Vol 14 No 1, January 2005
1009-1963/2005/14(01) /0086-09

Chinese Physics

(© 2005 Chin. Phys. Soc.
and IOP Publishing Ltd

Generalized synchronization of hyperchaos
and chaos using active backstepping design’

Zhang Hao(#f ¥£)1, Ma Xi-Kui(Hp§%5)2)b),
Yang Yu(# 5%)*, and Xu Cui-Dong(fR3 %)

a) School of Electrical Engineering, Xi’an Jiaotong University, Xi’an 710049, China

b) Key Laboratory of High Voltage Engineering and Electrical New Technology under the State Ministry of Education,

Chongqing University, Chongqing 400044, China

(Received 27 April 2004; revised manuscript received 30 June 2004)

A novel active backstepping control method is presented for synchronizing two identical Rdssler hyperchaotic

systems with each other, and extended to achieve the generalized synchronization of the Chua chaotic system with

the Rossler hyperchaotic system. It is a systematic design approach and consists of a recursive procedure interlacing

the choice of a Lyapunov function with the design of active control. In particular, this technique gives flexibility

in constructing a control law. Numerical experiments verify the feasibility and effectiveness of the proposed control

technique.

Keywords: generalized synchronization, hyperchaos, chaos, active backstepping design

PACC: 0545, 4265, 4660D

1. Introduction

As a key technique of secret communications,
chaos synchronization has attracted increasing in-
terest in the physics, mathematics and engineering
community since the early 1990s.[! Various effective
methods2~12] have been proposed over the last decade
to achieve chaos synchronization. However, these
methods mainly focused on the study of synchroniza-
tion of low-dimensional systems with only one pos-
itive Lyapunov exponent. This feature restricts the
complexity of the chaotic dynamics and suggests the
adoption of higher-dimensional chaotic systems for ap-
plications to secure communications. In fact, the pres-
ence of more than one positive Lyapunov exponent
clearly improves the security by generating more com-

o [13,14]

plex dynamic Thus, hyperchaos synchroniza-

tion has become a new subject of active research.

Recently, some interesting results have been re-

ported in Refs.[13-20]. Peng et all*® proposed an
approach based on feedback, where the drive signal
is a scalar signal that is a linear combination of the
variables of the drive system. Duan and Yang('6! pre-
sented a parameter control method by use of a scalar
signal for implementation of hyperchaos synchroniza-
tion. Ali and Fang'” used a scalar signal represented
by a linear combination of the original state variables
to achieve the synchronization of a chaotic system
with a hyperchaotic one. Grassi and Mascolol!3], and
Grassi and Miller developed a nonlinear observer
design method to synchronize a class of hyperchaotic
systems with each other via a scalar signal transmit-
ted, and proved the effectiveness of this method ex-
perimentally. More recently, Wang et all'® presented
a mutual coupling method to implement the hyper-
chaotic synchronization in an LC oscillator. Jiang et
all'¥ adopted only one variable unidirectionally cou-

pled approach to achieve hyperchaos synchronization
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in an LC oscillator as well. Based on the technique
presented by Peng et all'® Duan and Yang!'®!, and
Cheng et all?! proposed a method of recombining sys-
tems by use of a linear reversible transform to syn-
chronize hyperchaotic systems with each other. No-
ticeably, in the above publications regarding hyper-
chaos synchronization, it is in general assumed that
the parameters and structures of the master hyper-
chaotic systems are the same as the ones of slave hy-
perchaotic systems. However, in practical applications
the master and slave hyperchaotic systems could not
be identical and they are always different in some re-
spects. Moreover, in some situations we need achieve
the synchronization of one hyperchaotic or chaotic sys-
tem (receiver) with another different hyperchaotic sys-
tem (transmitter). In these cases, the above methods
will fail to do s0.132% How to implement the gener-
alized synchronization of a hyperchaotic system with
a chaotic one is now a main research objective here.
In recent years, backstepping design!?'=2%! and

the active control schemel®—12]

have been widely rec-
ognized as two powerful design methods to control
chaotic systems. Backstepping design can guaran-
tee global stability, tracking, and transient perfor-
mance for a broad class of strict-feedback nonlinear
systems.[26:27] The active control technique gives the
flexibility to construct a control law so that it can
be used widely to control various nonlinear systems
including chaotic systems. Consequently, the main
aim here is to use a combination of these two control
approaches, i.e. an active backstepping method, to
achieve chaotic or hyperchaotic synchronization, es-
pecially generalized synchronization.

We propose a novel active controller to synchro-
nize hyperchaos in two Rdssler systems with each
other, based on the backstepping design. The pro-

posed approach is a systematic design approach and

consists of a recursive procedure interlacing the choice
of a Lyapunov function with the design of active con-
trol.

This paper is organized as follows. In Section 2,
a brief description of the Réssler hyperchaotic system
is introduced. Section 3 and Section 4 investigate the
design of an active backstepping controller for the syn-
chronization of two identical Rossler hyperchaotic sys-
tems with each other as well as the generalized syn-
chronization of a Chua chaotic system with a Rossler
hyperchaotic system. Numerical simulations are given
for illustration and verification in Section 5. Finally,

some concluding remarks and comments are given.

2.System description

Due to its simplicity, the Réssler system(®8] has
become a standard chaotic system to verify the effec-
tiveness of chaos control strategy. In 1979, Rossler29]
the Rossler

hyperchaotic system, which contains only one nonlin-

proposed a four-variable oscillator, i.e.

ear term of quadratic type and produces chaos in two
directions of hyperbolic instability on a strange at-
tractor. The Rossler hyperchaotic system!*® can be

described as follows:

d?l = b.’L‘2 + CZq,
j?g =3 + Ioxs3,
(1)

T3 = —T2 — Ty,

I'4 = I +.’E3+CL.’E4,

where a = 0.25, b = —0.5 and ¢ = 0.05. This sys-
tem exhibits a hyperchaotic behaviour starting from
proper initial conditions!®®!, as shown in Fig.1. Nu-
merical evidence indicates that the hyperchaotic at-

tractor has two positive Lyapunov exponents, i.e.

A1 = 0.109 and A2 = 0.024.
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Fig.1. Typical phase portraits of Rossler hyperchaotic system.

3. Synchronization of two identi-
cal hyperchaotic systems with

each other

Assume that there are two identical Rossler hy-
perchaotic systems playing the roles of the master sys-
tem and the slave system, respectively. Here the mas-
ter system is described as Eq.(1), and the slave system
is given by

T = bya + cy1 + uq,
Y2 = 3 + y2ys + ua,
. (2)

Ys = —Y2 — Ya + us,
Ys = Y1 + Y3 + ays + ug.

For brevity, = (1,22, z3,24)T denotes the state
vector of the master system, y = (y1,¥2,¥3,v4)T de-
notes the state vector of the slave system and u(t) =

(u1,ug,us3,uq)T is the control input vector.

Our goal is to design an appropriate active back-
stepping controller u(z) such that the trajectory of the
slave system asymptotically approaches the one of the
master system, and finally the two systems implement

their synchronization with each other in the sense that

T Jly — af| =0, 3)
where ||-|| is the Euclidean norm.

Referring to the active control theory, 427 the
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subtraction of Eq.(1) from Eq.(2) now gives

é1 = beg + ceq + uq,
€3 = ege3 + €T3 + Toez + ug, (a)

€3 = —ey — €4 + U3,

€4 = e1 +e3 + aeq + ug,

where e; = y; — 21, €2 = Y — Xo, €3 = Y3 — 3 and
es = ys — 4. Equation (4) can be considered as a
control problem with the control input w(t), which is
a function of the error vector e. As long as these feed-
backs stabilize the system, the error vector e converges
to zero as time t goes to infinity. This implies that the
master system and the slave system are synchronized
with each other.

The backstepping design procedure is recursive.
At the ¢th step, the ith-order subsystem is stabilized
with respect to a Lyapunov function V; by the design
of a virtual control a; and a control input function u;.
Now we begin to design the active controller based on
the backstepping design method as follows.

Step 1 Let z; = ey, then we can obtain its deriva-
tive

21 = é1 = beg + cz1 + uy, (5)

where e; = a3(21) can be regarded as a virtual con-
troller.
For the design of a1(z;1) to stabilize z;-subsystem

(5), we can choose the following Lyapunov function:

1
Then the derivative of V7 is
‘7;[ = 2121 = zl[bal(zl) + (674 + U]]. (7)
c+1

If we choose a;(z1) = — z1 and u; = 0, then
Vi is negative and definite. This implies that the z;-
subsystem (5) is asymptotically stable.

Since the virtual control function a;(z;) is esti-

mative, the error between es and a;(z1) is
Z9 = €9 — O[l(Zl). (8)

Then, we can obtain the following (z1, 22)-

subsystem:

(3 = bz — 2,

. c+1
29 = | 29 — b

21 + CEQ) €3
1 9)
z321 + (c+ 1)29

+2923 —
c+1
\ b

21 —|—’U,2,

where e3 = as(z1, 23) can be considered as virtual
controller.
Step 2 In order to stabilize the (z1,z22)-

subsystem (9), we can choose a Lyapunov function

V> defined by
1
%:%+54 (10)

Its derivative is given by

Vo =Vi + 2989 = —22 4+ bz120 + 225
+1
= — zf + 2z <z1 _ ¢ b z1 + 932>Ol2(21722)
+1
+ 29 [bzl +z320+ (c+ 1)z9 — ¢ 21
c+1
— Tr3zy —|—’U,2:| . (11)
1

If as(z1,22) = 0 and wp = —<b — C_Z —

c+1

333) 21— (¢4 2+ z3) 2, then Vo = —22 — 22 < 0,

which makes the (z1, z2)-subsystem (9) asymptotically
stable.
Similarly, assume that z3 = e3 — aa(21, 22), then

we can derive the following (z1, 22, 23)-subsystem:

21 = bzg — 21,

. c+1

29 = <22 - 21 +.’E2)Z3 — 29 — bz, (12)

c+1
b

Z3=—29 + Z1 — €4 + Uz,
where ey = a3(z1, 22, 23) can be regarded as a virtual
controller.

Step 3 We can choose a Lyapunov function V3
defined by

1
Vs=Vo+ 225, (13)

in order to make the (zq, z2, 23)-subsystem (12) stable.
The derivative of V3 is

Vs =Va + 2333

_ 2 .2
= — 2% — 25 — zza3(21, 22, 23)

c+1
+ 23\ 2129 + Loz — 22 + 21
c+1
— 2129 + U3> . (14)
We can choose as(z1,22,23) = 0 and usz =
1 1

—<1—C_£ )zle—(mQ—l)ZQ—c—ll; 21 — 23, so that
Vs = —22 — 22 — 22 < 0, which makes the (z1, 22, 23)-

subsystem (12) asymptotically stable.
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Let z4 = e4 — a3(21, 22, 23), then we can have the

following (21, 22, 23, 24)-system:

21 = bzo — 2,
1
22=<22—c—£ 2’1-1-932)23—22—1721,
. < c+1)
23 = —Ig29 — 1-— b 2122 — 24 — 23,

24 = 21+ 23+ azqg + ug.

(15)

Step 4 In order to stabilize the (z1, 22, 23, 24)-
system (15), we can choose a Lyapunov function Vj

defined by

1
Vi=Vs+ Ezi. (16)

The derivative of V, is expressed as

V4 :Vg + 242.,’4
=22 — 22— 22t z4(azg + 2 +uy). (17)
If ug = —2z; — (a4 1)z4, then Vs = —22 — 22 —
22 — 22 < 0, making the (21, 22, 23, 24)-system (15)
asymptotically stable.
Finally, the fill dimension (21, 22, 23, z4)-sSystem

is

21 = bzg — 21,

i c+1
Z9 = Z9 — b

2.,’3 = —X929 — <1 -

7:’4223—24.

z1 + .’132)23 — 29 — bZl,

c+1
b

(18)

)2122 — 24 — 23,

Since Vi is negative and definite, it follows
from the LaSalle-Yoshizawa theorem!!®! that in the
(21, 22, 23, 24) coordinates the equilibrium (0, 0, 0, 0) is

global asymptotically stable. There exist the following
c+1

b

z3 = e3—ap(21,22) = e3, and z4 = eg—as(z1,22,23) =

properties: z; = eq, 23 = ea — a1(z1) = e2 + 21,
e4, and they imply that e;, es, ez and e4 go to zero
asymptotically. In other words, the trajectory of the
slave system (2) asymptotically approaches the one of

the master system (1).
4. Synchronization of chaotic sys-

tem with hyperchaotic system

In this section we will discuss how to choose an ac-
tive control law so that we can synchronize a chaotic
system with a hyperchaotic system. Take the Chua
chaotic system and Rossler hyperchaotic system into

consideration.

Here the Rossler hyperchaotic system is regarded
as the master system expressed as Eq.(1), and as the

slave system, the Chua chaotic system!3? is given by

Y1 = —By2 + ui,
Y2 = Y1 — Y2 + Y3 + Uy, (19)
U3 = p(y2 — h(ys)) + us,

100 1 2
whereﬂ:—7p:9,m0:_?7m1:_and

7 7
1
h(ys) = myiys + §(mo —mq)(lys + 1| — [yz — 1))
Similarly, subtracting Eq.(1) from Eq.(19) yields

the error dynamics

é1 = —Bes + f1 +u1,
ég =e1 —eg+e3+ fo+ ug, (20)
é3 = pey — ph(es + z3) + f3 + us,

where e; = y1 — 71, €2 = Ya — T2, €3 = Y3 — T3,
fi=—(B+b)xy —cx1, fo =21 — 2 + T3 — T22z3 — 3
and f3 = (p+ 1)zs + z4.

The active backstepping controller will be de-
signed as follows.

Step 1 Assume that z; = e;, then we can obtain

its derivative
21 = —Bea + f1 + u1, (21)

where ez = a3 (21) is regarded as a virtual controller.

For the design of a;(z1) to stabilize the z-
subsystem (21), we can choose the following Lyapunov
function:

1
Vi = 5zf. (22)

The derivative of V; is

Vi = 211 = z1[—Beu(z1) + f1 + ui]
= — Bzia1(21) + 21(f1 + w1). (23)
We can choose a;(2z1) =0 and u; = —f; — 2 so
that V; is negative and definite. This implies that the
z1-subsystem (21) is asymptotically stable.

Since the virtual control function a;(z;) is esti-

mative, the error between es and a;(z1) is
Z9 = €2 — (Zl) (24)

Thus, we can obtain the following (z;, z5)-subsystem:

21 = —Bz9 — 21,
.1 Bza — 21 (25)
29 = 21 — 22 + e3 + fo + ug,

where e3 = as(z1,22) is regarded as a virtual con-

troller.
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Step 2
subsystem (25), we can choose a Lyapunov function

V5 defined by

In order to stabilize the (z1,2)-

1
Vo=Vi+ §z§. (26)

Its derivative is given by

Vo =Vi + 2929
.2
= — 2% + za0(21, 22)

+ 21— B)z1 — 22+ fo+ua].  (27)

If ag(z1,22) = 0 and ug = (B — 1)z1 — fa, then
Vo = —22 — 22 < 0, which makes (21, z2)-subsystem
(25) asymptotically stable.

Similarly, assume that z3 = e3 — aa(z1, 22), then

we can obtain the following (z1, 29, 23)-system:

21 = —Bz — z,
Z9 = fBz1 — 22 + 23, (28)
Z3 = pzg — ph(zs + x3) + f3 + us.

Step 3 In order to stabilize the (z1, 22, 23)-system
(28), we can choose a Lyapunov function V3 defined
by

Vs=Va+ %zg (29)

Its derivative is given by

Vo =Va + 2333
=—zi—Z+zllp+Da+fs
— ph(zs + z3) + us). (30)

If us = —(p+ 1)z2 — f3 + ph(z3 + z3) — 23, then
Vs = —22 — 22 — 22 < 0, which makes the (21, 22,
z3)-system (28) asymptotically stable.

Finally, we can obtain the fill dimension (z1, 2,

z3)-system

21 = —fBzy — 21,
2o = Bz1 — 2o + 23, (31)
23 = —Z9 — Z3.

Likewise, since Vj is negative and definite, it fol-
lows from the LaSalle-Yoshizawa theorem![!8] that in
the (21, 22, 23) coordinates the equilibrium (0,0,0) is

globally stable asymptotically. The properties z; =

e1, zo = eg and z3 = e3, imply that the master system
(1) and the slave system (19) are eventually synchro-

nized with each other.

5. Numerical simulations

In what follows, numerical experiments are given
to verify the effectiveness of the novel active backstep-

ping control approach.

5.1. Case 1 Synchronization of two identical
Rossler hyperchaotic systems with each
other

The four-order Runge—Kutta algorithm is used
in all of our simulations with time step 0.001. The
initial values are z = (15,9,—19,—4)T and y =
(14,2, —17,7)T. After 40 seconds, the motion trajec-
From

then on we activate the above active backstepping con-

tories enter into the hyperchaotic attractors.

troller to control the slave hyperchaotic system. The
simulation results are shown in Fig.2. From Figs.2
(a)—2(e), one can see that the error vector e converges
to zero as time t goes to infinity. This shows that
the trajectories of the slave system asymptotically ap-
proach the ones of the master system, i.e. the master
system (1) and the slave system (2) are eventually

synchronized with each other.

5.2. Case 2 Synchronization of Réssler hyper-
chaotic system with Chua chaotic system

Similarly, let the initial conditions be = =
(15,9, -19,—4)T and y = (1,0.5,—2)T. After 40s, the
motion trajectories enter into the chaotic and hyper-
chaotic attractors, and the active backstepping con-
troller starts to be applied to the slave Chua chaotic
system. As expected, one can observe that the trajec-
tories of the slave system asymptotically approach the
ones of the master system as illustrated in Figs.3(a)-
3(c). Furthermore, Fig.3(d) shows that the error vec-
tor e eventually converges to zero after the controller
is activated. This implies that the Chua chaotic sys-
tem and Réssler hyperchaotic system are synchronized

with each other.
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Fig.2. Synchronization of two identical Réssler hyperchaotic systems with each other.
(a) Time waveforms of the states 1 (dashed) and y; (solid), (b) time waveforms of
the states zo (dashed) and y2 (solid), (c) time waveforms of the states z3 (dashed)
and ys (solid), (d) time waveforms of the states z4 (dashed) and y4 (solid), (e) time
waveforms of the norm ||e|| of error vector.
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Fig.3. Synchronization of R&ssler hyperchaotic system with Chua chaotic system.
(a) Time waveforms of the states z1 (dashed) and y; (solid), (b) time waveforms of
the states zo (dashed) and y2 (solid), (c) time waveforms of the states z3 (dashed)

and y3 (solid), (d) time waveforms of the norm ||e|| of error vector.

6. Conclusions

An effective control method for synchronizing two
identical Rossler hyperchaotic systems with each other
has been proposed based on an active backstepping
design. In particular, the proposed control approach
can achieve the generalized synchronization of Chua
chaotic system with Rossler hyperchaotic system. A
comparison of our proposed method with the afore-
mentioned methods clearly highlights the advantages
of the proposed approach in the following respects.
(i) The design method can solve the controller sin-

gularity problem resulting from the nonlinear term of

quadratic type.[23—25] (ii) The proposed approach pro-
vides a systematic design approach for chaos control
and synchronization, and guarantees the global stabil-
ity of the closed-loop system. (iii) Especially, flexibil-
ity features in this control approach in constructing
a control law so that the control strategy can be eas-
ily extended to other higher-dimensional hyperchaotic

systems.
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