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This paper focuses on the study of localized Lie symmetries under the infinitesimal transformation of an infinite

continuous group for the finite-degree-of-freedom systems. Based on an invariance of differential equation under an

infinitesimal transformation, we present the localized Lie symmetries including direct and inverse problems for the finite

degree-of-freedom mechanical systems. We also give the definitions, determining equations, structural equation and

conserved laws of localized Lie symmetries, and further, the Lie symmetries under the infinitesimal transformation of a

finite continuous group derived from localized Lie symmetry. Finally, an example is discussed to illustrate these results.
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1. Introduction

The symmetrical principle plays a central role in
the study of mathematics and physics. The research
on conserved quantities of mechanical systems not
only has important theoretic significance, but also can
reveal the physical essence in them.[!*?! The approach
of Lie symmetries was proposed in the 19th century, !
but its application in mechanics did not start until
1979.14 In recent years, many results have been ob-
tained in the studies of Lie symmetries.[#=20 Lately,
Meil?!] studied Noether symmetries as well as Lie sym-
metries of many constrained mechanical systems, and
obtained relationships between Noether symmetries
and Lie symmetries, and between the symmetries and
conserved quantities. The methods of searching for
conservation laws via studying Lie symmetries have

become an important tool in mechanics.

However, the previous researches on Lie symme-
tries of dynamical systems were all based on invari-
ance of differential equations under the infinitesimal

transformations of finite continuous groups with r ar-

bitrary small parameters e, thus the symmetries are
called global Lie symmetries. The symmetries are
given by the Lie determining equations, and are ap-
plied to seek conserved quantities of the finite-degree-

of-freedom dynamical systems.

The localized Noether symmetry was introduced
by Noether in 1918.122] Noether’s second theorem is
concerned with the invariance of the action integral
under the infinitesimal transformation of an infinite
continuous group parametrized with r arbitrary small
functions e*(t) (a = 1,---,7) and the derivatives of
€*(t). If an action integral is invariant under the ac-
tion of such a group, there will exist r differential iden-
tities (Noether identities). Noether’s second theorem
has been discussed by Hilbert, Bergmann and Ander-
son in connection with electrodynamics and general
relativity, 23=25] by Drobot and Rybarski with respect
to hydromechanics,/?¢! by Sundermeyer for gauge field
theory,[2”] and by Li for the non-invariant action inte-

gral, the Yang-Mills field and quantum systems.[28—31]

The approach of localized Noether symmetries

has been widely used in modern physics,/®2] whereas
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the approach of localized Lie symmetry in various con-
tinuous fields is only just beginning. We call the in-
variance of differential equations under the infinites-
imal transformation of an infinite continuous group
parametrized with r arbitrary small functions e®(t)
and the derivatives of £*(t), the localized Lie symme-
try, which will be used to seek conserved quantities
of continuous dynamical systems as well as physical
systems. This theory may be applied to various fields
of theoretical physics such as electrodynamics, general
relativity, hydromechanics, and gauge field theory. In
this paper we will discuss only the localized Lie sym-
metries for the finite-degree-of-freedom systems, and
then derive the determining equations, structure equa-
tion and conservation law of localized Lie symmetries.
Then we give the relations between localized Noether
and Lie symmetries. We also study the inverse prob-
lem of the symmetries, and present an example to il-

lustrate the symmetries.
2.Equation of motion of a system

An n degree-of-freedom mechanical system with
La‘gra‘ngia‘n L =1 (t7 q, q) (q = q17 q2a e 7qn)7 sub-
jected to a non-potential generalized force Q’, (¢, q,q),

has equations of motion

ddL 8L
dtdg  ag

Qi (i=1,,n). (1)

Suppose that Eq.(1) is non-singular, i.e.

8%L
det | ——— 0. 2
‘ (aq'zaq'k) 7 ?
Equation (1) can be put in the form

qz =h; (t, q, q) . (3)

3. Localized Noether symmetry of

a system

We assume that the Hamiltonian action of a

finite-degree-of-freedom system is

1= [“raa, ()

ty

and introduce the infinitesimal transformation which
is a single parameter transformation of an infinite con-
tinuous group with respect to time and generalized

coordinates

t*=t+At=t+ Re(t),

. . . . . (5)
@) =¢q"(t)+Ad" (1) =¢" (t) + S« (1),

where ¢ (t) is an arbitrary small function, and R and
S are linear differential operators, which can be writ-

ten as

R=arD*=ap+a1D+asD?*+ -+ axg DK
St =biD' = b +b:D + by D* + - - + b D

(D - %) . (6)

ak(t;q:Q) (kZO,l,---,K), b; =
bi(t,q,q) (1=0,1,---,L) are infinitesimal genera-

Here, ap =
tors. Equation (5) gives the infinitesimal transforma-
tion for finite continuous group of the system when the
arbitrary small function £ (t) degenerates to a small
parameter, and then R = ag, S* = b}.

Based on the invariance of the Hamiltonian ac-

tion and the variance of Lagrangian, there is a total
°

n
——, where 2° = 2¢(t), and 2 is a

linear differential operator

derivative term

N=eDi =ej+eiD+eyD*+ .-+ eyD7. (7)

From the transformation formula (5), one can

obtain(32!

S (ST  sfa0T\
S<5q")_R<q5q")_ (=1

where R and S? are the adjoint operators with respect

n),  (8)

to R and S* respectively, defined by

/t " F(6) Ry ()t = /t tzg(t)Rf(t)dH[-.-];j, )

where f (t) and g (¢) are slick functions in the domain

[t1,t2], and [-- ]2 expresses the end point functions.

- is an Euler-Lagrange equation in Eq.(8), i.e.

st
o _ 9L p (9L
é¢* Oq* aqt

Expression (8) is called the generalized Noether

(10)

identical equations of the system under the infinitesi-
mal transformation (5).
Then, the secondary Noether theorem of the
finite-degree-of-freedom systems is as follows.
Theorem 1 There exists the differential identical

equation (8) associated with the functional derivative

et if the Hamiltonian action of a finite degree-of-
q
freedom system remains invariant under the infinites-

imal transformation (5).
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For the invariable systems mentioned above, the
Noether identical equations indicate that the deriva-
tives of the action for a system with respect to ¢* (or
the Euler-Lagrange expression) are not independent,
and are under restriction of Noether identical equa-

tions.
4.Direct problems of localized

Lie symmetries
We give the definition of localized Lie symmetry

for a finite-degree-of-freedom system.

Definition Transformation (5) is called local-
ized Lie symmetrical transformation corresponding
to a finite-degree-of-freedom system when differential
equations (3) remain invariant under the infinitesimal
transformation (5).

We now show that the transformation of the in-
finite continuous group includes an arbitrary function
e (t) and kth-order derivatives of ().

Firstly, we study the direct problem of localized
Lie symmetries for the system. Let us introduce the
vector of the differential operator for the infinitesimal

transformation (5)
x (0)e _

ng—l—Sks 0 (k=1,---,n), (11)

ak

its first-order expanding formula is

XWe = X0 4 (D(Ske) — ¢*D(Re)) %, (12)
q

and the second-order expanding form is

X@e =x W L [D(D(Ske) — ¢*D(Re))
o

- ijkD(Rz-:)]a—qk.

(13)
The vectors of the differential operators X (0 x(1)e
and X®* include arbitrary function e(t) and the
derivative of (t).

Based on the invariance of differential equations
(3) under the infinitesimal transformation (5), it fol-
lows that

D?*(Ske) — ¢"D?(Re) — 2h;, D(Re)
=x®* () (k=1,---,n), (14)
if and only if
X®@* " — hy (t,q, Q)] PFmhe(6.0.9) = (15)

Equation (14) is called the determining equation
of localized Lie symmetries for a finite-degree-of-

freedom system when the differential operators R and

Si(i=1,---
tion (5).

Criterion Transformation (5) is called localized

, L) satisfy the infinitesimal transforma-

Lie symmetric transformation corresponding to a fi-
nite degree-of-freedom system, if the linear differential
operators R and Sy, satisfy determining equation (14).

Equation (14) is the determining equation of Lie
symmetries under the infinitesimal transformation of
the finite continuous group, if the arbitrary function
€ (t) degenerates to a small parameter in transforma-
tion (5).

Theorem 2 For the linear differential operators
R and Sj, of the infinitesimal transformation (5) of a
finite-degree-of-freedom system, if they satisfy the de-
termining equation (14), and there is a gauge function
G*® = &G which is also a linear differential operator

satisfying the structural equation
XM (L) + D(Re)L + (Ske — ¢*Re) Q}, + DG®* = 0

(k=1,---,n), (16)

this system then possesses Noether-type conserved
connection (or conserved quantity) corresponding
to localized Lie symmetries for the finite-degree-of-

freedom system

I* = ReL + (Sie — ¢"Re) % + G* = const, (17)
and the conserved connection (17) is different from the
usual conserved quantity of Lie symmetries. We now
show that the relationship between conserved quanti-
ties of motion and physical parameter of the system
includes an arbitrary function £(¢) and the derivative
of £(t) in the conserved quantity.

Proof

dr*
dt

ot " agrd T agrd

AL
(Sks — kRE) <8q )
oL
-k <k
+ [D(Ske) — ¢*D(Re) — G* Re] 95
— XW(L) — D(Re)L — (Ske — ¢"Re) Q)
0L AL
-k
= (she =) (D — g~ ) =0

This work can give usual Lie symmetries under

=D(Re)L + Re <8L oL q* oL "k)

the transformation of finite continuous group, if the
arbitrary small function e (t) degenerates to a small
parameter £ in transformation (5) of infinite contin-
uous group, and then Eqgs.(14), (16) and (17) lead
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respectively to the determining equations, structural
equation and conserved quantities of Lie symmetries
under the infinitesimal transformation of finite contin-
uous groups.

However, we find that the linear differential oper-
ators Si, R and G are quite difficult to obtain from
Egs.(14) and (16), so we use the Killing equations of
localized Lie symmetries of the system.

We can obtain the simple equations (Killing equa-
tions), which include the linear differential operators
Sk, R and G, other than Eq.(16). One expands struc-
tural equation (16), and chooses terms of §* or not,
then the Killing equations of localized Lie symmetry

of the system are obtained by

d(Re) (Re) , oL oL
L( En + ¢ q' ) + Re n +Sk€8qk
+ (Ske — ¢*Re) Q,
L (9(Ske) | 9 (Ske)
agk \ ot ag !
_qka(RE) _qka(RE) -1
ot q!
_0(Ge)  9(Ge) .
T o agk 17
9(Re)  OL (0(Ske) ., 0(Re)
agk " agk \ ag 1 a¢
9 (Ge)
= o (18)

Generally speaking, Lie symmetries do not always
possess a Noether-type conserved quantity, however
the localized Lie symmetries do possess a Noether-
type conserved quantity, and one can find a gauge
function in which G equals zero, or the total differ-

ential of a function in the structure equation.
5.Inverse problems of localized

Lie symmetries

Secondly, we study the inverse problem of local-
ized Lie symmetries. To find the localized Lie symme-
tries from the known conserved quantity is the inverse
problem of localized Lie symmetries.

Suppose that the conserved quantity of a finite-

degree-of-freedom system is

I* =1°(t,q,q) = const, (19)

then we have
dre o1+  orI* .k+3I°..k
at ~ ot " agr? T pgrt

=0. (20

Multiplying Eq.(1) by

Sk = Ske — ¢"Re, (21)
and then summing for k leads to
—(d oL oL
Sl =0 —=——-Q})=0. 22
* (dt a¢k g k) 22)

Combining Egs.(20) and (22), expanding the resulting

equation, and letting the coefficients of g5 go to zero,

one has
— 0%L or°®

———=0 (I=1,--- 23
kaqkaql 8ql ( ) ;n) 3 ( )

and o7
S = hyy— 24
k Kl EEk (24)

8L . . .
where hy; = ———— is called Hess matrix and satisfies
8¢k

hiihij = Okj- (25)

Letting Eq.(17) be equal to the conserved connection
(19), i.e.

LRe + oL (Ske —d*Re) + G* =1I°,

o (26)

then one can obtain the linear differential operators R
and S, from Egs.(24) and (26).

The localized Lie symmetry of the finite-degree-
of-freedom system is determined by substituting the
linear differential operators R and Sy into determining
equation (14).

Theorem 3 The symmetries are called localized
Lie symmetries corresponding to the finite-degree-of-
freedom systems, if the linear differential operators R
and Sy, of the infinitesimal transformation (5) are de-
termined by Egs.(24), (26) and determining equation
(14).

We would show that the finite-degree-of-freedom
systems may not be localized Lie symmetries when
the conserved quantities of the systems are given, and
then the inverse problem of the localized Lie symme-
tries of the system may have solution or may not.

We can derive the inverse problem of Lie symme-
tries under the infinitesimal transformation of finite
continuous group from the localized Lie symmetry of
the system when we make the arbitrary small function

€ (t) equal to a small parameter e.
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6. The relationships between lo-
calized Noether and Lie sym-

metries

Now we give the relationships between localized
Noether and Lie symmetries

Theorem 4 In a finite-degree-of-freedom system
which possesses localized Lie symmetry, if its linear
differential operators R and Sy are adjoint operators,
and satisfy the generalized Noether identical equation
(8), then the system also possesses localized Noether
symmetry.

Theorem 5 In a finite-degree-of-freedom system
which possesses localized Noether symmetry, if its lin-
ear differential operators R and S} satisfy the deter-
mining equation (14), then the system also possesses
localized Lie symmetry.

The proofs of Theorems 4 and 5 are obvious.
7. An example

Suppose that the generalized coordinates ¢! and
¢? can specify the configuration of a system, its La-

grange function being
1,2, . 1
L=3(@) +d'@+5(d —a) (27
then the equations of motion are
i'=q¢" —q¢" =3¢ = hi,
¢'=4q' —¢* =ha. (28)
Substituting Eq.(28) into the determining equation
(14) yields
D?(S1e) — ¢'D*(Re) — 2 (¢* — ¢> — ¢*) DRe
= S1e — Sae — (D(S2¢) — ¢°DRe),

DSie — ¢*DRe = S1e — Sae,
(29)

and Eq.(29) has solution of
R=0,5=1,5=1-D. (30)
Substituting Egs.(30) and (27) into Eq.(16) yields

e(¢'—¢*)+(1-D)e(¢"' — (¢ — %))
+é(¢" +¢*) +DG* =0, (31)

and then one obtains
G* = —eq". (32)
Substituting Egs.(30) and (32) into Eq.(17), one has
I'=c(i'+¢*) +eq' = (¢' —q' +¢°) =ae, (33)

i.e, the system possesses a Noether-type conserved

quantity
I =q¢'—¢'+ ¢* = const. (34)

Then the conservation law of mechanical energy for
the system is given by Eq.(34)
Substituting Eqgs.(27) and (30) into Eq.(8) yields

i n o1 n d /61

oqt 8¢  dt \ 4q?
="' - ¢ - -@+i+ - +i'+i ¢ =0,
(35)

ie. Eq.(30) satisfies generalized Noether identical
equations of the system, and then the infinitesimal
transformation (30) is called a localized Lie symmetric
transformation as well as the localized Noether sym-
metric transformation for the finite-degree-of-freedom
system, and the system possesses a Noether-type con-

served quantity (34).

References

[1] Oliver P J 1985 Applications of Lie Groups to Differential
Equations (New York: Springer)

[2] Avramenko A A, Kobzar S G and Shevchuk I V 2001 Acta
Mech. 151 1

[3] Lie S 1893 Theorie der Transformationsgruppen (Leipzig:
Teubner)

[4] Lutzky M 1979 J. Phys. A Math. Gen. 12 973

[5] Zhao Y Y 1994 Acta Mech. Sin. 26 380

[6] Zhao Y Y and Mei F X 1993 Adv. Mech. 23 360 (in Chi-
nese)

[7] Mei F X, Wu R H and Zhang Y F 1998 Acta Mech. Sin.
30 468

[8] FuJ L and Chen L Q 2003 Phys. Lett. A 317 255
[9] Fu J L and Wang X M 2000 Acta Phys. Sin. 49 1023 (in
Chinese)
[10] Fu J L, Chen X W and Luo S K 2000 Appl. Math. Mech.
21 549
[11] Mei F X 2000 Acta Phys. Sin. 49 1207 (in Chinese)
[12] Mei F X and Shang M 2000 Acta. Phys. Sin. 49 1901 (in
Chinese)
[13] Zhang Y, Shang M and Mei F X 2000 Chin. Phys. 9 401
[14] Fu J L and Liu R W 2000 Acta Math. Phys. Sin. 20 63
(in Chinese)
[15] Zhang R C and Mei F X 2000 Chin. Phys. 9 801
[16] Qiao Y F, Li R J and Zhao S H 2001 Acta Phys. Sin. 50
811 (in Chinese)



No.1 Localized Lie symmetries and conserved quantities ... 11
[17] Fang J H, Liao Y P and Peng Y 2004 Chin. Phys. 13 1620 [26] Drobot S and Rybarski A 1958/1959 Arch. Rot. Mech.
[18] FuJ L, Chen L Q and Liu R W 2004 Chin. Phys. 13 1784 Anal. 2 293
[19] Fu J L, Chen L Q and Xie F P 2004 Chin. Phys. 13 1611 [27] :un.derm)eyer K 1982 Constrained Dynamics (Berlin:

pringer
[20] Fu J T and Chen L Q 2004 Phys. Lett. A 331 138 [28] Li Z P 1986 Acta Phys. Sin. 35 553 (in Chinese)
[21] Mei F X 1999 Applications of Lie Groups and Lie Alge- [29] Li Z P 1987 Int. J. Theor. Phys. 26 853
bras to Constrained Mechanics Systems (Beijing: Science [30] Li Z P 1988 High Energy Phys. Nucl. Phys. 12 782 (in
Press) (in Chinese) Chinese)
[22] Noether E 1918 Nachr. Akad. Wiss. Géttingen Math. [31] Li Z P and Zheng W L 1999 J. Phys. A Math. Gen. 32
Phys. KI IT 235 6391
[23] Hilbert D 1924 Math. Ann. 92 1 [32] Li Z P 1993 Classical and Quantum Constrained Systems
[24] Bergmann P G 1949 Phys. Rev. 75 680 and Their Symmetrical Properties (Beijing: Beijing Poly-
[25] Anderson J L and Bergmann P G 1951 Phys. Rev. 83 1018

technic University Press) (in Chinese)



