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Mass defect effect in the gravitational field
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Using the Hellings—Nordtvedt theory, some expressions are obtained of the mass defect effect for a type of charged

celestial body in a gravitational field with a nonzero cosmological constant A. And the mass defects are obtained in

several other types of fields and under different conditions by discussing the parameters in the expressions. These are

meaningful calculations of the radiated energies in the processes of forming those kinds of celestial bodies in astrophysics.
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1. Introduction

In 1961, Brans and Dicke proposed a theory in
which gravitation was produced by two fields, i.e. a
tensor metric field and an auxiliary scalar field. The
field equations can be derived from the Lagrangian

action/!]
A= / V=g <167er—|— !PR—i—%g’“’ & ,0 U) d*z, (1)

where L,, = Ly, (g, matter variables) is the matter
Lagrangian, @ is the scalar field, w is a dimensionless
parameter. Matter “sees” only the metric field, and
free test bodies will follow geodesics. If the quantity
L, contains additional gravitational scalar, vector or
tensor fields, the matter will not in general follow the
geodesics. An analysis by Dickel?! has shown that the
high-precision null experiments, such as Eotvos exper-
iments and Hughs-Drevor experiments, do not rule
out the existence of vector or additional second-rank-
tensor fields coupling directly to matter. As pointed
out by Will and Nordtvedt,®! however, such vector
and additional fields may exist along with the met-
ric field as long as the additional fields do not couple

directly to matter.

In this paper, we discuss a metric theory of grav-
ity containing a vector field and cosmological constant

A in addition to the metric field. We require a La-

grangian

A= / v—9(167GoL,, + R
— Hu H" +2)\ + F, F*
+wK, KR+ nK"*K"R,,)d"z, (2)

where L, = Ly, (guv, matter variables) is the matter

Lagrangian, H,,, = K, — K,,,, in analogy with elec-

trodynamics, w and 7 are dimensionless parameters,
F,, the Maxwell tensor, A is a cosmological constant
and Gy is the gravitational constant. Variation of g,
in Eq.(2) reads

1
R,uu - Eg,uuR + Aguu

tw <KuK,,R + OR,,
1 B
- 591“1 PR + ¢;p.u — Guv ¢;a,@g

o 1
+ ’I]k k’a <guaRug + gu,@Rua - Eg,u,uRa,B

= 5 (KK + (KK ) g
- (KMKO‘);,,Q - (KVKOL);/M]
+2F, o FS + %gm,FaﬁF"ﬁ = —87GoT,  (3)
where @ = K ,K*°.
The contraction of Eq.(3) gives
R+ (3w + %77) 059"
+n(K*KP) .05 — 4X = 871G, T. (4)
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Variation of K, in Eq.(3) is
wRK*" +nR" K, +2F}” = 0. (5)

Letting w = 7 = 0, ¢ = G = 1, we obtain the metric
of the gravitational field,!¥! which can be described by

metrics of the stationary, spherically symmetric forms

dr?
V(R)

ds? = V(r)dt® — —r2(d6? + sin? 6d¢?), (6)

2M Q%>+ 4> Ar?
V(T‘)Zl—7+ D) _Ta (7)

where @ and ¢ are, respectively, the electric charge

r

and the magnetic charge of the celestial body.
2. Mass defect effect in the gravi-
tational field

First, we discuss the mass defect effect of a test
particle in the gravitational field with Eq.(6). The
nonzero components of g,, and g"” of the gravita-

tional metric are found as follows:

_l_, M Qg x?
gOO - gOO - r T2 3 )
1 oM Q%+¢2 A2\ !
9112T2_<1_—+ 2 T o )
g r r 3
1 2
g22 = =T,
g22
1 .
933 = g_33 = —r?sin? 6. (8)

In this field, the equation of motion for the test par-

ticle with mass mg and electric charge e is

42z dz® dz? dz® e
iy 7 g 9
ds? tlap ds ds * ds mg )

Taking p = 0, and considering Eqgs.(8) and (9),we find

d220 odz e
ds? “ds mg
(1 @y
myg T 72 3 ds’
(10)

where @ is the electrostatic potential. Equation (10)
can be rewritten as

2M  Q*+¢%> M2\ d%z° dé
1= 222 _2 kil
mo < r + r2 3 ds? te ds

=0. (11)

Integrating Eq.(10) and substituting z° = ¢, we have

2M 2 2 a2\ dt
(12 @)
'S

p 3 —+ed=A, (12)

ds

where A is an integral constant, which denotes the to-
tal energy my, of the test particle in the gravity field.
On the other hand, from Eq.(6), we obtain

dt OIM  Q*+¢% A2\ 2
_<1__+Q +q_L)
T

ds r2 3
(e (o)
+r2<%)2+r2sin29<i—f)2]%. (13)

Letting % = % = ((ii_z: =0, in Eq.(13), we have
O TR

Substituting Eq.(14) into Eq.(12), we have

my = m0<1 — ¥+ Q2:2—q2 — %)é +ed. (15)

Thus the mass defect when the test particle is dis-
placed from infinity to the point (¢,7, 6, ¢) in the field

1S

Am :m6 —myg

M Q@ A\
(2025 )

r r2 3

e
-1+ —9o]|. 16
+ g (16)
The lost mass is radiated out in the form of thermal
energy or other types of energies.

Second, we discuss the mass defect of a homo-

geneous spherical charged shell. In order to simplify

e
the calculation, we make an assumption g = — =

m
a = const, and g _ D _ [ = const, which means

that the defects of elecémric and magnetic charges are,
respectively, proportional to the mass defects of both
the spherical shell and the celestial body.[5:6—*]

We suppose a and M are, respectively, the ra-
dius and mass of the spherical shell, whose thickness
is neglected. In the gravitational field induced by the
spherical shell, we consider a mass unit dM on the
surface of it, the mass of the mass unit is dMy being
in infinity. Considering the magnetic charge of the

mass unit and Eq.(15), we obtain
M
dM, = [1 - Ta(a + ﬂ)]

M?-"—"| dm

a a? 3 ’

2 32 2
x[l—%—l—(a +6?) Aa
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e Q 9 _ 9

h = —= == = and ¢ =
e TVl VAR VA

Integrating Eq.(17), we obtain the relationship be—

tween My and M

Q

2 2 273
c[1-2M @45y AR,
a a? 3
(18)
The mass defect is
A M, —MO—
2M
[ - 2
a
(a +6%) . 5 Aa? ~3
—tM* - — dM — M. (19
+ a2 3 ( )
Finally, we discuss the mass defect of a

spherically-symmetrical celestial body with charges.
We assume that r, M, pg are, respectively, the radius,

the mass and the density of the celestial body, they are
4 3
related by M = ZhoT On the surface of the solid

sphere, we suppose that there is a shell of mass unit,
whose mass and thickness are dM and dr respectively,

its mass is d My in infinity

AMy =|1 - dmpoa(a + B)r? 1 8mpor?
3 3
1672 (a2 2),2,4 )23
+ (o ;—ﬂ )eor - %} 47 poridr.

(20)

Integrating Eq.(20), we obtain the relationship be-
tween My and M:

@ 4 8
o= [ e ot 2, s
0

1
1 2 A 2
+ 6m*(o” + %) P - L r2dr. (21)
9 3
The mass defect is
AM =My — M
e dmpoa(a —I— B)r 87rp0r
= 4mpo |1 —
0
_1
4 167 (0% + 5 pgr _’\L “R2dr— M
9 3
(22)

3. Discussion

3.1. For neutral particle

Taking e = 0 in Egs.(9)—(16), such as in Eq.(16),
when the electric charge e vanishes, we obtain the
mass defect when the neutral particle moves from in-

finity to some point in the gravitational field

IM  Q +q® Ar2\?
(21237 )

(23)
3.2. For the RN field

Taking go = ¢=0, 8 = go/m = ¢/M =0 in all of
the above equations, the mass defects in three cases
are found as follows:

(1) The mass defect of the test particle is

2 2\ 3
Am:m0[<1—%+Q——/\L>

r r2 3

- 1} +ed. (24)

(2) The mass defect of the homogeneous spherical shell

with charge is

M
M
AM:/ [1 — —a2]
0 a

oM o? Aa?] 7
x[l——+a—2M2—i} dM - M.

a a

(25)

(3) The mass defect of the homogeneous celestial body

with charge is

a 4 2,2 8 2
AM:/ smpy [1 _ dmpea’r } [1 _ 8mpor
0

3 3
167202024 Ar2 -1
%_g] 2dr— M. (26)

3.3. For the Schwarzschild field

Taking e = Q =g =qg9g = a = =0 in all of the
above equations, the mass defects in three cases are
found as follows:

(1) The mass defect of the test particle is

Am:m0[<l—ﬂ—/\—r2>%—1} (27)

(2) The mass defect of the homogeneous spherical shell

is
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(3) The mass defect of the homogeneous celestial body

is

a 8 2 )‘ 2 7%
AM:/ 47rp0<1— ”;"T —%) r2dr — M
0

3 : . _1 (8mpo+ A
=2mpo| ——— sin ——a
87rp0 + A 3

- g\/(Sﬂ'po + A)[3 = (8mpo + /\)a2]} - M.

(29)

3.4. For zero cosmological constant \

The metric function in Eq.(7) reads V(r) = 1 —
2M n Q% + ¢*

5 Hence, in all of the above expressions

r r

of the mass defects, we take A = 0, so the mass defect

of the test particle in the gravitational field reads

2 2\ 3
Am:m0[<1—%+ﬂ> —1}—{—6@. (30)
T

r2

In the same way, we can easily obtain the remaining
expressions of the mass defects in other fields respec-
tively.

Thus we see that the gravitational field solution
(6) contains a variety of formally interesting gravita-
tional fields.
types of fields and under different conditions by dis-

We obtain the mass defects in several

cussing the parameters in the expressions of the mass
defect effects in the gravitational field. From this point

of view the work of this paper is more interesting.
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