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The exact invariants and the adiabatic invariants of Raitzin’s canonical equations of motion for a nonlinear non-
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established. Based on the concept of higher-order adiabatic invariant of a mechanical system under the action of a
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given to illustrate the application of the results.
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1. Introduction

The conservation laws for a dynamical system
has great mathematical significance and very deep
physical background. Furthermore, their study has
become one of most important directions in mod-
ern analytical mechanics. There are five main meth-
ods used to seek the conserved quantities of a me-
chanical system, namely, the Noether theory,!] the
Lie method,/?/ the theory of integrating factors,?!
the Mei’s form invariance,* (or Mei symmetry) and
the Hojman method.[) Significant achievements have
been obtained in the study of these methods in recent

years.[ﬁ’ 17]

In 1917, Burgers first proposed adiabatic invari-
ants which pointed to a particular kind of Hamilton
system.[!¥] The adiabatic invariants mean that they
are almost not changed when the parameter varies
very slowly and they play a very important role in
the research on quasi-integrability of a mechanical sys-
tem. In fact, that the parameter varies very slowly is

equivalent to the action of a small perturbation, so we

perform research using the latter model in this paper.

The study of adiabatic invariants has become
a popular subject in mechanics, atomic and molec-
ular physics,'”) and some important results were
obtained.[20—25]

In 1961, a Spanish scholar Raitzin proposed new
forms of canonical variables r and s and estab-
lished new differential equations of motion, called
Raitzin’s canonical equations.[?6] In practice, com-
pared with the Hamilton canonical equations, some
dynamical problems were solved just simply by apply-
ing the equations. Therefore, in analytical mechanics,
Raitzin’s canonical equations are significant theoreti-
cally and practically.[2728]

In this paper, the perturbation to symmetries and
adiabatic invariants of Raitzin’s canonical equations
for a nonlinear nonholonomic mechanical system are
studied.

2.Raitzin’s canonical equations of
a nonlinear nonholonomic sys-

tem
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We consider a mechanical system composed of N
particles, and its configuration is determined by n gen-
eralized coordinates ¢1,q2,---,¢,. The motion of the
system is subjected to the following g ideal bilateral

nonholonomic constraints of Chetaev type:

. Afp
t = —=6q; =0 1
fa(t,q,4) =0, 9q, 0% =% (1)
(ﬁzlaza"'ag; J=12, 7n)

The equations of motion of the system can be

written in the Routh forml7]

d oL oL Ofs
T g,

el i=1.2.... 2
di 93, 9q, (G=12,n), (2)

where L is the Lagrangian of the system, Q; are the
non-potential generalized forces and Ag are the con-
strained multipliers.

Now, we introduce the Raitzin canonical variables

and function26—28] ag follows:
oL .
R A (3)
j
R(t,r,s) = L —r;q;. (4)

According to the Raitzin variables (3), the non-
holonomic constraints (1) and constrained multipliers

Ap can be written as

fa(t,r,s) = fa(t,q(t,r,s),s) =0, (5)

;\g(t,r,s) = /\ﬂ(taq(tvras)>5)) (6)
and then from the nonholonomic system given by
Egs.(2), (5) and (6), we obtain the Raitzin canoni-

cal equations of the nonlinear nonholonomic system

as follows:
d OR OR
Sj = _Eﬁ—rj’ (g = —3—rj)a (7)
_dOR . < 9fs
TJ - dt BSJ Q] )\ﬂ 83j 9 (8)

(j:1727"'7n; ﬂ:1525"')g)'

7

where the symbol “~” is the expression which is ob-

tained by substituting ¢, r, s for g, q.
3. Infinitesimal transformations
and exact invariants (Lie sym-

metrical conserved quantity)

We study the variation of the Raitzin canonical

action.

We introduce the Raitzin canonical action

t1 t1
I = / Ldt = / (R—|— ’I”jq]')dt, (9)
to to
and the infinitesimal transformations

t=t+er't,rs),

q_J =qj + E&?(ta T, 5)7

Fj=r;+ sng(t,r, ), (10)
where ¢ is an infinitesimal parameter, 7°, f;) and 77;-)
are infinitesimal generators.

Under the infinitesimal transformations (10), the

variation of Raitzin’s canonical action is

Al =61+ IAt

L TOR OR
= /to |:a—8j53j + a—Tj(STj + qj(Srj + ’I‘j(sq]':| dt

t1 t
! OR
+(R + rjq;)At =/ {<— +qj>57“j
to to 81"j

+ ,ia_R ) ._}_i a_R(S .
"1 dtas; )Y as; Y

+(R+T‘Jq])At:| }dt (11)
Noticing

At =e7’, g = Agj — s;At = E(f? — 5,7,
dr; = Ar; — At = 5(77? — 770, (12)

the formula (11) can be expressed as

" R 0_ .0
AI—/tO 5{<8—Tj+%‘>(77j_7“j7)

L, d0OR
J dt[)sj

d[8R ,
(6 = 557) 4 | o€ = o7
+ (R+rjqj)ro] }dt. (13)

This is the fundamental formula of the variation of the
Raitzin canonical action (9).

Definition 1

For the infinitesimal transformations (10), if the

variation of the Raitzin canonical action (9) satisfies

t1 "
Al = f/ [%(AGO) +Qjdg;|dt,  (14)
to

where C}j = C}j (t,r,s) are generalized non-potential
forces, G° = GO(t,r, s) is the gauge function, then the
transformations (10) are called the generalized quasi-
symmetrical transformations of the given system.

Theorem 1
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For the nonlinear nonholonomic system given by
Egs.(5), (7) and (8), if infinitesimal transformations
(10) are generalized quasi-symmetrical transforma-
tions and they satisfy the Appell-Chetaev conditions
afs

95, (go—sjro)zo, (B=1,2,---

agaj = 1727"'577’)3
(15)
then the system possesses the following exact invari-

ant:

OR

I
0= 0s;

—— (&9 —5;7%)+ (R+71;q;)T°+G° = const. (16)
Theorem 2
For the nonlinear nonholonomic system given by
Eqs.(5), (7) and (8), if the generators 7°, f? and 77? of
the infinitesimal transformations (10) and the gauge
function G° satisfy the following conditions:
oF
So () o) =0, (B=1,2,9),  (17)
J

OR .
<8_r] + qJ') (nj — 7;7%)

8
Ty oo
+ (Elt [ (50 ™)+ (R+ quj)TO] =-G° (18)

then the system possesses the same exact invariants
as Eq.(16).

4.Perturbation to the symme-

tries and adiabatic invariants

First we give the concept of higher-order adiabatic
invariants.

Definition 2

If I,(t,r, s,€) is a physical quantity including € in
which the highest power is z in a mechanical system,
and its derivative with respect to time t is in direct
proportion to 211, then I, is called a zth-order adia-
batic invariant of the mechanical system.

Suppose that the nonlinear nonholonomic system
given by Eqs.(5),(7) and (8) is perturbed by small
quantities ¢W;, then the equations of motion of the

system become

4ok . _ OR,
T Tator; 9T T ar
ddR - fﬂ
== Y . 1
Tj dtas] —Q; P s, —eW; (19)

Due to the action of eW;, the primary symmetries and
invariants of the system may vary. Suppose that the
variation is a small perturbation based on the symmet-
rical transformations of the system without perturba-
tion, and 7(t,r,s), £;(t,r,s) and n;(¢t,r, s) express the

new generators after being perturbed, then
T:TO+ETI+6272+--~,
& =& +ebj +e%F +
nj =15 +en; et (20)
and they satisfy

OR .
9. T (nj —757)

J

d .
+ <7‘j— —8—R+Qj>(§j — 5;T)

dt BSJ'
OR
+eW;(& —s;7) + X [@(ﬁj — 8;T)
J
+(R+ rjqj)T} = fG, (21)
3fﬁ

—5:7)=0 —1,2, - 22
881 (6 s] ) I (ﬁ » ag)a ( )
with G in Eq.(21) being a gauge function. Let
G=G"+eG' +2G% + - --. (23)

Substituting Eqgs.(20) and (23) into Eqgs.(21) and (22)
yields

OR .
<8_r] + Qj> (77;c — 7"

d OR ~
+(”‘&as +Q]>(£k )
d[OR
+ Wj(ﬁf_l — 5T — T [65 (fk — 5;7%)
+(R+ ’I“jq]')Tk:| = —GF,
(k:071727"')z)' (24)

When k = 0, the condition W; = 0 holds.

By supposing that the new generators e*, 7%
under infinitesimal transformations still satisfy the
Appell-Chetaev conditions (1) after being perturbed
and by introducing the Lagrangian multipliers 5\[3, we
have ~

Aﬂg—g(gf —s;77) =0. (25)
Theorem 3
For the nonlinear nonholonomic system given by

Egs.(5) and (19
tities eWj,

), which is perturbed by small quan-
if the generators 7% (t,r,s), f;-“(t,r,s) and
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n]’?(t,r, s) under infinitesimal transformations and the
gauge function G¥(t,r,s) satisfy Eqgs.(24) and (25),
then

OR
IZ:a

) +(R+ rjqj)Tk + GF|. (26)
0s;

(gk — ST

is a zth-order adiabatic invariant of the mechanical
system.
Proof
By differentiating I, with respect to time ¢, we
have
drl, d OR
a = dt ds;

—— (& — ;")
(Ek S]T — S]Tk)
+ RT + Ri* 4 r;g;7F
+ g7 7% + gt + G (27)

Substituting Egs.(24) and (25) into the above formula

gives

dr, d oR, ,
at - th 95, &~ ™)
OR

(f‘f — .éka — Sj’f'k)

0s;
+ RT* + Ri* + g7 + gy 7"

OR
+ gyt - <— + q]->
(97“]'

. d OR
X (ﬁf—rﬂk)— <7“j T At ds.
J

o,
+Q;j+ Ap 8f )(5’“ — 557"

- _ d OR
Wil = st - g € - s
gi(fk—sJTk—s] ) Rr* — Ri*
- T‘jdj‘l'k — qJ"f‘ka - ’I‘jqj’i'k:| . (28)

Using Egs.(19) yields

dr,
dt

eF[eWi(€f —sm) Wi (T s ), (29)

(k = 071727“'72)'
By expanding the above formula and making summa-
tion, we have

dr,

¥ :€Z+IW]’(§; —5;T7). (30)

dI
This shows that the d_tz is in direct proportion to

e*Tl so I, is a zth-order adiabatic invariant of the

mechanical system.

5.Inverse theorem of the pertur-
bation to the symmetries of

system

Suppose that the nonlinear nonholonomic system
described by Egs.(5) and (19

batic invariant as follows:

) has a first-order adia-

I = ¢o(t,rys) + epy(t,rys). (31)

In order to make the calculation simple, using canoni-

cal variables (3) and the formula p; = 2—, the above
Py
formula can be written as !
Il = ¢O(t7q7p) +€(P1(t>qvp)' (32)
So we have
dl; 0 0 0
_1:ﬂ+ (PO.‘_‘_ﬂpj
dt ot 0q; Op;
0p1  Op1 .,  0Opp .
4+ ——p; . 33
e <3t+3qg U G b 33)
Because
. ~ dfs
pj_Tj+Qj+)‘,387 +8Wj, (34)
we have
dh _9vo , 90, , %0
dt ot aqj 4 Op;
<’"J +Qj + )‘ﬂ fﬁ + 5Wj>
15] 0 8
L[o0 00, 00
ot Bq] Op;
dfp
rJ-I-QJ—&-)\ga +eW; ).  (35)

From Egs.(19), we obtain

ddR ~ < Ofg
<_TJ+&3_5,-_QJ_A‘BT_

OR .

+ <8_rj + Qj> (nj —757) = 0. (36)
By using Eq.(30) and adding Eqgs.(35) and (36), we
have
9o 3@0 ., 9¢o 9fs

50 T og, Yt ap, r]+Q]+/\ﬁa +eW;

dp1 3901 01 5 0,% 8fﬁ
AT T A SIS Y G/ ) .
e [ ot T ag Uy, Tt Ae g, W
d OR f
+<_Tj+58_sj Qj - ,8 ﬂ €Wj>(€j—3ﬂ)

OR .
+ <3—r] + qj> (nj —77) = €2Wj(§} —s;7).  (37)
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Considering Egs.(20) and rearranging the above equa-

tion, we have

dpo | Opo . | Opo - 5 0fs
20 TR0 ZFO R P ISRy
9t T ag; U gy, \T T it e W
d OR -
6 =5+ (g
< 0fs
- /\ﬂa—sj - 5Wa‘> (& —5i7°)

ddR ~ < 9fs\, . |
+E<—Tj+aa—sj—Qj—)\/38—Sj>(§j—8jT)

1 e . 1
+€[ En + aqjqj—i- op;
- - of
X <7"j+Qj+)\/38—fﬂ+€Wj>:|
Sj

+ <§—R + qj> (nj —737) +O(e) = 0. (38)
Tj

Now, we seek the generators 7°, f;’ and n? of the

infinitesimal transformations without perturbation.

Firstly, by separating the terms not containing ¢ in

Eq.(38), and then by separating the terms containing

r; and taking their coefficients as zeros, we obtain

90 _

p; (f? — szO) =0. (39)

Further let
~ oR 0 0 0
Po = g(fj —s;7)+ (R+rjg;)T" +G°.  (40)

Then from Egs.(39) and (40), we can obtain

- OR 0
$o — 8_8—0 -G°
70 = %5 9P (41)
R+riq; ’
- OR dypg
_ 7 Qo
é-O _ K <(P0 asj ap] > + 8300 (42)
J R+ rjq, Op;
Because
Ar; :sn?,
or; or; or;
Ar; =—LAt IAq + —LAG;
T AT g BT T g, 20
_|0rj o Orjo O 0 ..o
we have
or; or; or; -
0 - 27,0 1e0 4 20 5.9, 43
W= G G S i) ()

Further, by separating the terms containing ¢ in

Eq.(38), and then by separating the terms containing

r; and taking their coefficients as zeros, we have

= J , (44)

& = : + 5 (45)
Next, in the same way as that of calculating the above
formula (43), we have

1_%1 9

r; or;
=T et T ag

94 (& = git). (46)

Then we have the following theorem.

Inverse theorem 1

For the nonlinear nonholonomic system given by
Egs.(5) and (19), which is perturbed by small quanti-
ties eWj, if it has a first order adiabatic invariant, then
in the system there exists an infinitesimal symmetrical
transformation, and the items without perturbation
and the first-order perturbation items of the infinites-
imal generators of the transformations are determined
by Eqs.(41)—(43) and (44)—(46) respectively, when the

gauge functions G° and G! are given.

6. Example
Suppose that the Lagrangian of a mechanical sys-

tem is 1
L= Sm(d} + 3 + d3) — mgas. (47)

The nonlinear nonholonomic constraint acting on the
system is
f=di+d—di=0. (48)
We study the perturbation to symmetries and adia-
batic invariants of the system.
The first step is to seek the exact invariants of the
system.

Equations (2) give

mdl = 2)\41, mijg = 2>\q'2,md3 +mg = —2)\q'3. (49)
oL . .
pj =5 =md;=msj,  (j=1,2,3).  (50)
q;
From Egs.(48) and (49), we obtain
mg
= ——. 51
14, (51)

Introducing the Raitzin canonical variables and

function as

oL
—:0”]"2:—:0”["3:—:

—mg, (52
o0 g, (52)
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1 m951 mgs2 1
R=1L-rjq = im(sf + 83+ s3), (53) - (51 s17h) — 253 (&3 — s27")
then the nonholonomic constraint (48) and the con- + 7(53 - 537—1) = 0. (62)
strained multiplier (51) will be written as
mg The solutions of Egs.(61) and (62) are
f=s4s2-s2=0 A=-——2. (54)
1 2 3 483 n%:n%:fr]é:o’ 5]1_25%:£§:07
1
Because =1 G'= E(Q% + ¢ + 43). (63)
8f 0 _mgs; 0 . . . .
(51 —517%) = 5 (&) — 517%) So we can obtain the following the first-order adiabatic
881 53 invariant by Theorem 3:
f mgss
(62 s2m) = - 2s3 (& = 527), Iy = — Sm(s] + s5 + s3) — mggs
8f 0 mg .o 0 1
853 (&3 — s37%) = 2 — (&5 —s377). (55) +e€ { — Em(sf + 83 + 53) — mggs
Then from Egs.(17) and (18) we obtain 1
m; (17) and (18) mgs + 5+ a3 +q§)] = const. (64)
1 2
(51 ) (52 — 82T ) . . .
2s3 Furthermore we can obtain more higher-order adia-
T 7(53 — 337-0) =0, (56) batic invariants.

@1y + q2m5 + gang —mé1 (€0 —s17%) —msa (€5 — 527°)
. d

+ (—mg — mss)(fg — 337'0) o {msl(f? — 517'0)

+ msz(fg — 5270) + m53(£§ — 537'0)

1 .
+ 5m(sf + 82 4 52) — mgq3} 7-0} =-G°. (57)

Equations (56) and (57) have solutions

n=ny=mn3=0, &=€=¢=0,

™=1 Gg’=o0. (58)

So we can obtain the following exact invariant by The-

orem 2
1
Iy = fgm(sf + S% + S%) — mgqs = const. (59)

The second step is to study the adiabatic invari-
ant of the system.
We suppose that the system is perturbed by small

quantities as follows:
eW; = egq;, (4=1,2,3). (60)
Then from Egs.(24) and (25), we have
@y + qams + qsng—ms1(§] —s17") —msa (€5 — so7')
+ (=mg — més)(é — s37") + i{msl(& si7')
+ msy(€3 — soT') + ms3 (€3 — s37)
+ |gmled s+ o) = o 7
+q1(& — 517°) + q2(&3 — 527°)
+ q3(€9 — s37°) = ~G1, (61)

Third step is to study the inverse problem.
Suppose that the system is perturbed by the small
quantities (60), and there exists a first order adiabatic

invariant (64).

Because
@o = —=m(s] + 55 + s3) — mggs,
1
wo = —%(P% + p3 + p3) — mggs,
OR .
s, S (1=1,2,3),
0o pj .
Tm:iaj:7sj’ (.7:17273)7

R+rjq; = =m(s} + s3 + s3) — mggs.

By substituting the above formulas into Egs.(41),
(42), when G° = 0, we have

Pt €=8

Further, by substituting formulas (6

—@ =0 (65)
5) into Eq.(43),

and considering the Eqgs.(52), we obtain

ng =ng =n3 =0. (66)

In the same method, we have

1 1
P1=—gm(st + 55+ 5) —mgas + 5 (4 + 5 + 43),

1
——(pi +p5 +p3)

1
p1=—5— —mgq3+§(qf+q§+q§),
OR .
a—sj—msj, (1=1,2,3),
a‘Pl Py
gen _ P —1,2,3
8])] m S5, (.7 Pt )7
R+rjq; = m(s% + 3% + s3) — mgqs
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1
When G! = 5((]% + ¢2 + ¢2), from the formulas (44)-

(46) and by considering the Egs.(52), we have

T

=1, & =6=&6=0n=n=mn3=0. (67)
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