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In this paper, the discrete mKdV lattice is solved by using the modified Jacobian elliptic function expansion

method. As a consequence, abundant families of Jacobian elliptic function solutions are obtained. When the modulus

m — 1, these periodic solutions degenerate to the corresponding solitary wave solutions, including bell-type and kink-

type excitations.
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1. Introduction

Seeking exact solutions of nonlinear evolution
equations is of important significance in mathematical
physics. In the past decades, several powerful methods
have been developed to construct many types of ex-
act solutions of nonlinear partial differential equations
(PDEs), such as inverse scattering theory,!, Backlund
transformation, the tanh function method,®3 ho-
mogeneous balance method,[6~8 multilinear variable
separation approach!® 11 and Jacobian elliptic func-
tion method,[!2=15] etc. In recent years, the direct
search for exact solutions of PDEs has become more
and more attractive partly due to the availability of
computer symbolic systems like Maple or Mathemat-
ica, which allows us to perform the complicated and
tedious algebraic calculations on computer. In partic-
ular, one of the most effective direct methods to con-
struct exact solutions of PDEs is the Jacobian elliptic

function method.

Since the work of Fermi, Pasta and Ulam in the
1950s,[16] the investigation of exact solutions of the
nonlinear differential-different equations (DDEs) has
played a crucial role in the modelling of many phenom-
ena in different fields, which include condensed matter

physics, biophysics and mechanical engineering. One

also encounters such systems in numerical simulation
of soliton dynamics in high energy physics where they
arise as approximations of continuum models. Unlike
difference equations which are fully discretized, DDEs
are semi-discretized with some (or all) of their spacial
variables discretized while time is usually kept contin-

uous.

However, different from the considerable works
done on finding exact solutions to PDEs just men-
tioned above, to our knowledge, only a few works have
investigated exact solutions for DDEs. Recently, Dai
et all'l extended this approach to the Jacobian el-
liptic function expansion method. From this, one can
obtain some types of excitations in many spatially dis-
crete nonlinear models. In this paper, we further ex-
tend the Jacobian elliptic function method presented
by Dai and derive some new Jacobian doubly periodic
When the

modulus m — 1, we can obtain the kink-type solitary

solutions for the discrete mKdV lattice.

solution and the bell-type excitation.

2.The extended Jacobian elliptic
function method for nonlinear

DDEs

First, we recall the properties of Jacobian elliptic
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function,

sn?¢ + cn?6 =1, dn%¢ =1 — m?sn?¢,
(sn¢)’ = cnédné, (cn¢)’ = —snédné,
(dn¢)" = —m?snécné. (1)
snéjcnéadnés + snéaenédné;y
1 — m2sn2£;sn2&y ’

en(ey + &) — LSRRG

dné;dnés; — m2sné snéscné dnéy )
1 — m2sn2€;sn2¢, ’

where m is a modulus of Jacobian elliptic function.

sn(ér +&2) =

dn(&; + &) =

When m — 1, the Jacobian elliptic functions degen-

erate to the hyperbolic functions, i.e.
sné — tanhf, cn€ — seché, dné — seché.  (3)

When m — 0, the Jacobian elliptic functions degen-

erate to the triangular functions, i.e.
sné — siné, cné — cos&, dnf — 1. (4)

Given a system of M polynomial DDEs,

A(un+p1 (.’L‘), T un+pk (.’L‘), u'ln+p1 ("L'): s
'In~|»p;C (.’L‘), Tty n+p1 (a:)i tt
u )y, (2)) = 0, (5)

where the dependent variable u has M components u;,

the continuous variable z has N components z;, the

discrete variable n has ) components n;, the k shift
vectors p;, and u(") (z) denotes the collection of mixed
derivative terms of order 7.

The main steps of the modified Jacobian elliptic
function method are outlined as follows:

Step 1 When we seek the travelling wave solu-
tions of Eq.(5), the first step is to introduce the wave

transformation
Q N
En=) dini+» kjz;+3, (6)
=1 j=1

where the coefficients d;, k; and the phase § are con-

stants to be determined. In this way, Eq.(5) becomes

Altnip, <fn> e Un g (€n); Uy (€), -+
u"+1’k (f)’ n+p1 (@), ’UT('lT‘i)'pk (z)) = 0. (7)

Step 2 We propose the following series expansion
which is extended from the corresponding formula in
Ref.(18) as a solution of Eq.(7):

1 1
=up(én) = Z a]-snjﬁn + Z bjcnjﬁn
j=0 j=1
l .
+ Z c;jdn’¢,, (8)
j=1

where a;,b;,c;(j = 0,---,1) are constants to be de-
termined and [ is given according to the homogeneous

balance principle. From identity (2), we have

Ui, (€n) = Zl: o) (snﬁncn(%)dn(%) + sn(%)cnﬁndn{n) Z b <cn§ncn ®s) —

= 1 — m2sn2{,sn2(ps)

sné,sn(p,)dné,dn(p,) g
1 — m2sn2¢,sn2(p;) )

l
+ ZC] <dn£ndn ®s) —

e 1 — m2sn2¢,sn2(p;)

with ¢, satisfying

+p5QdQ. (10)

Step 3 Substituting ansatzes (8) and (9) into

Ys = Ps1d1 + psada + -+

Eq.(7), clearing the denominator and setting the coef-
ficients of power terms in sn‘¢,, and cn€, dn,sn‘¢, (i =
0,---,1) to zero, we obtain a system of nonlinear al-
1) and k.

From these equations, we can obtain the correspond-

gebraic equations with a;,b;,¢;(j = 0,---,

ing undetermined coefficients.

Finally, substituting the obtained constants a;,
bj7 Cj (] = 01"'1
of explicit exact solutions can be obtained, including

1) and k into ansatz (8), a series

periodic wave solutions and solitary wave solutions.

m2sn€nsn(¢s )Cnfndngn )

(9)

3.Solutions of discrete mKdV

lattice
The discrete mKdV lattice reads!8l

n(t) = (@ = w2)(Unss —un1), (1)

where « is a constant.
Let u,, = v,(€,),&n = din + kt + 6, then Eq.(11)

becomes
kvl = (@ — v2)(Vpy1 — Vn_1)- (12)

We expand the solution of Eq.(12) in the form of
Egs.(8) and (9). In this case, ps = 1, —1. According
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to the homogeneous balance principle, we can choose

Un+1 =00 + 01 <

b cnéen(ps) — sné,sn(ps)dné,dn(p;) dn¢,dn(yps) — m?sng,sn(p,)eng,dné,
o ( ) ta ( 1 — m2sn2,sn2(ps)

Up—1 =0 + 01 (

b cné,en(ps) + sné,sn(ps)dné,dn(ps) dn¢,dn(gps) + m?2sng,sn(p,)eng,dné,
o ) (e

Up, =ag + a1sné,, + bicné,, + c1dné,,

snépen(ps)dn(ps) + sn(ps)ené,dné,
1 — m2sn2£,sn2(ps)

the solution of Eq.(12) in the form

1 — m?2sn2€,sn2(ps)

Sn&ncn((ps)dn((ps) — Sn(ws)cngndné‘n
1 — m2sn2&,sn2(ps) )

1 — m?2sn2¢,sn2(ps)

) a3

Substituting Eq.(13) into Eq.(12), clearing the denominator and setting the coefficients of power terms like

ené,dné,snél (i = 0,1,2) to zero yield a system of algebraic equations as follows:

4sn(d1)a1blclm2cn(d1) + 4sn(d1)alclb1dn(d1)m2 + 4sn(d1)blcla1m2 =0,
ZSn(dl)c?m‘icn(dl) + kclm‘lsn(dl)2 + 4sn(d1)b§cldn(d1)m2

+ 2sn(dy )b3cym?en(dy) — 4sn(dy)aicym? — 2sn(d;)acym?en(d;) = 0,
4sn(dy )bycim?en(dy) — 2sn(d; )a3bydn(d;) — 4sn(d;)a2b; + kbym?sn(d;)?
+ 2sn(dy)b3dn(d;) + 2sn(d;)cibydn(dy)m? = 0,

4sn(d1)a0blclm2cn(d1) + 4sn(d1)aoclb1dn(d1)m2 =0,

2sn(dy )as — 2sn(dy)c2aym?® — kaym?®sn(d;)? — 4sn(d; )a;b3dn(d;)

— 2sn(d;)bla; — 4sn(d;)a;cim?en(d;) = 0,

— 4sn(dy)aga;cym?en(d;) — 4sn(d; )apcia;m? = 0,

)
)
)aoalbldn(dl) - 4sn(d1)a0b1a1 = 0,
)

— 4sn(dy)bycra; — 4sn(dy)ajcibydn(dy) — 4sn(d;)aybycym?en(dy) — 4sn(dy )byciaym? = 0,

— 4sn(dy)agb?dn(dy) + 4sn(dy)agal — 4sn(dy)ageim?en(d;) = 0,

2sn(d; Jacym?en(dy) — 2sn(dy)b3cym?en(d;) — keym? — 2sn(d;)ajcym?en(d;)

+ 4sn(d1)a§cl — 4sn(d1)b§cldn(d1) — 2sn(d1)c:13m2cn(d1) =0,

— 4sn(dy )byc2m?en(dy) + 2sn(d;)abydn(d;) — 2sn(d;)b3dn(d;) — kb,
+ 4sn(d1)a§b1 — 2sn(d1)c%b1dn(d1) — 25n(d1)a(2]b1dn(d1) =0,

— 4sn(dy)agc1brdn(d;y) — 4sn(dy )agbycym?en(d;) = 0,

ka; + 25n(d1)a§a1 + ZSn(dl)cfal + ZSn(dl)bfal — 2sn(dy)aa; =0,

sn(dq)agcia; = sn(dq)bicia; = sn(dy)agbra; = 0.

From the above, we obtain three types of solutions

ag = 0,a; = +my/asn(d;),b; = c; = 0,k = 2asn(d; );

sn(dy)m, k =

a —2asn(d;)dn(d; )

(10:0,(11 =C :O,bl :i\/m

where d; is an arbitrary constant. Then, the closed form solutions of Eq.(11) are

u(n,t); = +my/asn(d;)sn(nd; + 2asn(d; )t + §);

a

2asn(dy)dn(d;)

u(n, t)z = :I:\/Wsn(ch)mcn <nd1 - Wt
2asn(di)en(dy), 5>_

u(n,t)3 = + msn(dﬂdn <nd1 T en2(dy) = 1)

(m2sn2(d;) — 1)’

B o ~ o _ —2asn(d;)cen(d,)
ap =0,a; =b; =0,c; = & msn(dl)’k ~ (sn2(dy) — 1)
+ 6);

Y

(14)

(15)
(16)

(17)
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When m — 1, u(n,t); degenerate as
i(n,t); = £+/atanh(d;)tanh(nd; + 2atanh(d;)t + ), (18)

which are kink-type excitations of the discrete mKdV lattice equation in Ref.[17]. When m — 1, u(n,t)s

degenerate as

2atanh(d h(d
i(n,t)s =+ +tanh(d1)sech<ndl _zaan (2 1)sech( 1)t + 5), (19)
(tanh(d;) — 1) (tanh®(dy) — 1)
which are bell-type excitations of the discrete mKdV lattice equation.
4. Summary type solitary solutions. We have obtained not only

. - many kinds of solutions, but also a procedure which
In this paper, we have successfully utilized the . . . .
] ] o ) is readily computable. Owing to the importance of
modified Jacobian elliptic function approach to con- .
. . . . DDEs, the above proposed method is worthy of fur-
struct solutions for nonlinear discrete mKdV lattice, . . .
. . Lo . . ther study, and it may help us find new and interesting
and obtained Jacobian elliptic function doubly peri- . . . .
) . . . ] solutions to a given nonlinear discrete system.
odic solutions, kink-type solitary solutions and bell-
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