{=4.5um.

Next, we concentrate on the simulation of the ex-
traction of surface parameters from the autocorrela-
tion function of the speckle intensities using the above
theoretical results, in which the speckle fields need
to have a Gaussian probability distribution, and re-
quire the speckle intensity at the observation plane is
contributed from a large number of scatterers on the
object. This requires that the reciprocally scattering
profile is broad enough, i.e. the distance z of the ob-
servation plane in the deep Fresnel region needs to
be large enough. Concurrently, the range of the ob-
ject needs to be larger than that of the reciprocated
scattering profile. To ensure these conditions to be
satisfied, we set the distance z at 2cm, and the range
of the generated surface be 6cm with 2 x 10° sampling
points. The size of the observation plane is 8.4mm
with 2 x 10* sampling points of the intensity distribu-
tions. Again, the speckle fields and the corresponding
intensity distributions are calculated with Eq.(1) for
the given random surface samples. From the intensity
distribution, the correlation function (R;(Az)) and
the average intensity (I) are numerically calculated.
Then ~7(Az) can be calculated based on its defini-
tion, i.e. Eq.(11). Finally, by the least squares fit of
the v7(Az) curve to the theoretical result obtained us-
ing Eq.(12) combined with Eq.(13), the values of the
parameters w, £ and a of the random surface sam-
ple producing the speckle field are obtained. In this
process, what is crucial in the extraction of surface pa-
rameters is the formulation of Eq.(12), which provides
the quantitative foundation for the fit and makes the

extraction possible.

Figure 3 shows the data of intensity autocorrela-

tion functions of six generated random surface samples

by dots. The corresponding curves fit with Eq.(12) are
shown in solid lines. The surface parameters extracted
from the fits for samples Nos.1-6 are given in the fig-
ure from top to bottom. The values of the parameters
set in the generation of these samples are given in Ta-
ble 1. Comparing the set values and the fit values of
the surface parameters, we see that on the whole, re-
sults extracted from the intensity correlation function
agree well with the set values of the random surfaces.
From these curves, we can also see how the autocorre-
lation function of speckles varies with the parameters
of the self-affine fractal surfaces. The values of a de-
termine the decrease of the autocorrelation function
in the region of small correlation separation Az, and
the values of ¢ and w together determine the size of
the speckle correlation range, beyond which the cor-
relation approaches their asymptotical values.

Table 1. Values of the parameters set in the generation of

samples Nos.1-6.

Sample number 1 2 3 4 5 6

w 02 02 03 04 02 02
30 30 45 45 60 3.0
a 06 04 08 08 10 1.0

It should be noted that in the derivation of Eq.(9),
i.e. the expression of Ry (Aw), we have taken the ap-
proximation that inclination factor cosf; ~ 1, which
is shown to be of good accuracy by the above ex-
tracted results. The surface parameters can be also
extracted rigorously with the following data process-
ing algorithm by numerically eliminating the inclina-
tion factor from correlation function based on Eq.(8),
especially when the approximation may result in con-
siderable errors. First we calculate v;(Az) from the

intensity distributions, and then obtain Ry (Az) =
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(U(z1)U*(2z2)) based on Egs.(10) and (11). Next
we perform the numerical inverse Fourier transform
FT'[Ry(Az)], which, based on Eq.(8), is a function
of spectrum coordinate f, given by FT ! [Ry(Az)] =
(\/z)cosb FT1[F(Azo)] ‘fq' Making the numerical
product of (cosf;) *FT![Ry(Ax)], where (cosf;) !
can be reciprocated from f; with the relation
given in the above context, and then perform-
ing the Fourier transform of this product, i.e.,
FT{(cost,) FT [Ry(Az)]}, we have the data of
(A z)F(Azp). Normalizing these data, and then mak-
ing the square numeration, we obtain the data of
[F(Aaco)]2. By the least squares fit of the data to
Eq.(12) with Rj(Az) taking the form for the self-
affine surface, we can extract the surface parameters of
w, £ and «. In principle, this algorithm can eliminate
the effect of the inclination factor. We have practically

performed the algorithm for the data processing,

w 3 o4
m 0.229+0.001, 3.24+0.08, 0.671+0.01
O 0.21440.001, 3.32£0.11, 0.4440.02
® 0.29240.005, 4.2540.40, 0.80+0.04
O 0.386+0.054, 4.23+0.92, 0.81+0.04
A 0.22110.001, 6.70£0.02, 1.00£0.01
A 0.21740.001, 3.304:0.06, 0.98+0.01

Ri(Az)/arb. units

Fig.3. Curves of the speckle intensity autocorrelation
functions produced by surface samples Nos.1-6 and

the extracted values of surface parameters.

and the results are very close to those given in Fig.3.
This indicates that the inclination factor does not sig-
nificantly influence the results under the conditions we
have used in the simulation in this paper, and Eq.(12)
can be directly used for the least squares fit.
Additionally, we

dimensional case in this paper.

only discussed the one-
However, by use of
the scattering theory, it is not difficult to show that
for isotropic two-dimensional random surface sam-
ples, the result of Eq.(12) for the normalized corre-
lation function of the speckle intensity would be ac-
curate enough with Az replaced by p = |Ar|, where
Ar = (Az, Ay) is the two-dimensional correlation sep-
aration and p is its length. This means that the results
of this paper can be applied to the two-dimensional

cases.
4. Conclusions

We have studied quantitatively the characteristics
of the speckle structures in the deep Fresnel diffrac-
tion region by formulating a speckle autocorrelation
The method for

the characterization of self-affine fractal surface is pro-

function for the random surfaces.

posed. Compared with the papers in the literature in
which only the lateral correlation of the random sur-
face can be measured, this paper is advantageous in
the simultaneous extraction of all the three surface
parameters. This method is shown to be of satisfac-
tory accuracy by the simulation of the speckle inten-
sities and calculations of their autocorrelation func-
tions. This method can be also applied directly to
the practical experimental measurement of the sur-
face parameters merely by replacing the simulations

with detecting the speckle intensities.
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