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The firing activities of Hindmarsh—Rose (HR) neurons are studied by means of numerical simulation and bifurcation

analysis. A single HR neuron exhibits various firing patterns, such as quiescent state, periodic spiking, periodic bursting

and chaos, when the external current input is changed. The fast/slow dynamical analysis is applied to explore the

dynamical behaviour of the HR model.

The complete synchronization of two coupled identical HR neurons with

electrical coupling mimicking gap junctions can be realized in certain ranges of the coupling strength, whenever each

individual neuron shows quiescency, periodic firing and chaos. The criteria for complete synchronization are analysed

theoretically, and the corresponding numerical simulation is presented as well. The persistence of the interspike intervals

bifurcation structure of the coupled HR neuronal system under electrical coupling is also discussed.
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1. Introduction

Systems of coupled oscillators have been exten-
sively studied in past decades, which appear in phys-
ical, chemical and biological systems. Especially, the
synchronization problems of coupled chaotic oscilla-
tors have attracted a great deal of attention in re-

(1-7 and can be further applied to the

cent years,
field of neuroscience using either numerical simula-
tions or analytical methods. Synchronized chaos in a
network model of bursting neurons responding to an
inhomogeneous stimulus was investigated in Ref.[§],
and three types of phases for the network were found:
that is, asynchronous stationary state, synchronized
oscillations, and synchronized chaos. Reference [9] ex-
plored the dynamical properties of the time interval
sequences and the spatio-temporal patterns of firings
in a coupled neuronal system, which presented a com-

plex dynamical behaviour of neural activity.

A variety of mathematical neuronal models,
such as those of Hodgkin—Huxley, FitzHugh—Nagumo,
Morris—Lecar, Hindmarsh—-Rose (HR), and Chay et al,
have been investigated in terms of bifurcation analy-

sis to explore the firing mechanism. The HR model

was constructed from voltage clamp data to provide a
simple description of the patterned activity observed
in molluscan neurons. Even though this model is not
wholly based on physiology, it can simulate some fea-

tures observed in neuronal bursting.

An individual neuron may show various firing be-
haviour, while an ensemble of coupled neurons may
synchronize in order to process biological informa-
tion. Which factors are responsible for such synchro-
nization? This question can be answered in terms
of the theories of phase-locking and chaos synchro-
nization. A main part of information transmission
between neurons is through synapses, which include
electrical synapses and chemical ones. For electri-
cal synapses, impulses can be electrically transferred
from one neuron to another, and the transmission is
more rapid than for chemical synapses. In this article,
the complete synchronization of two identical coupled

neurons with electrical synapse coupling is explored.

An outline of this paper is given as follows. The
differential equations corresponding to a single HR
neuron are introduced in Section 2, and the numerical
results of firing patterns are also presented. In Section

3, the criteria for estimating complete synchronization
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of two identical HR neurons through electrical cou-
pling are analysed theoretically, and the correspond-
ing numerical simulation is presented. The influence
of coupling on the interspike intervals (ISIs) bifurca-
tion structures of electrically coupled HR neurons is
also discussed. Finally, a conclusion is presented in

Section 4.

2.Model description

2.1. Single HR neuron model

The HR model of

potential'® was proposed as a mathematical repre-

three-variable action
sentation of the firing behaviour of neurons, and it
was originally introduced to give a bursting type with
long ISIs of real neurons. It can be used to simulate
spiking /bursting and chaos phenomena in real neu-
rons. The equations of the HR model are given as

follows:

t=y—az®+bz?—z+1,
j=c-da—y,
z2=r(s(z—x) — 2), (1)

where z represents membrane action potential, y is a
recovery variable and z is a slow adaptation current;
a, b, c,d, r, s and x are constants; I is the external di-
rect current. In the following numerical simulations,
let a=1.0, b=3.0, ¢c=1.0, d=5.0, r=0.006, s=4.0 and
x = —1.6 and treat I as a control parameter to pro-
duce various firing patterns.

The time evolution course of the action potential
z with different external currents I is plotted in Fig.1.
From Fig.1, it can be seen that for different exter-
nal currents, a single HR neuron experiences different
dynamical processes, such as quiescent state, periodic
firing and chaos.

The global dynamical behaviour of system (1) has
been extensively studied by Holden and Fan in a se-
ries of articles,[!1=14] in which T is fixed at some spec-
ified values and r is chosen as a control parameter.
They presented the bifurcation diagrams in terms of
the Poincaré return maps, and showed the bursting
patterns, complex oscillatory behaviours and chaos
for this model by both numerical and qualitative ap-
proaches. It is known that the neuronal information

is encoded mainly based on the time intervals inside

neuronal firings. Hence, in this article we study the
bifurcation structures of ISIs of HR neurons, in which
the external excitation I as a control parameter is var-

ied to explore various firing patterns.
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Fig.1. Time evolution of the action potential of a sin-
gle HR neuron with different external direct currents.

2.2. ISI bifurcation analysis of a single HR neu-

ron

We investigate the bifurcation structure of ISIs in
terms of the single HR neuron model (1), in which
ISIs are measured when the upstrokes of the voltage
variable z reaching the peak x = 0.8. Figure 2 gives
the bifurcation diagram constructed as ISIs vs the pa-
rameter I. According to Fig.2, for the additional cur-
rent I < 1.31, the neuron lies in a quiescent state,
which corresponds to an equilibrium point of system
(1). According to Ref.[12], I =~ 1.32 is a Hopf bifur-
cation point of the HR system for r=0.006. There-
fore, a period-1 firing pattern arises from this Hopf
bifurcation point and lasts for I € [1.32,1.55]. When
I > 1.56, periodic firings with period two, three, four,
etc appear through a sequence of period-adding bifur-
cations. Figure 3 gives the magnification of two local
areas of Fig.2, which correspond to the transitions be-
tween periodic firing and chaos. Then it is obvious
that after I=2.88, the HR neuron exhibits chaos via
period-doubling bifurcations. When I > 3.42, the ISI
series experience reverse period-doubling bifurcations,
and the HR neuron recovers to periodic firings from

period four to two, and then to one.
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Fig.2. Bifurcation diagram of ISIs vs the additional
current I in the single HR neuron model.
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Fig.8. Two local magnifications of Fig.2: (a) a local

magnification of the transition from periodic firings to

chaos, (b) a local magnification of the transition from
chaos to periodic firings.

It can be seen from Fig.2 that the periods of pe-
riodic firing patterns before and after chaos lie in dif-
ferent ranges, and the period of periodic firing before
chaos is longer than that after chaos. The waveforms
of these two periodic firings are also different: for

example, the period-1 firing patterns for I=1.4 and

I=4.0 and the period-2 firing patterns for I = 1.8 and
1=3.45 (see Fig.1).

r is usually a small quantity, and then z varies
much slower than the other variables. Therefore, the
fast/slow dynamical analysis can be applied as follows
to explore the dynamical behaviour of the HR model.
The fast subsystem (abbreviated as FS) of the HR
model consists of the first two equations of Eq.(1),
and the slow variable z is now considered as a control
parameter governed by the last equation of Eq.(1).

Without loss of generality, only the period-1 fir-
ings for the parameter /=1.4 and 4.0 will be discussed
here. The equilibrium points of FS with respect to z
(that is, the bifurcation parameter of FS) form the Z-
shaped curves in the (z, z)-phase plane (see Fig.4(a)).
The upper, middle, and lower branches of each Z-
shaped curve are composed of unstable focuses, sad-
dles and stable nodes, respectively. Hence, there is a
bistable regime, in which a stable limit cycle around
the unstable focus and a stable node (i.e. rest state)
coexist. Moreover, the trajectories of the periodic fir-
ings shown as closed orbits are plotted in Fig.4(a)
along with the corresponding Z-shaped bifurcation
curves of F'S.

For the additional current I=1.4, it can be seen
from Fig.4(a) that the corresponding rest state of F'S
disappears at LP (a limit point) and makes a tran-
sition to spiking state via a fold bifurcation, and fi-
nally hits the middle branch. The homoclinic point
(HCP) is just the point where the stable periodic or-
bit of spiking intersects with the saddle branch, and
the spiking terminates as soon as it passes the point
HCP. Hence, the spiking state disappears via a sad-
dle homoclinic bifurcation, and the trajectory returns
to the rest state on the lower branch. Therefore, the
period-1 firing takes place through two bifurcations of
FS associated with bursting (that is, the fold bifurca-
tion of a rest state that leads to repetitive spiking and
the saddle homoclinic bifurcation of repetitive spiking
that leads to a rest state), and it should be a period-1
bursting.

When the additional current 1=4.0, it can be seen
from the magnification of the dotted rectangular frame
in Fig.4(a) (see Fig.4(b)) that the closed orbit has no
intersection point with the corresponding Z-shaped
bifurcation curve of FS. Since there do not exist the
above two bifurcations of F'S associated with bursting
and the closed orbit just corresponds to a limit cycle,
the periodic-1 firing for 1=4.0 is actually a period-1
spiking.
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The same analysis can be applied to other situa-
tions, and it can be concluded that the periodic firing
patterns before and after chaos are periodic bursting

and periodic spiking, respectively.
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Fig.4. (a) Fast/slow dynamics of period-1 firing for
I = 1.4 and I = 4.0 in the (2, z)-phase plane of the

HR model. (b) The local magnification of the dotted
rectangular area in (a).

Detailed bifurcation analysis confirms that with
the increase of the additional current I, the firing
pattern of an isolated HR neuron may undergo qui-
escency, periodic bursting, chaos and then to peri-
odic spiking. In the next section, we investigate the
complete synchronization of two coupled identical HR
neurons when each individual neuron experiences all
these firing patterns, and explore how the ISI bifur-
cation structure persists with respect to the coupling

strength.
3. Complete synchronization of
two coupled identical HR neu-

roms
The neuronal rhythm of a single neuron is exhib-
ited by firing patterns from periodic spiking/bursting
to chaos, while the biological information is transmit-
ted through coupling from one neuron to another in

an ensemble of neurons. In order to study this process

of information transfer, it is important to investigate
the synchronization of coupled neurons.

Two types of transmission occur in nervous sys-
that is,

sions. Electrical transmission is mediated by electrical

tems: electrical and chemical transmis-
synapses: that is, gap junctions between adjacent neu-
rons. By electrically coupled neurons, gap junctions
allow action potentials to spread between cells. Key
features of electrical transmission are extreme rapid-
ity, high fidelity and working in both directions.

In what follows, we only consider the electrical
gap junction between two identical HR neurons with
bidirectional coupling, where both neurons influence
each other and all the parameters of them are equal.
In this section we will also consider the bifurcation
structures of these two electrically coupled neurons

under different coupling strengths.

3.1. A network model for two electrically cou-
pled HR neurons

Consider a network of two electrically coupled
identical HR neurons. It is denoted as Ny <— N,
in which N; and Ns represent two identical neurons,
and the arrow denotes the electrical synaptic trans-
fer direction. The model is described by the following

equations:

E1 =y —azi + b2t — 21 + I + C(z2 — z1),
Y1 =c—dxi —y,

Z1 =r(s(z1 — x) — z1),

Ty =1 —amg—{—bl‘g — 23+ I 4+ C(zq — z2),
Y2 = ¢ — dz3 — yo,

Zo = r(s(z2 — x) — 22), (2)

in which I; = I, = I is chosen as a control parameter,
the term C(z1 — @) (or C(ze — x1)) represents the
coupling term from N; to Ny (or from Nj to Ny), and
C is the coupling strength.

3.2. Theoretical analysis on complete synchro-
nization of electrically coupled HR neu-
rons
In the previous work about complete synchroniza-

tion of two coupled identical chaotic oscillators, uni-

directional coupling is mainly discussed. For bidirec-

tional coupled identical chaotic systems, Ref.[1] gave a

criterion for complete synchronization: that is, when

the coupling matrix H = kE (E is the unit matrix,
and k is the coupling strength), both systems synchro-

1
nize completely for k& > 5/\ L, where Ap is the largest
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Lyapunov exponent of the uncoupled chaotic systems.
In this article, due to the characteristic of electrical
coupling of two neurons, in which the coupling term
is only added to the action potential of neurons, the
former criterion no longer works here.

Let us begin with a general system with temporal

evolution governed by the following equation:
w = f(w).

Here w = (w;,ws,...,wy,) is an n-dimensional state
vector, f : R™ — R™ is a vector function. Through a
bidirectional coupling, we obtain a coupled system as

follows:

w = f(w) + K(w), — wy),
w' = f(w') + K(w, —w}), (3)

in which K > 0 is the coupling strength. In this frame-
work, complete synchronization is defined as the iden-
tity between the trajectories of two systems. Then the
existence of complete synchronization requires that
the synchronization manifold w = w' is asymptoti-
cally stable, or equivalently, tlggo e(t) =0 (e(t) is the
synchronization error defined by e(t) =|| w — w' |).
This property can be justified by using the stability

analysis of the following linearized system for small e:

e=f(w") - f(w) + K(w; —w})
— K(wi - wl)

where Df(w) is the Jacobian of the vector field f
evaluated onto the trajectory of any one of the cou-
pled systems, and the coupling matrix H is a constant
n X n matrix, in which the element H;; = 2K and all
the others are equal to zero.

Let J = Df(w) — H. Three types of complete
synchronization will be considered theoretically as fol-
lows. Firstly, if the trajectory of w(t) is a fixed point,
then the study of the stability problem of Eq.(4) can
be made by evaluating the eigenvalues of the matrix
J. Therefore, a condition for the complete synchro-
nization of fixed points of the coupled system (3) is
that the real parts of all eigenvalues of J are smaller
than zero. Secondly, when the trajectory of w(t) is
periodic, system (4) is a linear ordinary differential
equation with periodic coefficients. According to the
Floquet theorem,'®! the stability problem of Eq.(4)
can be solved through calculating the Floquet mul-

tipliers. A condition for asymptotic stability of the

trivial solution of Eq.(4): that is, a condition for the
complete synchronization of periodic motions of the
coupled system (3) is that the modula of all charac-
teristic multipliers are smaller than 1. Finally, if the
trajectory of w(t) is chaotic, then we need to calcu-
late the Lyapunov exponents of system (4): that is,
the conditional Lyapunov exponents. A condition for
the complete synchronization of chaotic motions of the
coupled system (3) is that all conditional Lyapunov

exponents are smaller than zero.

3.3. Numerical results of complete synchro-
nization

In this section, we test the above criteria by using
numerical simulation. According to the above theo-

retical analysis, we have

—3az? +2bz; —2C 1 -1
J= —2dz; -1 0

rs 0 —r

For the coupled HR system (2), we need to calculate
the eigenvalues, the characteristic multipliers and the
conditional Lyapunov exponents with respect to the
coupling strength C, when an individual neuron ex-
hibits quiescence, periodic firings and chaos. Specifi-
cally, we choose I=1.0 for the quiescent state, I=1.4
and I=4.0 for the period-1 bursting and the period-1
spiking, I=1.8 and [=3.45 for the period-2 bursting
and the period-2 spiking, and I=3.0 for the chaotic
firing pattern.

Table 1 gives the critical values of the coupling
strength C,, for complete synchronization under these
given values of I. Figure 5 gives the diagrams of the
membrane potential of neuron 1 vs that of neuron 2 for
I=14, 1.8, 3.0, 3.45, 4.0, which are just before or after
certain critical values. It is obvious that complete syn-
chronization exists when the diagrams in the (z1, z2)-

phase plane behave as a diagonal (see Fig.5(b1)—(b5)).

Table 1. Critical values of the coupling strength C., for
complete synchronization of electrically coupled HR neu-

rons.

Parameter value Firing pattern Cer
I=1.0 Quiescent state 0
I=1.4 Period-1 bursting 0.16
I=1.8 Period-2 bursting 0.35
1=3.0 Chaos 0.42

1=3.45 Period-2 spiking 0.53
I1=4.0 Period-1 spiking 0.52
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Fig.5. Membrane potentials of N1 vs N2 before and after the critical values of the coupling strength C¢; in the (z1, 22)-
phase plane. (al), (bl) Period-1 bursting for I=1.4; (a2), (b2) period-2 bursting for I = 1.8; (a3), (b3) chaotic firing for
I = 3.0 (a4), (b4) period-2 spiking for 1=3.45; (a5), (b5) period-1 spiking for I = 4.0. Complete synchronization occurs in

(b1)—(b5). Here C is the coupling strength.

3.4. ISI bifurcation structure of electrically

coupled HR neurons

Neuronal information is represented mainly based
on the time-interval sequences of neurons. It is neces-
sary to ask whether the ISIs bifurcation structures of
coupled neurons persist by electrical coupling. This
problem is analysed through the numerical results
shown in Fig.6. From Table 1, the critical coupling
strength C., for complete synchronization increases
with the increase of the external direct current I.
Then we choose the coupling strength C'=0.1, 0.25,
0.4 and 0.6 to explore the influence of electrical cou-
pling on the ISI bifurcation structures of electrically
coupled neurons.

Numerical simulation shows that the ISI bifurca-
tion structures of the two identical neurons are similar,
whether they reach complete synchronization or not;

that is, they experience the same firing pattern under

the same values of parameters. This is because the
two coupled neurons considered here are identical and
the coupling terms between them are symmetric. For
this reason, only the ISI bifurcation diagram of one

neuron is available in Fig.6.

Now we consider the influence of electrical cou-
pling. Comparing Fig.6(a) with Fig.2, we can see that
if the coupling strength is larger than the maximum
critical value of complete synchronization for all firing
patterns with respect to the external current (such as
C=0.6), the ISI bifurcation structure of the coupled
neurons is the same as that of a single neuron with-
out coupling; that is, there is no distortion caused
by the coupling between neurons for neuronal infor-
mation. However, if the coupling strength is lower
than certain critical values for complete synchroniza-
tion (such as C=0.4 and 0.25), there are some dif-

ferences between the ISI bifurcation structure of the
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coupled neurons and that of a single neuron; that is,
the neuronal information is somewhat distorted by the
coupling between neurons (see Fig.6(b) and 6(c)). If
the coupling strength is lower than any critical values
of complete synchronization for periodic and chaotic
firing patterns (such as C=0.1), the coupled neurons
undergo entirely different firing patterns from that of
a single neuron under the same parameter values; that
is, the neuronal information is wholly distorted by the

electrical coupling between neurons (see Fig.6(d)).
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From the above analysis, it is concluded that for
electrically coupled HR neural network, the neurons
have the same ISI bifurcation structures; however,
the ISI bifurcation structures are different for different
coupling strengths, and the parameter regions of com-
plete synchronization are certainly distinct. The neu-
ronal information persists in electrically coupled sys-
tems only when the coupling strength is large enough
to exceed the critical values of complete synchroniza-

tion for all firing patterns.
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Fig.6. ISI bifurcation structures of electrically coupled HR neurons under different coupling

strengths. (a) C=0.6, (b) C=0.4, (c) C=0.25, (d) C=0.1.

4. Conclusion

This paper mainly discussed the firing patterns
of a HR neuron and the complete synchronization of
two electrically coupled identical HR neurons. With
the increase of the external direct current I, a sin-
gle neuron experienced quiescence, periodic bursting,
chaos and periodic spiking in series. We explored the
periodic firing patterns and discerned periodic burst-
ing from periodic spiking by the fast/slow dynamical
analysis.

Some criteria for reaching complete synchroniza-

tion through electrical coupling were presented theo-

retically and tested by numerical simulation. In this
framework, we only needed to estimate the eigenval-
ues, the Floquet multipliers and the conditional Lya-
punov exponents when a single neuron shows quies-

cent state, periodic firing and chaotic firing.

Through bifurcation analysis, we concluded that
the ISI bifurcation structures of electrically coupled
identical neurons were similar, but were strongly in-
fluenced by the coupling strength. The ISI bifurcation
structure of the electrically coupled neuronal system
persisted without distortion only for big enough cou-

pling strength.
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