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We present the explicit analytical results of all the eigenstates and eigenvalues by using a parameter A without

the assumption of Bethe ansatz for three different kinds of seven bosonic modes mixing models. It is shown that the

parameter is determined by the roots of a simple polynomial. Besides, we also accurately obtain the explicit analytical

expressions of infinite eigenstates and energies without any unknown parameter.
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1. Introduction

With recent advances in Bose-Einstein condensa-
tion (BEC),' 9] interaction between several bosonic
modes, such as the four-wave mixing of atoms, has
been studied in depth.l®! Great efforts have been de-
voted to constructing the nonlinear quantized mod-
els to numerate the energy spectra and eigenstates of
these nonlinear processes.!” 19 Usually one uses the
Bethe ansatz,['41% in which several Bethe parameters
are utilized to give the shapes of energy eigenstates,
to research the spectra. But the reduced equations for
Bethe parameters are extremely complicated to solve
analytically or numerically. Besides having the signif-
icance in spectra, eigenstates also play an important
role in the field of quantum information and quan-
tum computation with the operation of state.[6] Tt is
a worthy task to take a novel approach to effectively
obtaining both spectra and eigenstates for different
completely quantized nonlinear models.

In this paper, we have expanded the effective ap-
proach, which was originally developed by Wu and
Yang'72% and Wu et all?! to deal with eigenstates
and eigenenergies of seven bosonic modes. Our ap-
proach is an effective method to study the spectra
and eigenstates without the assumption of the Bethe

ansatz. The following simple forms of eigenstates and

spectra display the efficacy of our approach.
2.Model and solution

Here we show that our approach is also power-
ful in analytically obtaining eigenstates and eigener-
gies for the fully quantized seven bosonic mode mix-
ing models”21 in which H = Hy + gH;, where

7
Hy = ija;-aj, and
=1

H1 = a1a2a3a4a5a6a7 + a;aga;[)a};a;a;al,

if
Wy = Wy + w3 + wy + ws + wg + wr (1a)

H1 = a1a2a§a4a5a6a7 + alaéaéai%a;al,

if
Wy + w3 = Wy + wy + ws + we + wr, (1b)

H1 = a1a2a§a4a§a6a$ + a7a2;a5a};a3a£a1,

if

w1 + w3 + ws + wr = wa + wyg + we, (1¢)
g represents seven bosonic modes coupling, w;, a; and
a;r- denote the frequency, the annihilation and the cre-

ation operators for the jth bosonic mode respectively.
Clearly, models (1a), (1b) and (1c) can be processed
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with the same procedure. We shall first concentrate on
eigenergies and eigenstates for model (1a), and then
we will summarize the results of models (1b) and (1c¢).

First, we note that the eight operators of free
Hamiltonian Hy, interacting Hamiltonian H; in
Eq.(la), M = aJ{al + agag, N = aial + a§a3, L =
aial + a1a4, K = aial + a;a5, J = aJ{al + aéae,
and Z = aial + a$a7 commute mutually with each
other and Hy = woM + w3N + wyL + ws K + wgJ +
wrZ. Consequently, the six operators M,N,L, K, J,
and Z are conserved quantities and the operators
M,N,L,K,J,Z and H; in Eq.(la) have a com-
plete set of common eigenvectors. It is now obvi-
ous that the eigenvalue equation H|Yam N 1, K,7,2:2) =
Er N1k, 7,20 YM,N,L,K,7,2;») can be expressed in
the following form:

Em,N,LK,J,7:x =Mws + Nws + Lwy
+ Kws + Jwg + Zwry -I-g)\

Hilym N x,g,20) = NYMN LK LzA),  (2)
where M,N,L,K,J,Z =0,1,2,---. And by using the
method suggested by Wu et al,*!] Eq.(2) can be re-
duced into an operator-differential equation, with en-

ergy eigenstates denoted as

‘1/)M,N7L,K,J,Z;)\> = S(al, a;, a;rw a};, a;, al‘n a;)|vac>,

S(.’El,mQ,m37I47m57m6,.’E7)

q
Qs s

_ JJMJNJLJKJJJZJ

_E:J|m1x2 T3 T 3)

j=0 7"

with |vac) representing the vacuum state and z; =
al(j =1,2,3,4,5,6,7), ¢ = min(M,N,L,K, J, Z). Tt
is easy to find Hy|¢) = HyS|vac) = [Hy, S]|¢). We
can see from Eq.(3) that the polynomial S is the func-
tion of the creation operators and it is independent of
the annihilation operators. Noting this, we can ac-

quire the following relation:

[H, S| :aI [asaszagasasar, S]+ a$a£a§a1a;a£[a1, S]

[§]
ot 9 tr ittt O

=a
! 8a£ aagaaiaag 8a2§8a$ da;
The polynomial S in Eq.(3) satisfies the following op-

erator type differential equation:

86
<1'1 8:1:2 8$3 6%48.’135 6.’1)66$7

0
+ .’132$3:134$5IG.’E78—)S AS. (4)

min(M,N,K,L,J,Z)

¥y = >

=0

+ a7a6a5a4a3a2—,r.

Equations (2) and (3) result in the following iterating

equations:

a]-+1 :/\aj _pjflajflyo S .7 S q,

q =min(M,N,L, K, J, Z), (5a)
where a_; = ag41 =0, and

pj =+ )M — ) (N - j)(L
x (K = 3)(J = 3)(Z = 3).

)
(5b)
Now the problem is to solve Eq.(5) as mentioned in

Refs.[17-21].

and then prove it. The solution is

We will first give a solution to Eq.(5)

aj = aodetA(j)(/\), 7=0,1,2,---,q,

qg=min(M,N,L, K, J,Z), (6)
with the parameter A determined by

detA@D(X) =0, ¢=min(M,N,L,K,J,Z), (7)
where detA@(X) = 1, AOXN) = X AR (k > 2)
is a k X k trigonal matrix with the matrix elements
AE;)()‘) = A51‘,]' - 6i+1,j _pj6i,j+1a (’L;J =0,1,--- 5k -
1). Expanding Eq.(7), we can obtain the explicit form
of det A(™ as follows:

int(n/2)
det A(M(X) =" + Z (—1)FAn—2k
n—2 im—1—2
x( > oy
i1:2(k71) i1:2(k7m)
ip_1—2
S pamn) )
i, =0

with n > 2, int(z) denoting the z integer part, and p;
referring to the one in Eq.(5b).

Then we can obtain the results of eigenen-

ergies £ = Ewmn,1.k,5,z and eigenstates [¢)

|¥m,N,LK,5,2,2) by using Egs.(2), (3) and (6)
and noting the Fock states |n,m,k,s,l,v,u) =

(Vnlmik!slotul) 1al™ Tma;kaisaglaév Tu|vac> as

E=wM+wsN4wsL+ws K+wsgJ+wrZ+gA, (9a)

C]|.77M_J7N_.77L_]7K_.75J_.77Z_.7>7
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o \/(M—j)!(N—j)!(L—j)!(K—j)!(J—j)!(Z—j>
= FAMINLIK!J!Z!

where ¢g = VM!IN'LIK!J!Zlag is a normalization
constant and M, N,L,K,J, Z =0,1,2,---.

Equations (8) and (9) give explicitly the analyti-
cal expressions of all the energy eigenvalues and eigen-
states by utilizing the parameter A for model (1a). It
is also simple to determine A from Eq.(7). Comparing
Eq.(7) with Eq.(8), we conclude that A is determined
by the equation Wi(A\%) = 0(AGx(A?) = 0) for an
odd(even)-integer number M with k = int[(g + 1)/2].
Here Wi(z) and Gi(z) are polynomials of order k for
variable x. The last step towards obtaining A is to
solve the equation Gg(z) = 0 with A = 0,++/z for

an even-integer number g or solve Wi (z) = 0 with

q/2

! .
~det AW (N), (9b)

A = +4/z for an odd-integer number ¢g. This im-
plies that we only need solve a polynomial of order
int[(g+1)/2]. By using A and Eq.(9), it is easy to
obtain the explicit analytical expressions of all the en-
ergy eigenvalues and eigenstates for model (1a).

Equations (5)—-(7) demonstrate that A = 0 is
a solution to Eq.(6) only when ¢ = min(M,N,L,
K, J,Z) is a non-negative even-integer number, and
A = 0 leads to agm—1 = 0 and g, = (—1)™Pa(m—1)
Po(m—2) ***PoQo, With m = 1,2,.... Consequently,
Eq.(6) under the condition A = 0 becomes

E =waM 4 wsN + wsL + ws K + weJ + wrZ, (10a)

) = (=1)"na|2n, M —2n,N —2n,L —2n, K — 2n,J — 2n, Z — 2n),

n=0

_c 2n)(M — 2n)/(N — 2n)I(L — 2n)/(K — 2n)I(J — 2n)!(Z — 2n)!
i (M — 2n)!\(N — 20)I1(L — 20)(K — 2n)11(J — 20)11(Z — 201

where M,N,L.K,J,Z = q,q + 1,---, with ¢ =
min(M,N, L,K,J,Z) being a non-negative even-
integer number, C being a normalization constant,
2m+1)!' = 2m+1)(2m—1)---1 and (2m)!! =
2m(2m—2)---2 = 2™ml
Eq.(9b) gives all the possible eigenstates with A = 0

It is pointed out that

corresponding to the situation where there exist no
interactions among the seven modes.

The corresponding results for models (1b) and
(1c) are given below without detailed derivation. The
eigenenergies and eigenstates for model (1b) respec-

tively are

EMmN,LK,J,2:2 =Mws + Nwz + Lws + Kws

+ Jws + Zwr + gA, (11a)
[Ya,N,L K, 5,2:0) = S(a),ab,al,al, ol al, al)|vac),
(11b)

S(m1,m2,m3,$47$57$67m7)
q
a- . . . . . . .
_ JJ M=j N+j_ L—j K—j_ J—j_ Z—j
—E leﬂ:Q zg ey ey ey 2r 7, (11c)
=0 &°
where S = S(z1,z2, 23, 24, 5, Tg, T7) satisfies the dif-

ferential equation

85
<-'L'11'3 8$28$48$58.’E68.’1}7

82
S =S 12
+ ToT4T5TETT 6z18m3) , (12)

(10b)

are the eigenvalues

and M,N,L,K,J,Z = 0,1,2,---

of the operators M = aJ{al + agaQ, N = agag — a];al,
L = a];al + a};a4, K = a];al + a§a5, J = aJ{al +
azjae, 7z = aJ{al + a;a7 respectively, z; = a;r-(j =
1,2,3,4,5,6,7), and ¢ = min(M, L, K, J, Z).

we have chosen ng > mi(n; denotes the eigenvalue

Here

of a;r- a; or the occupying number of mode j) without
loss of any generality, because model (1b) is symmet-
ric in changing the modes’ labelling of modes 1 and 3.
For model (1b), we can obtain Eqs.(4)—(9) if we use
qg=min(M,L,K,J,Z) and

p; =+ 1)+ 1+ N)(M —35)(L - j)
x (K = 5)(J = 3)(Z - 3)
for these equations and with the replacements N —j —

N + j in Egs.(8b) and (9b). And then the eigenener-

gies and eigenstates for model (1c) are

Em,N,Lk,J,2:» =Mws + Nwz + Lws + Kws
+ Jws + Zwr + g, (13a)

[Yum,N.L K, 5,2:0) = S(a,a),al,al, ol al, al)|vac),

(13b)

S($1,1‘2,$3,$4,$5,CE6,(L‘7)

q
a . . . . . . .

_ JJM—=3 N+j L—j K+j J—j Z+j

= E “rlry Jxy Tz, Txg xg Jer ™7 ,(13c)
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where S = S(z1,z9, 23, 24, 5, Te, T7) satisfies the dif-

ferential equation

33
T1T3TEL7 —
( 1788 78113261‘461‘6
64
+ zoxyr6=—————— | S =AS 14
2 68:1316.’1:36.’1:58.’1:7) ’ (14)
and M,N,L,K,J,Z = 0,1,2,--- are the eigenval-
ues of the operators M = aial + a£a2, N =
aga3 — aIal, L = aial + a1a4, K = a}:at—, — aJ{al,
J = a];al + aéae, Z = a];al — a$a7 respectively,

z; = a;r-(j =1,2,3,4,5,6,7), and ¢ = min(M, L, J).
Here we have chosen n3 > np, ng > ny, ny > ng
(n; denotes the eigenvalue of a}a]- or the occupy-

ing number of mode j). For model (1c), Eqgs.(4)-

(9) still hold true if we use ¢ = min(M,L,J)
and p; = (+1)G+1+N)G+1+K)G+1+2)
(M — 5)(L — 5)(J — j), for these equations and with
the replacements N —j - N+ j, K —j — K+ j and
Z —j— Z+ j in Egs.(8b) and (9Db).

To determine the unknown parameter A by find-
ing the roots of a polynomial of order int[(q+ 1)/2]
implies that M’s explicit analytical expressions for
g = min(M,N,L,K,J,Z) < 9 can readily be ob-
tained by a simple Mathematica code for models (1a),
(1b) and (1c). Here we only list the explicit analyt-
ical expressions of model (1a) for ¢ < 2 (there are
(g + 1) values for a given ¢. Q,R,S,T and Y rep-
resent five largest members among six non-negative
integers M,N,L, K, J, Z):

(15a)

¢g=2=X2=0,2/2(Q —1)(R—1)(S —1)(T — 1)(Y — 1) + 2QRSTY.

We can obtain analytically and explicitly all the
energy eigenvalues and eigenstates of model (1a) with-
out any unknown parameter. It is emphasized that
Q,R,S, T and Y (the five largest members among six
non-negative integers M, N, L, K, J, Z) can take infi-
nite values Q,R,S,T.Y =q,g+ 1,9+ 2,

analytical results, and hence they actually represent

in these

infinite eigenstates and eigenenergies even for ¢ < 9.
For ¢ > 9, the parameter A can be determined numer-

ically.
3.Summary and conclusions

In summary, we have numerated the explicit an-
alytical expressions of all the energy eigenvalues and
eigenstates in terms of a parameter A without the as-
sumption of Bethe ansatz for three different kinds of
seven bosonic mode mixing models. It is shown that
the parameter A is determined by finding, either an-
alytically or numerically, the roots of a polynomial of
order int[(g 4+ 1)/2] while the analytical expression of
the polynomial has been explicitly obtained. Obvi-
ously this procedure of determining the parameter A
is simple compared with solving the very complicated

reduced system of Bethe equations for the unknown

(15b)

Bethe parameters by use of the same model in the
previous studies.['4] Besides, we have obtained the ex-
plicit analytical expressions for all the eigenstates un-
der the condition A = 0 and have presented \’s explicit
analytical expressions corresponding to infinite num-
ber of energy eigenvalues and eigenstates for ¢ < 9.
Therefore, our approach has not only overcome all the
serious drawbacks of the method with the algebraic
Bethe ansatz but also obtained the above-mentioned
new analytical results for the energy eigenvalues and
eigenstates.

Our results generally describe models with seven
bosonic modes mixed. They might be valuable for the
investigation of maximum entangled pairs, quantum
information and quantum calculation. They are ex-
pected to play a role in validating the applicable range
of approximations such as number-conserving Bogoli-
ubov theory. Moreover, the present effective approach
is suitable for other nonlinear models of multi-wave

mixing.
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