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The extended F-expansion method or mapping method is used to construct exact solutions for the coupled Klein-

Gordon Schrédinger equations (K-G-S equations) by the aid of the symbolic computation system Mathematica. More

solutions in the Jacobi elliptic function form are obtained, including the single Jacobi elliptic function solutions, combined

Jacobi elliptic function solutions, rational solutions, triangular solutions, soliton solutions and combined soliton solutions.
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1. Introduction

Seeking for exact solutions of nonlinear math-
ematical physics equations is an important and in-
teresting subject. In the past decades, efforts have
been made to search for powerful methods of obtain-
ing exact solutions. There exit the following meth-
ods already: inverse scattering method,!] Backlund
transformation,[?! Darboux transformation,® trun-
cated Painlevé expansion method,[*~7 Hirota’s bilin-
ear method,® sine—cosine method,[®! hyperbolic tan-
gent function-series method,*®11] homogeneous bal-
ance method,['2=1%] improved homogeneous balance
It is well known that the

elliptic functions including Jacobi elliptic functions

method!® and so on.

and Weierstrass elliptic functions, etc, are closely re-
lated to nonlinear differential equations.l'"*¥] More-
over, many nonlinear equations have been shown to
possess the elliptic function solutions.['~32] Recently,
the F-method[®3—36] has been developed to obtain Ja-
cobi elliptic function solutions, soliton solutions and

trigonometric function solutions.

In this paper we consider the coupled Klein—
Gordon-Schrédinger (K-G-S) equations, which de-

scribe a classical model of the Yukawa interaction of
conserved complex nucleon field with neutral real me-
son field.3738] The Cauchy problem and the initial
boundary value problem of the coupled K-G-S equa-
tions have been quite extensively studied.[37:39—42]
The Ref.[39] proved the existence of general solu-
tions by using the LP — L7 estimates for the elemen-
tary solutions of the coupled K-G-S equations. The
Ref.[40] studied the asymptotic behaviour of the solu-
tions for the multi-dimensional K-G-S equations, and
in Ref.[41] the authors considered the Cauchy problem
of the equations in R3 and proved the existence of the
maximal attractor. In Ref.[37] the author discussed
the initial boundary value problem of the coupled K-
G-S equations and obtained the general existence of
strong solutions in a three-dimensional case, and later
Masahito.O
studied the stability of stationary states for the cou-
pled K-G-S equations in Ref.[43]. We extend the F-

expansion method further for constructing exact so-

the results were improved in Ref.[42].

lutions to the coupled K-G-S equations. More Jacobi
elliptic function solutions are obtained including the

combined Jacobi elliptic function solutions, rational
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solutions, triangular solutions, soliton solutions and

combined soliton solutions.
2.Description of the extended F-

expansion method

The brief description of the extended F-expansion
method is given as follows. A nonlinear partial differ-
ential equation(PDE)

)=o0,
(1)

has travelling wave solutions in the following form:

F(u, Uy, Uy, Uz, Uty U, Uy, Uz, Uy Uz, Uz - -

u(z,y,z,t) =u(), {=krx+ly+mz—wt, (2)

where K =

and angular frequency respectively, and Equation

(k,I,m) and w are the wave vector

(1) becomes a nonlinear ordinary differential equa-

tion(ODE) for u(§):

)=0. (3)

u(&) can be assumed to be expressed in the following

G (u, ug, uge, ugee, - -

form:

f(€) +big(€)), (4)

—flo-l'Z:fZ 1

where f(€) and g(&) are Jacobi elliptic functions and
satisfy the following relations:

!

F2(8) =P f4€) + Q1 f%(€) + Ry,
92(€) =P2g"(€) + Q29 (€) + Ra,
g% (&) =ef* +,

Q} — 3PiR; =Q3 — 3P, R, 2Q);3
=Q% + Q1Q> + 9P R,
P Q1 Qz
70" 3m #0,  (5)
d d
fl= dé I = g Py, Q1, Ri, P>, Q2, and R; are

constants, and ag, a;, b; are parameters to be deter-
mined, n is the balance number determined by the
balance mechanism in the nonlinear PDE which de-
mands the balance between the nonlinear term and
the highest order partial derivative term. Substitut-
ing the expansion (4) into the expression (3) with the
relations (5), we obtain an equation for f(§) and g(¢),
and collect the similar terms. Setting the coefficient
of each term to zero, a series of equations for the pa-
rameters is obtained. By solving these equations to
determine the parameters and choosing the different

kinds of Jacobi elliptic functions from the relations (5),

in which different (P, Q;, R

different Jacobi elliptic functions,354445] we obtain

;)(1 = 1,2) correspond to

different kinds of Jacobi elliptic function solutions of
Eq.(1) including the single Jacobi elliptic function so-
lutions, combined Jacobi elliptic function solutions.
In addition we see that when the modulus A — 1 or
A — 0, Jacobi elliptic functions degenerate into hyper-

bolic functions or trigonometric functions respectively.
3. Generalized exact solutions for

the coupled K-G-S equations
The coupled K-G-S equations read

ov
1W+av2&”+p¢’y’/—0

0% 92 2 2
W—COV S+ u“d— [P =0, (6)
which describe a system of conserved scalar nucleons
interacting with neutral scalar mesons. Here, ¥ rep-
resents a complex scalar neucleon field and @ a real
scalar meson field. The real constants u, p, and S
describe the mass of a meson and coupled constants
respectively, the real constants a and c3 are parameter
2 _ 0* 02 9?2
constants, and V = 9.2 +— EoE @

tain the travelling wave solutions of K-G-S equations,

In order to ob-

we make the following transformation:

¥ =U(§)exp(in), @=V(¢), (7)

where U(€) and V(&) are real functions, £ = kx +
ly+mz — wt, n = px + qy + rz — ot, and reduce the
system(8) to the following ODEs:

K*aU" (€)
(w2 - K?

—qU(€) + pU(E)V () = 0,
)WV (&) + pPV(€) — BUA(€) =
2a(kp+lg+mr) —w=0, (8)

where K = (k,l,m), K? = K - K = k? +1? + m?,
P = (p,q,r), P2 = P-P = p? +¢*>+ r? and
=P’ +¢+r)a—0o=Pla-0.
The extended F-expansion method makes the fol-

lowing ansatz:

& =ap+ > £ (E)
§) =bo+ Z (3

where n and I can be determined by balancing the
highest order of terms U” and V" with UV and U?
respectively. Thus we obtain n = I = 2. Therefore the

azi—1f(§) + a2g(f)),

(b2i-1f(§) + b2i9(£)), (9)
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solutions of Eq.(8) can be expressed in the following

forms:

U(§) =ao + a1 f(§) + az2g9(§)
+agf2(€) + asf(€)g(£),
=bo + b1 f(£) + b29(§)
+ b3 f2(€) + baf(£)g(€),

V()
(10)

where f(&) and g(&) satisfy the relations (5). Substi-
tuting Eq.(10) into Eq.(8) along with the relations (5)

yields a system of equations of power functions of f(&)

and g(&) as follows:

9P (pasby + as(pbs + 6K2aPy)) f5(€)
+...(...)figj+...:0’
— 18P12(,Ba3a4 — 3((4)2 - K2C(2))b4P1)f5(§)

+...(...)figj+...:0. (11)

Setting the coefficients of fig? (j = 0,1) in the system
of equations to zero, we can deduce the following set
of algebraic polynomials with unknowns ag, ay, as, as,

a4, b, by, ba, bz and by, namely,

9P?(pazby + as(pbs + 6K*aP;)) =0

9P12(Pa4bl + pasbs + pasbs + paiby + 2K aax Py =0,

9P (pasby Py + as(pbs + 6 K?aP)Py) = 0,

P1(Q1 — Q2)(3paobz + az(—3v + 3pby + 2K Q1 + K*aQ3)) =
3Pi(p(3a2b1 Py + 3a1ba P14+ bs(3a0 Py + a3(Q1 — Q2)))

+ as(pbs(Q1 — Q2) — 3P1(y — pbo — 5K*aQq + K*aQs))) =
9P (pasby Py + pazbs Py + (pasby + a1 (pbs + 2K*aP;))Py) =0
3P1(p(3agba Py + (asby + aszbs + a1bs)(Q1 — Q2))

+ az2(pbs(Q1 — Q2) + Pi(—3v + 3pby + 4K*aQ1 — K*aQs))) =
3P1(3pasba Py + 3az Pa(—v + pbo + 4K?aQ1) + p(3a1b1 Py + 3aghs Py + asbs(Q1 — Q2))) =
Pi(3p(asby + a1y + aghs)(Q1 — Q2) + as(11K*aQ3 + 3(y — pby) Q-

—TK%aQ32 + Q1(—3v + 3pby — 4K*aQs) + 18K%aPyRy)) =0

3P;(3a;1 Po(—y + pbo + K2aQ1) + p(3agb Py + (asbs + a2bs)(Q1 — Q2))) =0

3(—3ag(y — pbo) PP + pasba P (Q1 — Q2) + 2K aasPy(QF — Q3 + 3P2R2)) =0

— 18P%(Bazay — 3(w? — K2c2)byPy) = 0,

— 18P (Basas + Bajay — (w? — K2c2)baPr) = 0,

— 9Py (BaiPr + (Baj — 6(w® — Kc3)bs 1) P2) = 0,

Pi(Q1 — Q2)(—6Bagas + by(3p* + 2(w? )1 + (w? %c})Q2)) =

— 3P1(6Ba1ax Py + 6Bagas Py — 3p°bs Py + 2Baza,Q1 — 15wy, P1Q;
+ 15K2c2by P1Q1 — 2Baz3a4Qa + 3w?bs PiQo — 3K2c2byP1Qs) = 0,
— 18Py (Bagays Py + (Bajaz — (w* — K2c2)by P)P,) = 0,

— 3P1(6Bagax Py + 2B(azas + a1a4)(Q1 — Q2) — ba P (3p* + 4(w?

%)Q1 — (W? c3)Q2)) =0

— 3P, (3Ba3 Py + 3Ba3 Py + 6Bagaz Py — 3u?bs Py + Ba3Qy — 12w2b3 PoQy + 12K2c2bs P,Q, — Ba3Q2) = 0
Py (68a1a2(Q2 — Q1) + 68agas(Q2 — Q1) + ba(11(w? — K*c5)QF — 31°Q2
—7(w? = K2c3)Q3 + Q1 (3p* — 4(w? — K2c2)Q2) + 18(w? — K2c2)P2R3)) = 0
3Py (—6Bagay Py + 3by Po(p* + (w? — K2¢2)Q1) + 2Baza4(Q2 — Q1)) =0
3(=3Ba2Py Py 4 3u*by Py Py — BaiP Q1 + 2w b3 P,Q3 — 2K c2bs PyQ3
+ Ba3PiQy — 2w2b3 PyQ3 + 2K 2 c2bs PoQ3 + 6w?bs Py Ry — 6 K cabs Py Ry = 0,
20(kp +1g+mr) —w = 0. (12)
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We find the some particular solutions of the above

mentioned equations in the following cases:

Case 1

an = + 3K/J,\/ 2CMP1P2
) VBp(Q1 + Q2)

a3:0, (12:0, a1:0, (10:0, b4:O,

532—&;]31, by =0, by =0,

b — 2K%a(Q1 — Q2)(2Q1 + Q2)
’ 3p(Q1 + Q2) ’
_ K?a(5Q7% +14Q1Q2 + 5Q3)

T 3(Q1+ Q2) ’

2a(kp +lg+ mr) —w =0,
B+ 2(w? = K2¢3)(Q1 + Q2) = 0.

Case 2
2 2.2 _ 2
=0, as :ifiPl\/K a(K?%c5 —w )’ —
VBp
a1 =0, ag=F K2a(p® + 4(w® — K*c§)Q1)
’ 2+/Bp(K?c2 — w?) ’
K?aP
b4:0a b3:_w7 b2:07
p
2
K2a<”— —4Q1>
K202 — 2
bl = 07 bO = 0 “ )
2p
K2ap?
= ————, 2a(kp+1 —w=0
1= Fag £ g 200k Hlgtmr) —w =0,
pt —16(w? — K2c2)?(Q? — 3P R;) = 0.

This result appears in Refs.[24,35].
Case 3

3K\/(K2c2 — w?)aP P,

a :ji I
! VBp
3K /(K22 — ?)aP?
a3 = + V(K?c2 — w?)a L 4y =0, ay =0,
VBp

K2aPy(p? + (w? — K2c3)(3Q1 + Q2))

apg = )
2,/ K2afp(K2c — )P}
3K20[\/ P1P2 3K2O[P1
by=-——"—", bg=-—", b=0,
p p
K?a(p® + (w? — K*c})(3Q1 + Q2))
bl = 07 b() = 2 ’
2(K?c2 —w?)p
K2au?
7 K2c§ — w?’ alkp +lg+mr) —w =0,

(w* = K*c})*(11QF + 26Q1Q2 + 11Q3) — 3u* = 0.

Case 3’
B 3K\/(K2cg —w?)aP Py
ay = + s
VBp
3K\/(K2c? — w?)aP?
as = + \/( cOﬂ w>a17a2:07a1:07
v Bp
2o = 5 ICOPE + (7 — K2e})(301 +Q2))
2¢/K2afp(K2c — w?)P? ’
3K20\/ P]_P2 3K2aP1
by=———, b3 =———, b2 =0,
P P
b0 b = Krale® + (@ = K2c)(3Q1 + Qs))
1 — ) 0 — Z(KQCZ—WZ) bl
0 P
K?2apu?
= ————, 2a(k l —w=0
Y ch%_wga O[(p+ q—i—mr) w )

(w? = K*c§)*(11Q7F + 26Q1Q2 + 11Q3) — 3u* = 0.

Substituting the results in Cases 1-3’ into the
transformation (7) with the expressions (12) yields
general formal solutions of the equations (6) in the

following different kinds:

Case 1

U(z,y,z,t)

3K u\2aP; Py
=+ ————=f(g(¢
5501 1 03) (©)a(6)

% ei (pa:+qy+rz—(P2a— KZQ(SQ3§;11Q$S2+5Q§) )t) ’

P(z,y,z,t)
_ 2K%a(Q1 — Q2)(2Q1 + Q2)

3p(Q1+ Q2)
2
- S ), (13)

where & = kx + ly + mz — wt, K2 = k2 + 12 + m?,

P? = p’+¢®+72, w = 2a(kp+lg+mr), K?cZ—w? > 0,

and Q1 4+ Q2 > 0, and they satisfy the following rela-
tion:

2 2 2 2 _
pe 4+ 2(w® — K=¢5)(Q1 4+ Q2) = 0. (14)
Case 2
VEZa(u? + 4(w? — K22
¥(z,y,zt) =<:F oa(p” + 4w 5)Q1)

2/ Bp(K?c3 — w?)

6P /K2a(K2c2 — w?) , > i(n)

+ n
NGT; (&) ),
2

K2a<“— - 4Q1>

B K2c2 — w?
P(z,y,2,t) = o
- 6K2pa—P1 (), (15)

where ¢ = kzx+ly+mz—wt, n = pr+qy+rz— <P2a—

K?ap?
2 — P 2fw2>t» K?=k*+12+m? P?=p>+¢* +r°,
0
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w = 2a(kp + lg + mr), and K%c3 — w? > 0, and they
satisfy the following relation:
pt—16(w? — K2c2)*(Q% — 3P Ry) = 0. (16)
Case 3
V(z,y,z,t)
_< K?aPi (p? + (w? — K?¢)(3Q1 + @2))
2¢/K2aBp(K2ck — w?) P}
" 3K /(K2 — w?)aP}?

NG 76
3K /(K2 — w?)aP P, i)
+ i f(f)g(§)> ,
&(z,y,2,t)

_K2a(p’ + (w? — K*c})(3Q1 + Q2))
B 2(K2c2 — w?)p
_ 3K2paP1 f2(€) _ 3K2ap\/P1P2

f(€)g(8), (17)

where £ = kx+ly+mz—wt, n = pr+qy+rz— <P2a—

K2 2
= 2Oéﬂw2>t’ K2:k2+12+m2,P2=p2+q2+7“2,
2 —

w = 2a(kp + lg + mr), and K%c3 — w? > 0, and they

satisfy the following relation:
(W?—K?c§)*(11Q7 +26Q1 Q2 +11Q3) —3u* = 0. (18)
Case 3’

U(x,y,z,t)
(KPR 1 P K0+ Q)
_( 2¢/K2aBp(K2c} — w?) P}
3K /(K2 — w?)aP? ,

NGT (3]
3K /(K2 — w?)aP P,
VBp

P(z,y, z,t)

CK?a(p? + (w? — K2c3)(3Q1 4 Q2))
a 2(K2c2 — w?)p
B 3K2%2aP; fz(f) n 3K2%2a/P P,

p P

: f(&)g(§)>ei(”),

f(&)g(€), (19)

where £ = kx+ly+mz—wt,n = pr+qy+rz— <P2a

K2 2
K262aﬂw2>t’ K2 :k2—|—l2+m2, P2 =p2+q2+7‘2,
2 —

w = 2a(kp + lg + mr), and K%c3 — w? > 0, and they
satisfy the following relation:

(w?—K?c§)*(11Q7 +26Q1 Q2 +11Q3) —3u* = 0. (20)

In some special choices of Py, Q1, R; and P,
Q2, R (see Refs.[35, 44, 45]), if we take P, = 1,

Qi=-1-X R =XNand P, =1, Qy = 2 — )2,
Ry = 1 — )2 then f =ns(¢) and g =cs(¢). Because
Case 2 is the same as that in Refs.[24, 35] and Case
3 is similar to Case 3’, we consider Case 1 and Case
3 only. Therefore some particular solutions of Eq.(6)

can be obtained as follows:

Case 1
W(Qﬁ, Y, th)
6K\/a(K2c2 — w?
== ( 0 )ns(i)cs(g)
VBp
. 2 KZa(6(K2c2-w?)2—put)
y e](pz+qy+rz7(P a+ Mz(Kng,uz) ) )’
@(I, Y, 2z, t)
3K2a(2(K?c2 — w?) — p?)
pu?
6K%«
- ns®(€), (21)

where & = kx + ly + mz — wt, K2 = k2 + 12 + m?,
P? = p?2+¢?+7?, w = 2a(kp+lg+mr), K23 —w? > 0,

2
and A\ < %’ and they satisfy the following relation:
p? +2(w? — K2e2)(1—2)?%) = 0. (22)

Case 3

U(z,y,z,t)
(7 et 0 b
-\ 7 2v/aBp(K?c3 — w?)
3K\/a(K?c2 —w?) ,
VR
n 3K\/ a(\i{ﬂipcg - w2) ns(f)cs(f)) ei(n),
P(z,y,z,t)
_K2a(u2 + (14 4X?)(K?ck — w?))
o 2(K2c2 — w?)p
3K2ans2(£) B 3K%a
p p

ns(§)cs(§), (23)

where £ = kx +ly + mz — wt, n = pr + qy +
rz — <P2a— M)t K? = B2+ 12+ m?

K2c3 —w? )’ N ’
P? = p’+¢*+72, w = 2a(kp+lg+mr), K?c2—w? > 0,

V32— 1
and A < T\/g or A > 115 + @, and they satisfy

the following relation:
(w? — K2c3)?(16Q* — 1602 +1) —p* =0.  (24)

If we choose other (P, Q1, R1) and (Ps, Q2, R2),
more different solutions of Eq.(6) can be obtained, but

we here omit them for simplicity.
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4. Discussion

In short, we have obtained three different kinds of
solutions of the K-G-S equations in this paper and the
second kind of solutions(Case 2) are the same as the
solutions in Refs.[24,35]. The extended F-expansion or
mapping method is presented for finding more Jacobi
elliptic function solutions of nonlinear PDEs. A series
of solutions is obtained including the single and com-
bined Jacobi elliptic function solutions. When m — 0
or m — 1, their degenerative solutions can be acquired

respectively.

It is easy to see that the above-mentioned method
is only applied to these nonlinear ODEs with constant
coefficients or nonlinear partial differential equations,

which can be reduced to the corresponding nonlinear

ODEs with constant coefficients by using some trans-
formations, otherwise the method will not work. In
order to overcome the disadvantage of the method,
we change the method into a general form as follows.

If we do not reduce Eq.(1) to a nonlinear ODE
with constant coefficients, then we directly assume
that Eq.(1) has the formal solution

’U,(Qf, Y, th) :ao(.’lf, Y, th)
+Y N @y 5 ) (aif(2,y, 2, 1)
=1
+big($7yaz)t)) (25)

The other process is the same as that in this
method. About the applications of the more general

form, we shall give some examples in future.
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