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We propose a scheme to realize the nonlocal quantum entanglement of three three-level particles by using a three-

particle entangled state of three levels as a quantum channel with the aid of some local unitary transformations. This

scheme can be directly generalized to the nonlocal quantum entanglement of N three-level particles.
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1. Introduction

Nonlocal quantum entanglement is not only a key
ingredient for the tests of quantum nonlocality,? but
also a basic resource in quantum information process-
ing, such as quantum cryptography,®! quantum dense
coding,[4] quantum teleportation,[5_13] quantum er-
ror correction™ and the quantum computer.[w] So
the research on entangled states has attracted more
and more attention. Most of the research on quan-
tum information processing is based on the entangle-
ment generation of two-level quantum systems.[16:17]
Recently, Zou et all*®l and Jin et al®! proposed two
schemes to generate the entangled states of three-level
atoms in cavity quantum electrodynamics (QED). Dai
et al2°21] proposed a scheme to teleport multi-level
particle state. Moreover, Zhan et all?? presented a
scheme to generate the entangled state of multi-level
atoms. Diir et all?3] presented a scheme of purification
by using nonlocal quantum operations. Lately, Zheng
et al?¥ proposed a scheme to probabilistically gener-
ate an unknown nonlocal two-particle entangled state
of two levels by using a partial two-particle entan-
gled state of two levels and performing some nonlocal

CNOT operations.

This paper is organized as follows. In Section
2, we propose a scheme to probabilistically generate

an unknown nonlocal three-particle entangled state of
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three levels by using a three-particle entangled state of
three levels as the quantum channel. In Section 3, we
generalize this scheme to probabilistically generate an
unknown nonlocal N-particle entangled state of three

levels.

2.How to realize an unknown lo-
cal quantum entanglement of
three three-level particles by

local operations

Suppose that the three unknown states of the

three-level particles can be expressed as
2
) = Zajml,
j=0

2
|1/}>2 = Z bn|n>27
n=0

2

lv)s = Z em|m)s, (1)

m=0

2 2 2
where Z la;|* =1, Z |b,|* = 1, and Z lem|* = 1.
j=0 n=0 m=0

Therefore, the joint state of particles (1, 2, 3) is given
by
[¥)123 = [¥)1 @ |[)2 @ |2)3. (2)
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We perform a unitary transformation Uy = U5 ®
Uis on particles (1, 2) and particles (1, 3) under
the basis {00}, [01), [02), [10), |12), 12), [20), [21),
|22) }12(13), respectively. The unitary transformations

Uiz and U;3 may take the form of the following 9 x 9

matrices:
I 0 0
Uo=Uiz=1] 0 A4 O ) (3)
0 0 A

where [ is the 3 x 3 identity matrix and 0 is the 3 x 3
zero matrix. A; and A are the 3 x 3 matrices and

may be written as
0 0 1 01 0
Ai= 100 |, A=[o001[. (4
01 0 1 0 0

After performing the unitary transformation U,

the state in Eq.(2) becomes

[¥)12s = ) |R2), (5)

where |R,.) is defined as

2

n=0

2
® Z ¢m|(m + j)mod 3)s,

m=0

(T =Jj€ {07 172})' (6)

So the local quantum entanglement of the three
three-level particles is determined by the coefficients
aj, bp, and ¢, (j,m,m = 0,1,2). If the coefficients
aozalzagzl/\/gandbl=b2201202:0,we
can obtain a local three-particle maximally entangled
state of three levels, which can be expressed as

1

|¢>123 = \/3

(|000) + |111) + |222))125. (7)

3. How to realize an unknown
nonlocal quantum entangle-
ment of three three-level parti-

cles by local operations

A scheme is proposed to probabilistically generate
an unknown nonlocal three-particle entangled state of

three levels by using a three-particle entangled state of

three levels as the quantum channel. Without loss of
generality, the quantum channel of the three-particle

entangled state of three levels is given by

2

[¥)as6 = > Aklkkk)ase, (8)

k=0

2
where Z |Ax|> = 1, and |)g] is the smallest among
k=0

these coefficients’ absolute values. Particles (1, 4) be-
Particles (2, 5) and particles (3, 6)
belong to Bob and Charlie, respectively. Further-

long to Alice.

more, Alice, Bob, and Charlie are spatially separated.
Therefore, the state of the whole system is composed
of three unknown quantum states, and the quantum

channel is given by

[¥)123456 = |1)1 @ [1)2 @ [1)3 @ |1))4s56. (9)

Firstly, Alice performs a unitary transformation
Uy on particles (1, 4) under the basis {|00), |01), |02),
[10), |11), |12), |20), |21}, |22)}14. The unitary trans-
formation U; may take the form of the following 9 x 9

matrix
I 0 0
Ui=] 0 4, 0 . (10)
0o 0 A

The unitary transformation U; will transform the
state in Eq.(9) into

2
[t} 123456 = Z a;Ai|jkk) 156 @ |2)a

z,j=0

® [P)2 @ |¥)s, (k= (5 + z)mod 3). (11)

Alice measures the state of particle 4. If the measured

result is |1)4, the state in Eq.(11) will become

2

[)12356 = Z ajAi|ikk) 156 ® Z bp|n)e @ |¢)s,

((4,k) €{(0,1),(1,2),(2,0)}). (12)

Then Alice informs Bob of her measured result via
classical communication.

Secondly, Bob performs a unitary transformation
Us on particles (5, 2) under the basis {|00), |01), |02),
[10), |11), |12), |20), |21), |22)}52. The unitary trans-
formation Us may take the form of the following 9 x 9

matrix:
Ay, 0 O
U, = 0 I O . (13)
0 0 A;
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After performing the unitary transformation Us, the

state in Eq.(12) will be transformed into
V) 12356 = Z a;Ak|jkk) 156

2
© 3 bul(n + )mod 3)s & [)s,

((; lg) €{(0,1),(1,2),(2,0)}).  (14)

Then Bob performs a unitary transformation U on

€
\/g (4,k) n=0

2

|¢'>12356 =

particle 5 under the basis {|0),|1),]2)}5. The unitary

transformation U is the following 3 X 3 matrix:

1 1 1
1 ) )
U = 1 e27r1/3 e47r1/3 . 15
7 | | (15)
1 e47'r1/3 e27r1/3

The unitary transformation U will transform the state
in Eq.(14) into

2
D aMelik)ie @ D bal(n+ j)mod )y @ [0)s + D ¥/ 3a; N, k)1

® Z bn|(n + j)mod 3)2 @ |1)5 + Z ™R30\ |7k 16

n=0

© Y bal(n + j)mod 3)2 @ |2)s | ® [¢)3, (4, k) € {(0,1),(1,2),(2,0)}). (16)

n=0

Bob measures the state of particle 5. If the measured

result is |1)5, the state in Eq.(16) will become

1 .
|¥)1236 =—= Z ™3 Nk |ik) 16
V3 (

3.k)

2
® Y bul(n+ j)mod 3),

n=0

2
® Z cm|m>3a
m=0

((: k) €{(0,1),(1,2),(2,0)}).  (17)

Then Bob informs Charlie of his measured result via

classical communication.

Thirdly, Charlie performs a unitary transforma-
tion Uy in Eq.(13) on particles (6, 3) under the basis
{|00>’ |01>7 |02>’ ‘10>7 |11>7 ‘12>7 |20>7 ‘21>7 |22>}63-
The unitary transformation U; will transform the
state in Eq.(17) into

1 )
1) 1236 =%[e2”‘/3A1IRo> ® [1)6

+e*™/3)0,|Ry) ® |2)6 + Ao|R2) ® [0)g]. (18)

Then Charlie performs a unitary transformation U in
Eq.(15) on particle 6 under the basis {|0),]|1),]2)}s.

The unitary transformation U will transform the state

in Eq.(18) into

W =

1) 1236 = l Z N R,) @ |0)6
(k)
+ Z e41rik/3)\k|RT> ® |1>6

(ksr)

+ Z M| Rr) ® 2)6
(k,r)

((k,r) €{(1,0),(2,1),(0,2)}). (19)

)

Charlie measures the state of particle 6. If the mea-

sured result is |1)g, the state in Eq.(19) will become

1 .
|’¢>123 :g Z e4ﬂlk/3)‘k|Rr>a
(k,m)

((k,7r) € {(1,0),(2,1),(0,2)}).  (20)

Next, Charlie informs Alice of his measured result via
classical communication.

Finally, Alice performs a unitary transformation
H on particle 1 under the basis {|0),]1),]|2)}1. The
unitary transformation H may take the form of the

following 3 x 3 matrix:

ef47ri/3 0 0
H= 0 e ?m/3 0 |. (21)
0 0 1

After performing the unitary transformation H, the
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state in Eq.(20) will become Ao A\ 2
- 0 122
1 AO (%)
)iz =35 D AslRo), By = 0 1 0 (25)
(k,r) \ 3 )
(k,r) €{(1,0),(2,1),(0,2)}).  (22) 1-(2) o -2
Ao Ao

Then Alice introduces an auxiliary particle A with its
initial state being |0) 4, so the joint state of particles
1,2, 3, and A is

1
[¥hi2sa =3 (kz:) Ak|Rr) ®10) 4,

((k,r) €{(1,0),(2,1),(0,2)}). (23)

Alice performs a unitary transformation U; 4 on par-
ticles (1,4) under the basis {|00), |01), [02), |10}, |11),
|12), |20}, |21), |22)}14. The unitary transformation
UlA is

B, 0 0
Uwa=| o 1 0o |, (24)
0 0 B,

where [ is the 3 x 3 identity matrix and 0 is the 3 x 3
zero matrix. B; and By are the 3 x 3 matrices and

may be written as

A Ao\ 2
-z 0 1— (2=
- ()

Blz 0 1 0 )

After performing the unitary transformation U 4, the

state in Eq.(23) becomes

[Whrzsa =22 (Z |Rr>> @ [0)a

1
+ 3 (/A = MIRo)

+ /A2 = A2|R2)) ® [2) 4. (26)

Alice measures the state of the auxiliary particle A. If
the measured result is |0) 4, the nonlocal quantum en-
tanglement of three three-level particles is successfully
realized with the probability of |A2|?/9. Otherwise, it
fails. It can be easily proved that 27 kinds of states
have the same probability |A3]?/9. Therefore, the to-
tal successful probability is 3|\2|?. If the coefficients
aozalzazzl/\/gandblzbgzcl202:0,
we obtain a nonlocal three-particle maximally entan-
gled state of three levels, which is the same as that in
Eq.(7). The total successful probability is 3|Ag|?. If
the coefficients A\g = A\; = Ay = 1/\/5, the quantum
channel is composed of a three-particle maximally en-
tangled state of three levels. The total successful prob-
ability equals 1. All possible unitary transformations

are given in Table 1.

Table 1. The unitary transformation U, Uz, H, U; 4, and state of measurement particle.

4 Us U 5 Us U 6 H Uia
|0>6 dla‘g(17 1’ 1)
|0>5 |1>6 diag(l,efzﬂi/s,ef‘l”i/:‘)
2)6 | diag(l,e™*m/3, e=2mi/3)
|0)s | diag(1,e™4m1/3, e 2mi/3)
|0)4 | diag(l, A1, As) U | [1)s | diag(l, A1, Az) U | )6 | diag(l,e=27/3 e=47i/3) | diag(Bs, B1,1)
12)6 diag(1, 1, 1)
0)e | diag(1,e=471/3,e=27/3)
12)5 [1)6 diag(1,1,1)
2)6 | diag(l,e=271/3, e~ 4mi/3)
|0>6 diag(l, 1, 1)
|O>5 |1>6 diag(e_2"i/3, e—4-:ri/37 1)
12)6 | diag(e *mi/3,e72m/3 1)
0)e | diag(e™2™/3,e=47/3 1)
D)a | diag(A2,1,A1) | U | |1)5 | diag(A2,[,A1) | U | [l)g | diag(e /%, e72™/5,1) | diag(B1,1, B2)
12)6 diag(1, 1, 1)
|0)s | diag(e *m/%,e72m/3,1)
|2>5 |1>6 dia‘g(lzlzl)
2)s | diag(e >"/%, e 4m/3 1)
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Table 1. (Continued)

|0)5

12)4 diag(Ai, A2,I) U 1)s diag(A1, Az, I)

6 13, s Ly
0 diag(1,1,1
|1>6 diag(e_4"ri/3, 178—27'ri/3)
|2>6 diag(efz"ri/s, 17e—47ri/3)
|0>6 diag(e74”i/3, 176—21ri/3)
U | )6 | diag(e /3 1,e=*"/3) | diag(l, B2, B1)
|0>6 diag(e_ZWi/B, Le—47ri/3)
)

|2 6 diag(e—47ri/37 1, e—2‘n’i/3)

This scheme can be directly generalized to an un-
known nonlocal quantum entanglement of N three-
level particles. We suppose that the NV unknown three-

level particle states can be expressed as

2
V)1 = a;li),
i=o

2
|[v)2 = Z bu|n)2, - -
n=0

2

V)N = Z Cm|M)N .-

m=0

(27)

The quantum channel of an N-particle entangled state

of three levels is

2

(W) o v =Y Aklkk. k)i o

k=0

(28)

We suppose each one of the N persons has two par-
ticles, say, the first person has particles (1,1); the
second person has particles (2,2');...; the Nth person
has particles (N, N’). In order to successfully real-
ize a nonlocal quantum entanglement of N unknown
three-level particles, the first person has to perform
unitary transformation U; on his two particles (1,1')
and makes a measurement on particle 1’ of the quan-
tum channel. The second person performs the unitary
transformation Uy on his two particles (2,2') and the
unitary transformation U on particle 2’ of the quan-
tum channel, then makes measurement on particle 2’
of the quantum channel. And so on. That is to say,
each one of the N persons except the first one has to
perform unitary transformation Us on his two parti-

cles and the unitary transformation U on one particle

of the quantum channel, and makes measurement on
that particle of the quantum channel. Afterwards, the
first person continues to perform a unitary transfor-
mation H' on particle 1 and another unitary transfor-
mation Uy 4 on particle 1 and an auxiliary particle A.
Then the first person measures the state of the aux-
iliary particle A. If the measured result is |0) 4, the
nonlocal quantum entanglement of N three-level par-
ticles is successfully realized with the probability of
|A2)2/(v/3)N~1. Tt should be noted that the unitary
transformation H' is related to the particle number
N.

Similarly, we can directly generalized this scheme
to probabilistically generate an unknown nonlocal
quantum entanglement of N d-level particles by using
an N-particle entangled state of d-level as quantum
channel with the aid of appropriate unitary transfor-
mations Uy, Uy, U", H", and U{,. We must empha-

size that the unitary transformation U" is

d—1
1 i
U =75 2 e B e,
B=0

(a=0,1,...d—1). (29)

When d=3, it turns to the scheme we have discussed
in detail.

In summary, we have proposed a scheme to prob-
abilistically realize an unknown nonlocal quantum en-
tanglement of three three-level particles by using a
three-particle entangled state of three levels as the
quantum channel with the aid of some local unitary
transformations. We also generalize this scheme to
generate the nonlocal quantum entanglement of N d-

level particles.
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