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We study the properties of atoms and cavity field in the two-atom Tavis—Cummings model where the two atoms

interact with each other and are also driven by an external classical field. We consider the special case that the cavity is

initially in a coherent state. The atomic inversion, the average photons number and the Mandel parameter in the driven

Tavis—Cummings model are given and analysed numerically. We pay special attention to the dynamical behaviour of

the atoms and the cavity field modified by the external field.
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1. Introduction

The Tavis-Cummings model (TCM)!! is a theo-
retical model consisting of many two-level atoms cou-
pled to a single-mode field in a lossless cavity. Since it
can exhibit many nonclassical properties, much atten-
tion has been paid to it. The effects of the dipole—
dipole interaction and phase-interrupting collisions
between atoms were studied by Joshi,?! and the ef-
fect of amplitude-phase multistability in the TCM was
discussed by Kilin and Krinitskaya.l3! Bogoliubov gen-
eralized an exact solution of N two-level atoms inter-
acting with one mode of the quantized electromagnetic
field containing an arbitrary number of excitations.4!
Very recently, more profound researches on the TCM
have been made.l5 9

The TCM with two atoms can be defined as
a “dressed-atom” with three levels in a cascade
configuration.['%! Alsing et al'!l have pointed out that
early Jaynes-Cummings model (JCM)['? cannot pro-
vide a complete description of an experiment. We
think, generally, that the TCM Hamiltonian cannot

afford a description of an experiment. To investigate
the “dressed-atom”, it must be probed. We can do
that with a classical external coherent driving field.
The experiment can be fully understood by analysing
the problem of the “dressed-atom” and the driving
field. The vacuum Rabi splitting in the JCM by an
external driving field has been observed recently.[!
Alsing et al have investigated the dynamic Stark effect
for the driven JCM (DJCM) by the external field.[!!]
The dynamics of the DJCM in the special case of an
initial coherent state has been studied by Dutra et
al" and by Zheng and Guol'® for an initial Fock

state and the atom detuning from external field.

In this paper we study the dynamics of the driven
two-atom Tavis—Cummings model (DTCM) where the
two atoms are driven by an external field and the cav-
ity field is initially in a coherent state. A thorough
understanding of the dynamical evolution of the TCM
has obvious implications for the performance of quan-
tum information processing, as well as for the under-

standing of fundamental quantum mechanics.[”] The
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organization of this paper is as follows. In Section 2
we discuss the DTCM Hamiltonian and the density
matrix. In Section 3 we investigate the time evolution
of the atomic inversion in DTCM in the case of an
initial coherence. In Section 4 the influences of the
external radiation field on the properties of the cavity

field in the DTCM are studied. Finally, remarks and

conclusions are given in Section 5.

2.The density matrix of the
DTCM

Consider the DTCM where two identical two-level
atoms are in a single-mode high-Q cavity. The dipole—
dipole interaction of the atoms can not be neglected
when the distance of the atoms is less than the wave-
length in the cavity.[?l The atoms in the DTCM are
also driven by an external coherent field which is in-
cident on them through the open side of the cavity.
Since the coupling between the cavity mode and the
atoms is much larger than that between the external
field and the atoms, we can ignore spontaneous emis-
sion in the external driving field and treat the external
coherent field as a classical field over the time period of
interest here.['*] The Hamiltonian of the DTCM under
the dipole approximation and rotating wave approxi-

mation in the Schrédinger picture is
H=Hy+V+7V,, (1)

where Hj is the Hamiltonian for the two bare atoms

and the cavity field (we assume i = 1),

1
Hy =wata+ EWO(UZI +022), (2)

and V is the Hamiltonian for the interaction between
the atoms and the cavity field and the dipole—dipole

interaction between the atoms,
2
V=g (ato] +0fa)+NoTo5 +0507), (3)
i=1

and V, is that for the interaction with the driving field,

2
I7A :geZ(G;LEeiith-I-O';E*eiwl‘t), (4)

=1

at and a are creation and annihilation operators for
the cavity mode; o,;, U;r, o, are atomic pseudospin
operators, ¢ is the amplitude of the driving field; g
is the atom—cavity-field coupling coefficient, and g, is

the atom—external-field coupling coefficient, A is the

dipole—dipole interaction coefficient; w and wy, are the
frequencies of the cavity mode and the driving field,
respectively; wq is the atomic transition frequency. We
discuss the situation, wy;, = wg = w. The interaction

picture Hamiltonian is

VI :eiHot(V 4 ‘/e)efiHot
2
=g (ato; +ofa)+ Nofo, +0for)
=1

2

+0.3 (ofe +o7e"). (5)

i=1
We can perform the unitary transformation:[4

D(B)V'D*(8)
2
=9 (a*o; +ofa)+ Moty +ofor) =V, (6)
i=1
where D(8) = exp(Bat — *a) is the displace oper
ator,[1% and 8 = eg. /g. The Schrédinger equation in
the interaction picture for the DTCM is

212(1)

S =V1a()). (™)

Because V1 is time independent, the state of the sys-

tem at time ¢ is

|2(t)) = Up(t)| 2(0)), (8)

where Up(t) = e~iV"t is the time evolution operator
for the DTCM in the interaction picture. Using Eq.(6)

we can obtain Up(t) = D (8)U(t)D(8), where
Uit)=eVt 9)

is the time evolution operator for the TCM in the in-

teraction picture. Equation (8) can be rewritten as

|8(t)) = DF(B)U()D(B) | 9(0)) .- (10)

The density matrix at time ¢ is

p(t) =|8(t)) (8(t)| = D" (B)pp(t)D(B),  (11)
where pp(t) is the displaced TCM density matrix,
po(t) =U)D(B)p(0)D*(B)U* (1),  (12)
and the density matrix at time t=0 is

p(0) = |#(0)) (2(0)] . (13)

3. The time evolution of the

atomic inversion in the DTCM



No.1

Effect of an external radiation field on the properties ... 139

The atomic inversion in the DTCM is the differ-
ence between the probabilities of the two atoms being
all in the excited state |e1,ez) and being all in the

ground state |g1, g2),

1

W(t) = 5 {0.) = 5 Telp(t)o] = S Telpp(t)os], (14)

where we have used the equation Tr(AB) = Tr(BA);

and the pseudospin operator of the two atoms is
O, =0, + 0,9. (15)

Considering the two identical atoms, we can use three
swap-symmetry wavefunctions of the atoms as base

vectors,
|u1) = le1,ez),

|w>=§§wh@wwqggx

|U3> = |glag2> 3 (16)
where |e;) and |g;) (i=1, 2) are the excited and ground
states of the ith atom, respectively. If the atoms are
initially in the excited state and the cavity field in the
coherent state, |#(0)) = |u1) ® |a), then Eq.(12) can

be rewritten as
po(t) = U(t)D(B) [u1) ) (a| (wr| DT (B)UF(2).

Using the equations

D(B) |a) = exp[—(af” —a"f)/2] |+ f),

and
po(t) = U(t) lur) |+ B) (e + Bl (us [ UT(2),  (17)
we have
1 o 3
0=5 33 tal sl o (o ) I
n=0 j=1
=Y [(nl (u1] pp(t) [ur) [n)
n=0
— (n| {us| pp(t) [us) n)], (18)
where we have used the equations o, |u1) = 2|uy),

o, |ug) =0, 0, |uz) = —2us), and

(n] {us| pp(¢) [ur) [n) = [(n] (ur| U(8) Ju) [a + B) [,
(19)

(n] {us| pp(t) lus) [n) = [(n] (us| U(t) |ur) |a + B) .
(20)

Expanding the coherent state |a + 3) in terms of the

Fock state |m), we can obtain

U(t)[ur) la + )

o latpr2 g (@A™

=e ——U(1) |u1) |m). (21
U(t) |u1) |m) is the state of the normal TCM at time
t in the case of an initial state |uq)|m). It can be

given by the Schrodinger equation in the interaction

picture,16]
U(#) |ur) [m) =Di* lu1) [m) + D3" [ug) |m + 1)
+ Dy’ lug) |m +2), (22)
where
m_m+2 m+1
Y 7om 43 202m+3),,
(Em —iE"t _ Egne—iEgmt)7 (23)

DM — vm g( —iEJ"t
2 \/_6
vm2+3m+2

—e ), (24)

D= —
2m +3
1 m
14— (Em —iE't E;ne—1E3 t) 7(25)
26
A
EPy =2 44,
2,3 2

1
bm =522 +8(2m +3)g%, m=0,1,2,--. (26)

By substituting Eqgs.(22) and (21) into Egs.(19) and
(20), we have

jatpp et B
(nl sl (1) s ) e+ 2 DL e
n > 0; (27)
e ” a+ﬂ2(n—2) 012
muwmmwm@m%w'+m'(nla!|Dsﬂ,
n > 2; (28)

(n| (us| pp(t) [us) [n) =0,
then we have

W (t) :e|a+ﬂlz{ > (% Dy * )

n=0

+ 2(n—2) o
| ﬁ|2)- |D 2|}}

o latBP? Z |O‘+ﬂ| (ID7? = |D2|?). (29)

0<n<2;

If the external field vanishes (8 = 0), we can ob-
tain the atomic inversion in the normal TCM in the
case of an initial coherent state. We can see that the

effect of the external field on the atomic inversion in
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the DTCM is the initial coherent state which is dis-
placed from a to a + 3. Figure 1 shows the time
evolution of the atomic inversion in the DTCM un-
der different external fields or different initial coher-
ent states of the cavity. From the plot we can see that
with increasing a+ (3, the collapse time decreases, thus
the Rabi oscillations become fast and the amplitude

of the super-revival decreases.

1.00

o el ”Uﬁufw\vﬂw

-0.50

w(t)

W(t)

Fig.1. The evolution of the atomic inversion in the
driven TCM for the two atoms initially in the exited
state and cavity in the coherent state. The parameters
are (A/g=0.1): (a) a+ B=0 and (b) a + B=3.

4. The effect of external field on
properties of the cavity field in
the DTCM

4.1. Average photon number

From Eqgs.(11) and (12), the average photon num-
ber in the cavity field in the DTCM can be evaluated,

(n(t)) =Trlp(t)a* a]
— (n(t))p + 181 — [8" (a(t))p + c.c], (30)

where (n(t))p is the average photon number in the
TCM with a displaced initial state |a + 3),

(n(t))p = Tr[pp(t)a*a], (a(t))p = Trpp(t)a].
(31)
Because of the (a(t))p, term, the dynamics of (n(t)) is
strikingly different from its counterpart in the TCM.
The average photon number in the cavity field in the
TCM is
(n(t))r = Trlpr(t)a*a), (32)

where pr(t) is the density matrix in the TCM,

pr(t) = U@)p(O)U(t) = U(t) |ur) ) {a| {us | UT (2).
(33)

Evaluating Eq.(32), we obtain

0y =" S B Dy 4 (n 1) D
+ (n+2) |D3*). (34)

So the mean value of a in the TCM is

(a(t))r =Tr[pr(t)d]

(35)

Substituting « for a + § in Eqgs.(34) and (35) yields
the expression of (n(t)) and (a(t))p, and then the
expression of (n(t)) from Eq.(30).

We compare the plot of (n(t)); with (n(t))p in
Fig.2. It is shown that the value and the fast oscil-
lation frequency of the (n(t))p are bigger than those
of (n(t))y, but the amplitudes of the super-revival of
(n(t))p are smaller than those of (n(t)).

5.6
|
/E 5.2 Wil i i
— i | I | i
> il (R e R e A
= | | i il
£ asf M ‘
4.4 (a)
10.50
A 10.00
=
£ 950
(b)
9.00
0 50 100 150 200
gt
Fig.2. (a) The mean value of n in the TCM for

A/g=0.1 and a=2, and (b) the mean value of n in
the TCM with a displaced initial state |a+ 3) for
A/g=0.1, a= 2, B=1.

Figure 3 illustrates the average photon number in
the cavity field in the DTCM for $=0.2, 0.5 and 1.
Equation (30) shows that the average photon number
in the DTCM increases with increasing external field
for the | ,6|2 term. The numerical analysis of Eq.(30)
shows that, when the driving field is weak (i.e. f is
small), the influence of the (a(t))p term on (n(t)) is

weak, and (n(t)) also shows the collapses and revivals
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Fig.3. The mean value of n in the driven TCM for
the two atoms initially in the exited state and the cav-
ity in the coherent state.The parameters are (A/g=0.1,
a=2): (a) $=0.2, (b) 3=0.5 and (c) B=1.
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Fig.4. The plots of —Re[{a(t))p] (a) and (n(t)) (b).
The collapses and revivals occur in a much longer time
when the external field is strong. The parameters are
A/g=0.1, a=2, f=1.
at a short time scale like the TCM, except for the
origin time (see Figs.3(a) and 3(b)). But the time
mean value of (n(t)) is modulated by the (a(t)), term.
Since the amplitude of —Re[ (a(t))p] is large at the
beginning (see Fig.4(a)), the plot shows a prodigious
difference between Figs.3(a) and 2(a) at the begin-
ning. We also see that the oscillation frequency of
(n(t)) decreases gradually with the increase of exter-

nal field. The super-revival disappears in a short time

when $=1 (see Fig.3(c)). It exhibits only in a much
longer time. Figure 4(b) shows that the first super-
revival happens at about gt=600, and the outlines of
(n(t)) and —Re[(a(t))p] are alike. The external field
is the main factor for the fluctuation of the photon

number in the case of S=1.
4.2. The Mandel Q parameter

The normalized variance of the photon distribu-
tion is given by the Mandel Q) parameter for the cavity
field

I ek B ek Y

(n) (n)
If Q(t) > 0, the cavity field is super-Poissonian;
if Q(t)=0, it is Poissonian; if Q(t) < 0, it is

sub-Poissonian.

(36)

For a single-mode field, the super-
Poissonian distribution is equivalent to a bunching ef-
fect, and the sub-Poissonian distribution to an anti-

bunching effect. We write the expression as
(n*) =Tr[pn’] = Tr[pp D(B)n* D™ (B)]
=Tr[pp(n — f*a — Ba* +|B[*)?]
= (n®)p, + 418" (n)p + 161" + 16I°
+ (87 <a2>D
— B*(na+an+2|B[" a)p) +c.c], (37)
where (M) = Tr[ppM]. Using v = a + 3, we obtain

= n n
(n*)p =e M"Y 0 = (n? DY + (n+1)°| D3 ?
n=0 '
+(n+2)% D3, (38)
—|v? - ’Y|’Y|2n n+41 n\*
(na)p =e ZT nD" (DY)
n=0 ’
+V/(n+2)(n+1)D3*(Dy)
n+3
Dn+1 Dn *
“t 2 oprogy)
[e’s) 2n
—|v|? Yy n ny*
n=0 ’

+(n+2)y /= D3 (D)

n—+3
n—+1

2 oo 2 2n
() =e "y 0 [D?“(D?)*
n=0 '

n+3
Dn+2 Dn*
+ /5Dy (Dg)

(n+4)(n+3)
(n+2)(n+1)

+(n+2)

(39)

L (nt3) D;“(D;)*], (40)

D?“(D;)*} (41)
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Thus <n2> is worked out, and so is Q(t).

The time evolution of Q(t) in the TCM is plot-
ted in Fig.5 for A\/g=0.1. It shows that the cavity field
exhibits periodically super-Poissonian, Poissonian and
sub-Poissonian, i.e. it oscillates between the bunching
We notice that the time

evolution of the cavity field is from Poissonian to sub-

and antibunching effects.

Poissonian at first for the initial vacuum state (see
Fig.5 (a)), but from Poissonian to super-Poissonian at
first for the initial coherent state when a increases (see
Fig.5 (b)). With increasing ||, the oscillation of Q(t)
becomes fast and the equilibrium position of it moves
up. When || is big enough (for example, |@|=10), the
cavity field becomes strongly super-Poissonian all the

time.

1.00

0.0

=]

-0.50

0.4
0.2

o ool
0.2
0.4

Fig.5. The Mandel Q parameter in the TCM (3=0)
for the two atoms initially in the exited state. The

parameters are (A/g=0.1): (a) a=0 and (b) a=2.

In Fig.6, we plot Q(t) in the DTCM for the differ-
ent external fields. We notice that the influence of the
external field on the photon distribution is remarkable.
This makes the photon antibunching effect weak obvi-
ously (compare Fig.6 (a) with Fig.5 (b)). When =1,
the photons of the cavity field exhibit only three times
weak antibunching at the beginning, then appears the

bunching effect for the rest of its time evolution (see

Fig.6 (b)).
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Fig.6. The Mandel Q parameter in the driven TCM
for the two atoms initially in the exited state and
the cavity in the coherent state. The parameters are

(A/g=0.1, a=2): (a) $=0.2 and (b) B=1.

5. Conclusions

We have investigated the dynamic features of the
driven TCM where the two atoms are driven by the
external field. The motivation for this study was to
investigate, in particular, the influence of an external
coherent field on the properties of the TCM. We re-
stricted our analysis to the case when the cavity field
is initially in the coherent state and the two atoms are
both in the excited state. We have shown the time evo-
lution of the atomic inversion in the DTCM and found
that, with the external field added to the atoms, the
collapse time decreases, the Rabi oscillations become
fast and the amplitude of the super-revival decreases.
We have noticed that, when the driving field is weak,
the average photon number in the cavity field in the
DTCM still shows the collapses and revivals in a short
time like the TCM, except for the origin time. With
increasing external field, the oscillation frequency of
the average photon number decreases gradually, and
the super-revival can exhibit only at a much larger
time. We have also noticed that the influence of the
external field on the photon distribution is remark-
able. It makes the photon antibunching effect weak
obviously. When the external field is strong enough,
the photons exhibit only several times weaker anti-
bunching at the beginning, then the bunching effect

appears for the rest of its time evolution.
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