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A direct approach to perturbation theory for the nonlinear Schrédinger equation is developed based on the sepa-

ration of variables. The first-order effects of perturbation on a bright soliton, i.e. the slow time dependence of soliton

parameters and the first-order correction are derived.
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1. Introduction

It is well known that the nonlinear Schrodinger

equation (NLSE)

ius + Sugy + 2|u|2u =0,

s=+1 (1)

is one of the most important nonlinear evolution equa-
tions, since it has a lot of applications in many fields
of physics. For example, it governs the evolution of
optical solitons in waveguides, with s = +1 corre-
sponding to the case of bright solitons propagating in
self-focusing media or dark solitons in self-defocusing
media, respectively.! 3] In recent years, a great deal
of study on the solitons (both bright and dark soli-
tons) in Bose—Einstein condensates (BEC) has been
undertaken.*~7 In a BEC, the evolution equation
governing the soliton is also the NLSE with s = +1
corresponding to attraction or repulsion between the
particles respectively. However, in physics, the stan-
dard soliton equation is highly idealized. Therefore,
in this paper, we study a NLSE slightly different from
the standard one due to small additional terms that
are called perturbations. One of the powerful tech-
niques in dealing with the perturbed soliton equa-
tions is based on the inverse scattering transformation
(IST).[®°1 Of course, this technique is inconvenient to
those who are not familiar with IST. Another alterna-
tive way to study soliton perturbations is the direct
method.[1°=15] For example, Herman has studied the
perturbed NLSE for s = 1 (perturbation for bright

(13] where the squared

soliton,) in a direct approach,
Jost solutions are employed as the basis for perturba-
tion expansion, and so this method is still dependent
on the IST. Eight years later, Chen Xiang-Jun et al
dealt with the dark soliton in a similar way.['4 At the
same time, we developed a direct approach to pertur-
bations on solitons,*~ 19! which relies on no tools of
IST. Among them Ref.[15] studied perturbations on
a bright soliton. Although in Ref.[15] the mathemat-
ics is somewhat simplified in comparison with that
in Ref.[13], we think it is still complicated artificially.
Therefore, from the viewpoint of practice, making fur-
ther simplification of the mathematics in Ref.[15] is of
significance, owing to the widespread applications of
NLSE. The main improvement to Ref.[15], in this pa-
per, is that the perturbed NLSE is studied together
with its complex conjugate, and as a result, we shall
deal with equations of two components throughout.
Although in this paper we merely study the pertur-
bation for bright solitons, we believe that our method
can be extended directly to deal with the dark soliton,

which will be performed in the near future.
2.Linearization
Now we consider the perturbed NLSE
iU + Ugs + 2JuPu = e flu], (2)

where i=4/—1, the subscripts stand for partial differ-

entiation with respect to time ¢t and space z, € is a
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small positive constant measuring the weakness of the
perturbation (0 < € < 1). The perturbation term f[u]
is a known functional of u. It is commonly known that

the standard NLSE has a single-soliton solution:

up(z,t) =20 sech[26(z — zo + 4at))
x exp[—2iaz — 4i(a® — )t — iy, (3)

where a, 3, zo and 6y are four real parameters. In
this paper, we study the effects of perturbation on a
single soliton up to the first order, i.e. we seek for an

approximate solution of Eq.(2):
u(z,t) = up(z,t) + ev(z, t), (4)

with initial conditions u(z,0) = ug(z,0), v(z,0) = 0.
Besides, in order to eliminate the so-called secular
terms, we introduce a slow time variable 7 = et,
and then the derivative with respect to t becomes
8 — 0; + €d.. As a result, Eq.(2) is linearized into
the following two equations (with appropriate initial

conditions)

,Buo 8U0 2
IW ‘|‘ w + 2|U0| Ug = O,

up(z,0) = 20 sech[28(z — z¢)]exp(—2iaz — i0y), (5)
10y + Vg + 4|uo|?v + 2udT = if[ug)] — i? = irfug],
T
v(z,0) =0, (6)

where an overbar signifies the complex conjugate. The
zeroth-order approximation equation (5) is just the
standard NLSE. It has a single-soliton solution that is
formally the same as Eq.(3):

ug(z,t) = 28 e sechz (7
with
0=2a(z—&)+d=az/B+4,
gt = —4&,
8 = —4(a® + 3?). (8)

Due to perturbation, the soliton parameters a, 3, £
and § are now supposed to be functions of the slow
time variable 7, but a and B are independent of t,
and the t dependence of £ and § are given by the last
two equations in Eq.(8), respectively. It follows from

Eq.(7) that

O e pip(2ag, - 5,)6D(2) - 2iard?)(2)

or
+26,6P)(2) + 487, (2)], (9)

where

1 — z tanh z)sechz,

anh z sechz . (10)
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It is more convenient to use z (a space variable in a
coordinate system moving with the soliton) as a new
independent variable in place of z. Then Eq.(6) and
its complex conjugate together with their initial con-

ditions are reduced to the following form:

vy + 8iafv, + 4,52'022 + 16,52sech2z v
+ 86%sechze 2 5 =ir, wv(z,0) =0,
vy + 8iafv, — 4/82622 — 16,62sech2z )
— 8@%sech®ze® v = iF, T(2,0)=0. (11)
Letting
v=e Y, T=¢', (12)

one can rewrite Eq.(11) in a form of matrix differential
equation
iW, +48%2LW = iR,  W(z,0)=0. (13)

Here o3 is the third Pauli matrix, W and R are col-
umn matrices with two components, and Lisa2x2

matrix. They are defined as follows:

v=(o) = (7)

< 82 + 4 sech®z — 1

—2 sech?z

2 sech?z )
—8% — 4 sech®z +1 .
(14)

3. Eigenvalue problem

To find the solutions of Eq.(13) based on the sep-
aration of variables, the key is to solve the following

two eigenvalue problems:

Lo =)o, Ltw=\w, (15)

where L1 is the adjoint operator of L:

it < 82 + 4 sech®z — 1

B 2 sech?z

—2 sech?z )

-02 —4 sech?z+1 /)
(16)

We have derived all the eigenfunctions of Land Lt

in a way somewhat different from that used in Ref.[15].
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However, the process of derivation is omitted since
space is limited. The eigenfunctions for continuous
eigenvalues A = X = A\y(k) = (k> +1), —co <k <

oo are derived as

ikz — 2
OB (k) = ——0 ( sech”z )
V2m(k? + 1) \ (tanhz — ik)?
ikz tanh z — ik)?
b= (W
2m(k? 4+ 1) —sech?z
ikz 2
y7(+)(z, k) = e < sech®z )’
V2m(k? + 1) \ (tanhz — ik)?
ikz tanh z — ik)?
g,()(zk):ei( (tanh z — ik) ) (18)
Vor(k? +1) sech?z

It is not difficult to prove that @()(z k) and
() (2, k) are really solutions of Eq.(15). Moreover,
L and L' also have eigenfunctions corresponding to

discrete eigenvalue A\g = 0, which can be constructed
by ¢U)(z2), j =1,2,3,4 given in Eq.(10):

oo ).
s0i)= Lo (1), a9
oo 2o 1)
9O = 0@ () e

It is easy to check directly that

LoW(z) = LoW(z) =0,
LMo ) =L1e® () =0. (21)

Since operators L and L' are not self adjoint, their
eigenfunctions are not complete. Therefore, more
functions must be added in order to construct a com-
plete basis for perturbation expansion. For this pur-

pose, we introduce

D (z) = %qb‘”(Z)( _11 )

() = %zﬁ@(z)( 1 )

oW (z) = %qﬁ(?’)(z)( _11 )

W= e ( ) e

It must be pointed out emphatically that the func-
tions given in Eq.(22) are all not eigenfunctions. In

fact, they satisfy the following equations:

LoP(z) = —26W(2),

Lo®)(2) = 281 (2),

LYo (z) =200)(z),

Lto®(z) = —20@)(z) . (23)

Now we have obtained two complete sets: @ =
{8 (2, k), 8 (2,k), 99(2);5 = 1,2,3,4} and
U = {0D(2,k), PO (2,k), ¥9(2);5 = 1,2,3,4}.

They satisfy the following completeness relation:

/ dk[e) (2, k)T (o' k)

— 00

+ 0O (2, k)T (k)]

+3 0TV () =18z 2),  (24)

where an overbar stands for the transposed conjugate
and [ is a 2X2 unit matrix. The completeness rela-
tion (24) can be derived in a similar way to that in
Ref.[15], but the derivation is omitted for the same
reason. Besides, sets {@} and {¥} are orthonormal

in the following meaning;:

/ T ar TP (o ) 8D (k) = sk — k), (25)

— 00

/ T a2 79 (2)al0)(2) = 5, (26)

— 00

/ dz TP (2, k)0 (2, k)

- / T TV () 6®) (2 k) = 0. (27)
4. First-order effects of perturba-

tion on a soliton
Now we return to Eq.(13). To solve it by the sep-

aration of variables, we expand W on the basis { &}
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as follows:

W(z,t) = / " (@) (¢, k) 6 (2, k)

— o0

+a ) (t, k)87 (2, k)]

4

+)_aD () dl)(z). (28)
j=1

Substituting Eq.(28) into Eq.(13), and making use of

the orthonormal relations (25)—(27), we obtain the fol-

lowing ordinary differential equations with the appro-

priate initial conditions
6™ (t, k) £ 462 (k2 4+ 1)a P (¢, k) = b (k)
= / dz TF (2, k)65 Rlug (2)),

a)(0,k) =0,
iaM(t) + 862 (t) = ib™)

ﬁ/mdfdeJMMW@m

— 00

(29)

a(0) =0, (30)
ia®@(t) = ib®
= / dz T (2)65 Rlug (2),

— 00

a®(0) =0, (31)
ia® (t) = ib®)

. / 7 42 T ()67 Rlug(2)],

— 00

a®(0) =0, (32)
ia®(t) — 86%a? (t) = ib™®)

=i /oo dz 7(4)(z)eia3aR[U0(z)]:

— 00

a®(0) =0, (33)

where the overdot denotes the derivative with re-
spect to t. Since all b(@), j = 1,2, 3,4 are constants,
Eqs.(30)-(33) will lead to secularity. In fact, Eqgs.(31)
and (32) yield a® = 5@t and a® = bt respec-
tively, and then a(® and a® grow infinitely in time.

To eliminate these secularities, we must demand that

b =0—a@@t)=0, ¥ =0—a®)=0.
(34)
Then Eqs.(30) and (33) are reduced to ) = () and

a® = b, respectively, and similarly

b =0—aW(t)=0, bW =0—a¥@)=0.
(35)

Now, inserting Eqgs.(34) and (35) into Eqgs.(30)—(33),

we obtain the following four important formulae im-

mediately:

o= 25% /m dz T (2)e"2 Flug(2)),

Flug) = ( Sluo] )7

- 36
i (36)

__ = z_(a)zei‘TSo ug(z
b= [ TV ), (30)

1 /°° dz §(4)(Z)ei"39F[U0(Z)]’ (38)

YT

or dz [—a7(4) (2)

" |

+i8TY (2)]61750 Plug(2)] - (39)

Equations (36)—(39) give the 7-dependence of all the
soliton parameters. They determine how the shape
and position of soliton are affected by the perturba-
tion. As to Eq.(29), it can be solved easily by the
standard method:

i

a P (t, k) ==+ m{l — exp[+4if%(k? + 1)t]}
x [ T 4 T (2, k)60 Rug ()] . (40)

Substituting Eq.(40) into Eq.(28), and noting that
al(t)=0,7=1,2,3,4, we obtain

_ i [ dk 462 (k2 +1)1] (+)
W(z,t)—4ﬂ2/mk2+1[1 e |87 (2, k)

X / a2 T (2 k)i Rlug(2)]

oo

i < _dk —4iB% (K> +1)t] g(—
_E/mk?——i—l[l_e B( )]qs( )(z,k)

x / T 4T e Rluo()],  (41)

where 0/ = 6(2') = a2’ /3 + §. Making use of Eq.(12),

we can rewrite Eq.(41) as

Ve = (U0 ) < [T arete R ),

E(Z, t) —oo
(42)

where G(z,2;t) is the so-called Green’s function:

o [ idk
I't _ —ioc30 1

O ==

x {[1 — P +0 () (1 YT (2, k)

—[1- ef4iﬁ2(k2+1)t]

x 8 (2, )T (2 k) . (43)

Obviously, Eq.(42) gives an additional correction for
a soliton due to perturbation.

Finally, as an example, we study the dissipation
NLSE in which flug(z)] = —ug(z) = —28 sechz e,
From Eqgs.(36)—(39), one can easily calculate that
Br =28, and a, = & = §; = 0. These results mean
that the height of soliton decreases while the width

increases with time until it finally disappears.
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