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By developing the recursive Green function method, the transport properties through a quantum wire embedding

a finite-length saw-tooth superlattice are studied in the presence of magnetic field. The effects of magnetic modulation

and the geometric structures of the superlattice on transmission coefficient are discussed. It is shown that resonant

peak splitting of this kind of structure is different from that of ‘magnetic’ and ‘electric’ superlattices in two-dimensional

electron gas. The transmission spectrum can be tailored to match requirements through adjusting the size of saw-tooth

quantum dot and field strength.
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1. Introduction

With the development of microfabrication tech-
niques, it is possible to construct various kinds of
low-dimensional semiconductor structures, such as su-
perlattices, quantum wires, and quantum dots. This
spurs wide investigations of electron transport in com-
plex quantum potential structures.!=° For instance,
contrary to the quantized conductance in units of
2¢%/h for a perfect quantum wire, abrupt change of
geometry in quantum wire may destruct the simple
step-like form and thus produce rich quantum phe-
nomena and have many applications. So various as-
pects of non-uniform quantum wires or waveguides,
such as quantum interference in T-Stub waveguide,!!]
bound states in bent quantum wire,?! resonant tun-
nelling in double constriction,?! etc, have been stud-
ied in detail. For the electron transport properties of
these quantum wires, magnetic modulations as well
as the structure of potential barriers are found to
be important factors. It is found that the presence
of magnetic modulation may cause a variety of new
quantum phenomena.*?! Recently, a kind of complex

quantum structures was presented to describe elec-

tronic transmission under periodic potential modu-
lations and/or magnetic modulation.[6~9! If the one-
dimensional quantum channel is modulated by a pe-
riodic potential or patterned with a periodic struc-
ture, minigaps of zero density of state and minibands
are expected to form. The formation of minibands
and minigaps in a finite lateral superlattice has been
produced using a split-gate technique, in which the
one-dimensional lateral surface superlattice is real-
ized by a periodic modulation of constriction width.[®
Xul™ and Gu et al'® investigated the electronic trans-
port through a quantum wire or waveguide embed-
ding a finite one-dimensional electric superlattice. It
is found that conductance quantization is recovered
under magnetic modulation. Ji and Sprung[®! calcu-
lated the conductance of a quantum wire embedding
a one-dimensional magnetic superlattice. They found
that the number of resonant splittings in the first con-
duction plateau has no simple direct correspondence
to the number of unit cells of the superlattice. In
this paper, we calculate the transport properties of a
quantum wire embedding a finite-length saw-tooth su-

perlattice under magnetic modulation using the recur-
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sive Green function (RGF) method. In order to study
electron transport of quantum systems, several numer-
ical methods such as mode-matching method,3! RGF
method,[1:19=14] and the transfer matrix approach (1%
have been extensively applied. In these methods, the
RGF method uses a lattice model, i.e. a discretization
of space. This is convenient in the presence of a mag-
netic field which is incorporated simply in the form
of a Peierls phase factor of the transfer integral.!l®
This paper is organized as follows. In Section 2, the
model and method are described briefly. In Section
3, we discuss the effect of geometry of the structure
and the strength of magnetic field on electron trans-
port through a quantum wire embedding a single saw-
tooth quantum dot (QD). Based on the quantum wire
embedding a single QD, transmission properties of a
quantum wire embedding a finite-length superlattice
which comprises several saw-tooth QDs under a peri-
odic magnetic field are studied. The influence of QD
number and field strength on minibands and resonant
splitting of the structure is discussed. A brief sum-

mary is concluded in Section 4.
2.Model and method

Consider a multi-section quantum wire which con-
sists of two semi-infinite quantum wires embedding
a quantum potential structure (Fig.1). In Fig.1(a),
a saw-tooth cavity (III) connected with narrow con-
strictions (IT and IV) is embedded between two semi-
infinite quantum wires (I and V). The cavity is usually
referred to as a QD.['7 Cascading several QDs to sub-

stitute the single QD, we can obtain a structure of a
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Fig.1. (a) A quantum wire embedding a saw-tooth
QD. (b) A quantum wire embedding a finite-length

superlattice which consists of seven saw-tooth QDs.

quantum wire embedding a finite-length superlattice

(see Fig.1(b)). In terms of the RGF scheme, one di-
vides the system into a set of effective square lattices
with lattice constant a that is much smaller than all
the other length scales of the problem (see Fig.1(a)).
Hard wall boundaries are simply simulated by the ab-
sence of sites. To describe the electronic properties of
the effective discretized system of square lattice, one
can define the tight-binding Hamiltonian as [1%]

H=> ei;li,j) 3l
4,7
+ 3 Vali,5) (i3 + 1] + Hee)
4,7

+ ) Va(li+1,5) G, 4] + He), (1)

i,j
where H.c. denotes the Hermitian conjugate, ¢; ; is
the site energy at (3, 7) site, and V; and V, are trans-
verse and longitudinal hopping matrix elements be-
tween nearest neighbouring sites respectively. We di-

vide the Hamiltonian into two parts in the column cell
H = Z H; + Z(Hz',i+l + Hit1), (2)

where H; is the Hamiltonian of the ith isolated col-
umn cell, H; ;11 and H;;; are intercell Hamiltonian
between the ith column cell and the (z + 1)th column
cell with

~ ¥

=H; i1 - (3)

So the first two terms of Eq.(1) correspond to the first

Hi 1,

term of Eq.(2) and the last term of Eq.(1) corresponds
to the second term of Eq.(2). Generally, €; ; = —4V
and Vi = Vo=V = —7'12/2m*a2 (m* is the effective
mass of electron, and one sets m* = 0.067my) in the
absence of magnetic modulation.''] When applying a
magnetic field B which is normal to the plane of paper
to region III of Fig.1(a), V1 = V and V; in region III
should be written as 1]

Va = Vexp(2miB'j), (4)

with B’ = &/ &,, & = Ba?, &, = h/e, in terms of the
Peierls phase factor of transfer integral.[16]

In the RGF method, one can use a recursive
scheme to evaluate the systematic Green function as-
sociated with the Hamiltonian given by Eq.(2). In
terms of the definition of Green function G = (E —
H)™ !, we construct the diagonal and off-diagonal

Green function by

(@G e) = (@l (B~ H) i)~
(i G*|0) = (il (B~ H')|0) ", (5)
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where E is the energy of electron, and H? is the to-
tal Hamiltonian for the strip comprising column cells
from Oth to ith. In particular, (0| G°|0) of the Oth
column cell (the last column cell of the left semi-
infinite quantum wire) and (N + 1| GN*!|N +1) of
(N +1)th column cell (the first column cell of the right
semi-infinite quantum wire) represent Green functions
of the left and right semi-infinite quantum wires re-
spectively. So (N + 1| G|0) represents the systematic
Green function which couples those from the Oth to the
(N + 1)th column cell (see bottom panel of Fig.1(a)).
According to the Dyson equation G = G° + GOVG, a

set of recursive formulae can be obtained:[11]

G+1G* i+ 1)

=E — Hiy1 — Hij1,i (i| G* i) Hi iy, (6)
(i + 1| G o)
=(i+1|G* i+ 1) Hiy,: (i G°|0) . (7)

We start recursion from (0| G°|0). In Eq.(6), the
following sequences of Green functions: (0| G°|0) —
(1]G*|1) = --- — (N| G¥ |N) can be generated. Sub-
stituting these Green functions into Eq.(7), we can
obtain (1|G*|0) — (2| G?|0) — --- — (N|GY |0) in
turn. In the final recursion step we attach the right
semi-infinite quantum wire, and then obtain the Green
function (N + 1| G|0).

Utilizing the Green function (N + 1| G|0), the
transmission amplitude can be calculated. Suppose
semi-infinite quantum wires consist of M lattice sites,
namely M channels in the transverse direction (see
Fig.1(a)), the transmission coefficient t,g for the inci-
dent channel 8 with velocity vg and out-going channel

a with velocity v, is 11

tap = [l’j—‘ﬂ E{V 7 (+)(N + 1|G|0)
X P[FH(+) = F (=) ¥(H)}ap,  (8)

where F(+) = U(+)A(£)¥~}(+),and Pisa M x M
matrix consisting of phase factors caused by magnetic

field B; in semi-infinite quantum wires
Py = exp(2mieBia®l/h)éy (1L,U =1,---,M). (9)
Wavefunction matrices
() = (FF 0 0) (10)

and
A

AF) (11)

satisfy the eigen-equation

A\ v; B V_I(E — H(]) —p? v;

U1 1 0

where Hj is the Hamiltonian of a column cell in semi-
infinite quantum wires and it is a M X M matrix given

by

Vo o4V 0
Hy = _ . (13)

0 0 —4V

Here ¥;F, o, ..., !P]t[ are wavevectors of the right-
going solutions corresponding to /\1",)\;' yen s 7)‘—11\—/15 and
2

lutions corresponding to AT, A5 ,...

, ¥, are wavevectors of the left-going so-
, Ayr- The Green
functions of left and right semi-infinite quantum wires

can be obtained, respectively, by ['3]

(0|G°10) =VT'FTI(=)P,  (14)
(N +1|GNTYN + 1) =V 1F(+)P*. (15)

If the magnetic field is absent in the two semi-infinite

quantum wires, the formulation (8) can be simplified

b = [—ﬁ] T Vo )N £ 16)0)
< [F14) = F YO0 ))ap. (16)
Then

M M
T=23"3 ltasl”
B=1a=1

According to the Landauer formula, the conductance
of the two-terminal system is
2¢?

3. Numerical results and discus-
sion
We first discuss the effect of geometric structure
on the transmission coefficient for a quantum wire em-
bedding a single saw-tooth QD (Fig.1(a)). In Fig.2,
we show the correlation between transport properties

and the size of a single QD in the absence of magnetic

field. It is found that the transmission oscillations T
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are closely related to the size of QD. As the longitudi-
nal size W of saw-tooth stubs is constant (Fig.2(a)),
a prominent peak is observed below the first subband
threshold energy of constrictions (E = 0.075 in units
of the hopping matrix element |V| = h%/2m*a?). The
peak is due to the resonant tunnelling through the
quasibound state of QD. As the energy of electrons
is relatively low (E < 0.158), electronic transport is
independent of transverse size H of saw-tooth stubs
except that the quasibound-peaks have a small shift.
For E > 0.158, the sharpness of saw-tooth QD in-
duces more transmission ‘zeros’ [ (not shown here),
i.e. more transmission oscillations. It can be gener-
ally interpreted by the fact that electrons with a rel-
atively low energy cannot penetrate the stubs due to
the higher zero-point energy marking the threshold
for propagation in the stubs.[!! So the transport of

low-energy electrons is insensitive to the variation of

— T T —T T T
0.10 0.20 0.30 0.40

lateral width. However, higher-energy electrons can
travel along the stubs with different wavelengths,!*!
and thus more channels resonant with the incident en-
ergies in the stubs make the transport more complex.
Since H is a constant (Fig.2(b)), the thickness of QD
may affect the transport of both low- and high-energy
With the increase of W, the position of

quasibound-peak shifts distinctly to low energy side.

electrons.

This indicates that the energy of quasibound-state de-
creases with the increase of transverse size of QD.
High-energy electrons which can penetrate the stubs
exhibit complex oscillation like the case in Fig.2(a). In
addition, a comparison between the two dotted lines
in Figs.2(a) and 2(b) shows that the two QDs with
the same stub area have nearly the same transmission
zero (E =~ 0.243). This means that the transmission
zeros are associated with the interplay between stubs

and uniform quantum wire.

1.2

0.44

L ecccenccccstra e s e .

0.0 T v v T T v v
0.10 0.20 0.30 0.40
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Fig.2. Transmission coefficient T for a quantum wire embedding a saw-tooth QD. (a) W = 20a is constant
and the values of H are chosen to be 10a, 20a, 30a for solid, dashed, dotted lines respectively. (b) H = 20a
is constant and the values of W are chosen to be 10a, 20a, 30a for solid, dashed, dotted lines respectively.
Electron energy E is in units of hopping energy —V.

In Fig.3, we calculate the transmission coefficient
T for the structure in Fig.1(a) when the QD is sub-
jected to a perpendicular magnetic field. Figure 3(a)
shows a weak magnetic modulation to the transport of
electrons. It is seen that the quasibound peak shifts
towards the high-energy region with the increase of
field strength. This is due to the field modulation in-
creasing the quasibound-state energy. Transmission
amplitude in high-energy region exhibits more oscilla-

tions under weak magnetic modulation. For example,

in the energy range 0.0978 < E < 0.305, the reso-
nant domain at zero field (solid line in Fig.3(a)) splits
into two domains at B = 0.07 (in units of —m*V /he)
(dashed line in Fig.3(a)).

magnetic modulation makes the quantum interference

This suggests that weak

effect in QD more pronounced. As magnetic modu-
lation is strengthened, the high-lying modes are de-
pleted [*! and mode-mixing in QD is reduced. There-
fore, drastic oscillations caused by mode mixing are

suppressed and high-energy electrons exhibit a big
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transmission amplitude (7' ~ 1), as shown in Fig.3(b).
Meanwhile, the quasibound peak shifts to the high-
energy side and vanishes gradually. As the modulation
strength is very large, as expressed by the dotted line
in Fig.3(b), the electron transport in the QD is dom-
inated by edge states. Then an effective loop of edge
states (see the inset in Fig.3(b)) is formed, leading to
the loss of the electron transmission through the QD.
So the transmission amplitude recovers a quantization
plateau: that is, electrons with lower energy than the
threshold of the first ‘bulk’ Landau level (E ~ 0.176)
are mostly blocked, while high-energy electrons can

pass through the QD nearly unscattered.

1.01

& 0.5

0.05 0.15 0.25 0.35

1.0

& 0.5

0.0 — — .
0.05 0.15 0.25 0.35

E/(-V)

Fig.3. Transmission coefficient T' versus energy E of
incident electron for the structure in Fig.1(a), on ap-
plying different magnetic field B to the saw-tooth QD
with W = 20a, H = 20a. (a) The values of B for
the solid, dashed, dotted lines are 0, 0.07, 0.14, re-
spectively. (b) The values of B for the solid, dashed,
dotted lines are 0.21, 0.28, 0.35 respectively. B is in
units of —m*V/he.

When one strings several QDs into a sequence
and then inserts it into a quantum wire, it becomes a
structure of a quantum wire embedding a finite peri-
odic superlattice (Fig.1(b)). To reveal the correlation
among the resonant splittings, the formation of mini-
bands and the periodic number of a finite superlattice,
we show the transport properties of the structure con-
sisting of n QDs without field modulation in Fig.4. In
the low-energy region (E < 0.0978), the resonant peak
splitting of transmission amplitude is n-fold, while
the resonant peak splitting in other energy regions is
(n —1)-fold. It is known that resonant peak splitting

is closely associated with the quantum discrete states

residing in the superlattice. These discrete states orig-
inate from the coupling of the quasizero-dimensional
states formed between the constrictions. So the num-
ber of resonant peak splittings should be equal to
the number of QDs, i.e. the resonant peak splitting
should be n-fold like the electric superlattice and mag-
netic superlattice 222 in two-dimensional electron
gas (2DES). The vacancy of resonant peak splitting
at the high-energy region may be due to the presence
of multiple modes and the mode-mixing effect.l®] It
should also be noted that, for 0.0978 < E < 0.305,
the shallow valley of the resonant domain gradually
drops and subsequently turns into a minigap with in-
creasing n (see Figs.4(a) through 4(d)). This leads to
the resonant domain in Fig.4(a) splitting up into two
domains (minibands). Transmission zero (E = 0.305)
extends to form a minigap followed by a resonant do-
main emerging in the middle of the minigap. The for-
mation of minibands and minigaps is due to the period
of finite-length superlattice being much bigger than
the lattice constant. So energy bands may split into
minibands of the finite superlattice. In spite of fewer
periods here, the position of minibands and minigaps
agrees well with that in the multiple even infinite pe-
riods case. As the magnetic field is applied to QD(s)
of finite-length superlattice, as shown in Fig.5, the
formation process of minibands and minigaps is sim-
ilar to that in Fig.4. By comparing Fig.5 with Fig.4,
one finds that the modulation may shift the positions
of miniband and minigap of the superlattice. Accord-
ingly, weak magnetic modulation to QD(s) leads to the
increase of the number of resonant domains. Another
character induced by magnetic modulation deserves
special attention—resonant splitting in the second res-
onant domain in Fig.5 is n-fold but not (n—1)-fold like
that in Fig.4. This may be due to the elimination of
degeneration in the energy range by magnetic modu-
lation. In addition, Figs.4 and 5 show that the width
of minibands is narrowed and the minigaps followed
by minibands are well formed with the increase of the
period number of superlattice. Incident electrons with
their energies lying in the minibands can pass through
the finite-length superlattice, while the transport of
electrons is blocked if the energy of incident electrons
falls in the minigap region. It is indicated that these
kinds of structures can serve as energy filter.[?3] This
may provide a way to tailor transmission spectrum to
match demands through altering the sizes of saw-tooth

QD and field strength.
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Fig.4. Transmission coefficient T versus incident-electron

0.0
1.04 (d)

energy FE for a finite-length superlattice comprising n saw-
tooth QD(s) with H = 20a, W = 20a, embedded in a
quantum wire at zero field. The size of semi-infinite quan-
tum wires and constrictions is same as in Fig.1(a). (a)

n=1(b)n=3. (c)n=5. (d)n="T.

To examine the modulation of magnetic field in
QD(s), we plot, in Figs.6 and 7, the conductance ver-
sus incident-electron energy in a wide range for the
structures described in Figs.1(a) and 1(b) respectively.
Conductance spectrum in Fig.6(a) shows a series of
resonant peaks, due to the effect of quantum inter-
ference and backscattering caused by abrupt change
In Figs.6(b) and 6(c), the

peaks are substantially smoothed out and quantiza-

of quantum wire width.

tion plateau is gradually recovered by the application
of a magnetic field to the QD. This originates from
the formation of edge states. Because of the cou-
pling between the quasizero-dimensional states, en-
ergy bands of a quantum wire embedding a single
QD may split into minibands and minigaps in the su-
perlattice consisting of multiple QDs. Furthermore,
the multi-period of superlattice increases the disorder
and then enhances the backscattering. So the reso-
nant peaks of conductance in Fig.7(a) become sharper
and much denser than those in Fig.6(a). Conductance
exhibits a behaviour of fluctuation. As a magnetic
field is applied to region I of Fig.1(b), i.e. a peri-
odic magnetic field in the superlattice, the magnetic
modulation strengthens the localization, and the addi-

tional effective potential induced by the magnetic field

Vol. 13
1.0{(a)
& 0.5
0.0 : . , , : .
1.0 (b)
o W
0.0 . : .
1.0{(c)
& 05 w lm
0.0 . . . .
1.0{(d)
o W M
0.0
0.00 0.10 0.20 0.30 0.40

E/(-V)

Fig.5. Transmission coefficient T versus incident-electron en-
ergy E for a finite-length superlattice comprising n saw-tooth
QD(s) with H = 20a, W = 20a, embedded in a quantum wire
as QD(s) is (are) subjected to a magnetic field B=0.14. The
size of semi-infinite quantum wires and constrictions is same
as in Fig.1(a). () n=1. (b) n=3. (c)n=5. (d)n="T7.

increases backscattering. So the conductance falls

rapidly with the increase of field strength, as shown
in Figs.7(b) and 7(c).

1 (=

G/(2e2/h)

G/(2e?/h)

G/(2e?/h)

00 10 20 30
E/(-V)

Fig.6. Conductance G (in units of 2e2/h) versus incident-
electron energy E for the structure in Fig.1(a), on applying
different magnetic fields B to saw-tooth QD with H = 20a,
W = 20a. (a) B=0. (b) B=0.88. (c) B=1.23.
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Fig.7. Conductance G (in units of 2¢2/h) versus incident-
electron energy E for the structure in Fig.1(b), on ap-
plying different magnetic fields B to region I. (a) B=0.
(b) B=0.88. (c) B=1.23. The size of semi-infinite quan-
tum wires and constrictions in Fig.1(b) is the same as in
Fig.1(a) with W = 20a, H = 20a.

4. Conclusions

‘We have studied electron transport across a quan-
tum wire embedding a finite-length saw-tooth super-

lattice using the RGF method. For a quantum wire

embedding a single saw-tooth QD, the transport of
low-energy electron is independent of the QD’s trans-
verse width except that the quasibound state has a
small shift. The transmission zeros are closely asso-
ciated with the interplay between stubs and the uni-
form quantum wire. When the QD is subjected to a
weak magnetic field, quantum interference in the QD
becomes more pronounced. The increase of field mod-
ulation may weaken the interference. Under a large
field, quantization plateau of transmission coefficient
is recovered. When a quantum wire embeds a finite-
length saw-tooth superlattice consisting of n QDs, it is
found that the resonant peak splitting in resonant do-
mains is (n — 1)-fold except that the quasibound peak
splitting is n-fold at zero field. Applying a periodic
weak magnetic field to the superlattice, the number
of splittings of the second resonant domain increases
by one, and the total resonant domains also increase.
The effect of these kinds of structures are similar to
an energy filter. One can tailor transmission spec-
trum to match the demands for application through
altering the sizes of saw-tooth QD and field strength.
In a wide energy range, resonant peaks in conduc-
tance become sharper and denser with increasing pe-
riod number of the superlattice. When we apply a
stronger magnetic modulation to QDs of the superlat-
tice, localization and backscattering may reduce the

conductance rapidly.
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