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The dynamic evolution of the lamellar eutectic of binary alloys in directional solidification is studied in detail using

the Monte Carlo technique. The simulated results can be summarized into two aspects: (1) the lamellar spacing A is

found to be inversely proportional to the chemical potential difference Ap, predicting a linear relationship between the

kinetic supercooling AT} and total supercooling at the solid/liquid (S/L) interface; (2) as the solidifying velocity R is

low, the dynamic product A2R shows a considerable dependence on temperature gradient G in the liquid in front of

the S/L interface, although this dependence becomes much weaker at a high R.
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1. Introduction

There has been much experimental and theoret-
ical work on the eutectic solidification, which repre-
sents one of the classical controlled crystal growth
The foun-

dation for modern theory on eutectic growth was laid

modes in the solidification of the alloys.

by Zener[!l and Brandtl? in the growth of pearlite,
the product of eutectoid reaction in steels. In the
1960s, Jackson and Hunt[®* proposed the so-called
Jackson—Hunt (JH) theory for the lamellar and rod eu-
tectic growth in directional solidification (DS) of alloys
and derived the well-established dynamic relationship
A2 R=const, where ) is the lamellar or rod spacing and
R is the growth velocity. This theory started from an
analysis of solute diffusion in the liquid and the cap-
illary effect of the solidifying interface or solid/liquid
(S/L) interface, and predicted the well-accepted rela-
tionship among the interface supercooling AT, R and
A, ie. AT = a;/A+ a2 R\, where a; and ay are con-
stants. The dynamic relationship A2 R=const was de-
rived by utilizing the minimum-supercooling hypoth-
esis. In the 1980s, Datye and Langer(®! started from
the JH theory and overcame the limitation of the JH
theory by averaging the boundary conditions for the

flat S/L interface.
perature gradient Gt was introduced. Magnin and
Trivedil®! modified the JH theory by considering the

density difference between the two lamellar phases, o

In their work, a non-zero tem-

and 8. Earlier studies concentrated on the solute dif-
fusion in front of the S/L interface, more-or-less mak-
ing the following assumptions for solving the diffusion
equation: (1) the shape of the S/L interface was flat,
(2) temperature gradient Gt was zero, (3) the kinetic
supercooling AT}, was negligible.

Considering the stochastic feature of species ag-
gregation on the S/L interface for eutectic solidifica-
tion, Karma developed a random-walk model to sim-
ulate the eutectic growth.[”8] A convoluted eutectic
structure beyond the stable growth condition was pre-
dicted in his simulation. However, the Karma model
did not include effect of the supercooling on the so-
lidification process, which is the driving force and an
important parameter in real growth situation. Later,
Xiao et all®! performed Monte Carlo simulations of
lamellar eutectic growth, and their model was based
on the discretized behaviour of atoms in a complete
microscopic sense. The oscillating concentration field

in the liquid in front of the S/L interface was simu-
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lated. Nevertheless, a clear definition of the growth
velocity R and the effect of temperature gradient G
were not presented in this model. For lamellar eu-
tectics with two non-faceted lamellar phases, G does
not significantly affect the spacing and lamellar pat-
tern for the S/L interface is roughly isothermal. But
for those eutectics with one or two faceted phases, e.g.
metal/non-metal alloys such as Al-Si or cast iron al-
loys, one may argue that the influence of Gt cannot
be neglected.[1]

In this paper, a Monte Carlo (MC) algorithm is
developed to simulate the dynamic evolution of lamel-
lar eutectic structure for a binary system. The major
interests are concerned with several matters for im-
proving the understanding of eutectic growth. A pos-
itive Gt will be imposed onto the liquid in front of the
S/L interface, and the effect of Gt on the dynamics of
eutectic growth will be investigated. We also analyse
the dynamic relationship between the lamellar spac-
ing and solidification parameters such as the solidify

velocity and temperature gradient.

2.Model and

rithm

simulation algo-

2.1. Basic frame

The simulation has been performed in a square
lattice of dimensions Iy X g, as shown in Fig.1. The
lattice spacing is set equal to unity where periodic
boundary conditions are imposed at the lateral end
points. The domain is divided into three zones: the
liquid regime, and the solid regime which includes a
and @ phases. In the simulation, the liquid regime is
considered as an assembly of empty sites, while lig-
uid species (atoms or molecules) including A and B
come from the infinitely distant source. For simplic-
ity, the sources of liquid species are set on source line,
far from the solid/liquid (S/L) interface. The solid
phase is composed solely of species A with no solution
of species B, and 8 phase is composed of only species
B without A. The thermodynamic framework is quite
similar to that proposed by Xiao et all”8] and has also

been described in the authors’ previous work.[!1:12]

The eutectic solidification procedure includes
emission and departure events (in Fig.1): (1) species
A or B is emitted from the source line in the liquid
regime, undergoes a random walk, then sticks on the
S/L interface; (2) species A or B departs from the
S/L interface, diffuses along the S/L interface, then es-

capes from the domain after a random walk. Event (1)
may also end by escaping out of the regime, and event
(2) may also end by sticking on the S/L interface. Be-
fore solidification, 10 layers of the bottom lattices are
occupied by species A and B in completely random
order. The solidification procedure is operated with
one species for each run. The behaviour of the species
is determined by the probability of choosing event (1)
or event (2).

In the analysis of the simulated results, we de-
fine the lamellar spacing (A) by an average length of
(a+p) in the lateral direction for a given large number
of layers in the solid regime. The growth velocity R is
an important parameter, but has not yet been clearly
defined previously.®9 In our simulation process, we

define R as

1
R: —|—a0, (1)

- Nuo 3/2
Nst Mmc

where the numerator of the first term on the right-
hand side is unit length of solidification; N is the

needed number of species and ny. is the total MC

steps for the solidified layers in unit length, the sub-
scripts st and de denote the species that have stuck on
the interface (occupying the S/L sites) and the ones,
departed from the interface, respectively, and aq is
a constant. Since our simulation is performed in a
two-dimensional lattice and one species has 4 possi-
ble directions of movement, while the realistic solid-
ification proceeds in three-dimensional space and six
directions of movement are allowed, the exponential
for the first term in Eq.(1) is set as 3/2. Ngo/Ngt
is a parameter scaling the interface diffusion. When
Ny is very small, all species in the liquid can stick
onto the solidifying interface irreversibly, implying
that nearly no interface diffusion occurs and R is large;
when Ny is very small compared with Ng., the in-
terface diffusion will dominate the solidification and
R is low. In our simulation, we find the system so-
lidifies with a very slow velocity R. at a small Ay
(where Ap is the chemical potential difference be-
tween the solid and liquid), and the solidification will
stop if Ap somewhat decreases. Accordingly we set
ap = —R. which is strongly dependent on the dis-
tance from S/L interface to the source line. Similar to
the other MC simulations,[*314 it is difficult to scale
R by a length/time unit, as happens in the experimen-
tal case. Accordingly a relative unit (R.U.) is used to

scale R.
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2.2. Chemical potential and temperature gra-

dient

Firstly, a random number R, is produced and the
probability P, is calculated for the system to choose
either a departure event or an emission event, the ex-
pression of P, is based on the symmetrical solution.[5]
Accordingly, we obtain

1

0 < Rm < Pe = ’
1+ exp(Ap/ksT)

(2a)

for departure event

for emission event
where kg is the Boltzmann constant and 7T is temper-
ature.

Unlike previous models, 78] a non-zero tempera-
ture gradient is imposed on the S/L interface by in-
cluding it in the expression for the local attachment
probability on the S/L interface for a species. Another
random number R, is produced and also determines
the local attachment probability based on the sym-

metrical solution, and we acquire

1
P, = < Ry <1, 2b
1+ exp(Ap/ksT) (2b)
exp(Ap/kpT)exp[(AEvonda — GTAl) /kpT] L
O0<R,<P,= , for sticking process 3a
=P = T exp(A /R T)exp[(A Byona — GrAl) /koT] &P (32)
exp(Ap/kpT)exp[(AEbond — GTAI) /kpT)] o
P, = < R,, <1, for diffusion process 3b
1+ exp(Ap/ksT)exp[(AEbond — GrAl)/kpT] P (3)
where AE1b0nd = ¢aanaa + ¢,8,Bn,8,8 + ¢o<,3noz,37 here 'y % source line %’ i |
baa, P83, and ¢op are the bond energies for A-A g ~§
pairs, B-B pairs and A-B pairs, respectively, nga, lofa; ~
x

ngg, and n,g are the numbers of the updated nearest-
neighbor bonds of A-A pairs, B-B pairs, and A-B
pairs after attachment of one species onto the S/L
interface, respectively; Al is the distance of the at-
taching location away from the S/L interface with an
average height l,, in the growth direction (see Fig.1).

The interface diffusion probability of one species is

Piﬁj = exp(_AEi*)j/kBT)/ Zexp(_AEi*)j/kBT),

j=1
(4)
where AF;_,; is the total energy difference of the
species before and after transferring from site 7 to site
7, nis the number of the unoccupied nearest-neighbors

of site 4, including site 7 itself.

»temperature

32

lo

Fig.1. The domain of the MC simulation model (So-
lidification direction is from bottom to top of figure).

2.3. SOS restriction

In the present simulation, the solid-on-solid (SOS)
assumption is employed too.8~11 The simulation is
ended after a given number of species are deposited
on the solidifying S/L interface. The parameters used
in the modelling are listed in Table 1.

Table 1. Parameters for the present MC simulation.

lo lav éan/ksT ¢BB/EkBT

éan/ksT G /kpT co Ap/ksT

180 50~90 1.5 1.5

-8.5 0~4.0 0.7 8.0~1.0

*The full form of unit of Gt is kgT'/b, where b is lattice spacing, which is set equal to unity.

3. Results and discussion
3.1. Variation of lamellar pattern

Figure 2 shows the simulated lamellar patterns at
various values of Au. The lamellar spacing increases
with decreasing Apu. Especially, at a high Apu, the so-

lidifying interface is seriously irregular and some liquid

zones extend into the A-B phase (see the black arrow
in Fig.2(a)). At the same time, the convoluted eutec-
tic texture (see the white arrow in Fig.2(b)) is similar
to the simulated results of Karmal”l and the observed
pattern in CBry-CsClg by Jackson and Hunt.[3] This
structure implies that the lamellar eutectic growth is
destabilized due to the instability of the S/L interface,

which is very often observed in real systems.
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(b) Ap=6kgT

(c) Ap=4kT

(d) Ap=2kgT

Fig.2. Patterns with different chemical potential
(G1=1.0 kT, a-dark zone, 3-bright zone, solidifica-

tion direction is from bottom to top of the figure).

According to the JH theory,3! one has the follow-

ing relationships:
AT = % + asRA. (5)

Applying the minimal supercooling hypothesis,
Eq.(5) gives

Ao R71/2, (6)
Meanwhile, we can obtain
1

AT = KX’ (7a)

AT = KR'/?, (7b)

where K is a constant, and the total supercooling AT
at the solidifying interface is the difference between
the eutectic temperature T, and the actual tempera-

ture of S/L interface.

Generally, AT consists of three parts:[>9] (1) the
constitutional (or solute) supercooling AT, which re-
flects the fact that the composition in the liquid at
S/L interface locally slightly departs from the eutectic
composition, leading to a deviation of the equilibrium
temperature from the eutectic temperature; (2) the
capillary supercooling AT,, which obeys the Gibbs—
Thomson law; (3) the kinetic supercooling ATy, which
represents the difference between the chemical poten-
tials of the liquid and solid phases at the interfaces,
i.e. the driving force for the attachment kinetics.
When the growth velocity is very low, ATy can be
neglected. In our simulation, ATy counts and is de-
noted by the chemical potential difference, Au. We
find the averaged lamellar spacing A,y is inversely pro-
portional to Ap, shown in Fig.3, which is consistent
with Eq.(7a). This implies that the relationship be-
tween Ay (namely ATy) and AT is linear. Accord-
ingly, neglecting of ATy does not essentially change
the conclusion since ATy (and Ap) only affects the
value of constants a; and @, in Eq.(3). From Fig.3, it
is found that the distribution range of A is wide when
Ay is low, which compares well with the theoretical
prediction of Shingu '®! and the experimental results
of Ourdjini et al['” In addition, the role of Ay in
the JH model may possibly extend the model to the
eutectic growing situation in the absence of constitu-
tional supercooling, like PVD[8, PLD[9 and other
methods.

60

Aav

20

0.2 0.4 0.6 0.8 1.0
1/Ap

Fig.3. Variation of A\ay with 1/Ap (G1=1.0 kgT).

Figure 4 shows the approximately linear relation-

ship between R'/2 and Ap. According to the linear
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relationship between Ay and AT, we can obtain that
the simulated R'/? is linear with AT, corresponding
well to Eq.(7b). This indicates that the expression
for the growth velocity (Eq.(1)) is reasonable. From
Fig.4, when Ay is fairly low, R appears obviously
lower and deviates from the linear curve. In Kass-
ner and Misbah’s[2% and our previous works,?!! the
product of A2R is found to be equal to a constant in
a wide range of R, while it deviates from the constant
with decreasing R when R is low enough, which is in
accordance with the deviation of the simulated R at
a low Ay in Fig.4. In the abnormal eutectic growth
of AL-Si alloy, Elliott and Glenister 22! proposed the

relationship between velocity and supercooling as

AT = 2.24R%%
at low velocities for the coarse silicon, (8a)
AT = 0.80R™™
at high velocities for the finer flake silicon. (8b)

The experimental deviation from AT « Rf'/2 also
occurs at a low velocity (shown in Fig.4), when Si
phase is coarse, implying that the growth is much
more anisotropic than at high velocities. It is found
also that the shape of experimental R'/2 — AT curve
is similar to that of our simulated R'/2 — Ay, imply-
ing that the present simulation is reasonable and of

forecasting capability.

AT/°C
60 2 4 6 8 10
3.5x10 X Gazio : 35
3.0x10—8| © Gr=16 s {3.0
® G1=8°C/cm, from Ref.[20] e
2.5x1076} 125
1
N
3 2.0x107%| fﬁx {20 £
a4 5 g
—6| ™ —
1.5x1076} \J;?éﬂaq s .
" -
1.0x1078} a e 110 &
L _.»'a"k
5.0x1077F 7 e olTe 10-5
,’, —__‘__..—‘ - .
0.0l . . . —lo.o
0 2 4 6 8 10
Ap kg -T™1

Fig.4. The linear relation of the velocity R1/2 vs Ap (x:
Gr=1.0 kgT; O: 1.6 kpT; e: from AT = 2.24R%25 at low
velocities and AT=0.80R%-5° at high velocities in Ref.[22]).

3.2. Influence of temperature gradient Gt

It has been demonstrated in many experiments
that the influence of Gt is considerable, in particu-
lar for those systems containing one or more faceted
phases.['% Kassner and Misbah2923] derived a non-
linear similarity equation from the full boundary in-

tegral equation, predicting that the dynamic product

A2R decreases with increasing G, for a fixed R. Fig-
ure 5 shows the calculated A2R as a function of G
at various R. Indeed A?R changes linearly with Gt
at a negative slope. The numerical calculation of our
previous work by limited differential method!*!! also
confirmed this argument. It is proposed that the fol-

lowing relationship exists between A2R and G:
MR = agexp(—asG1/R), (9)

where a3 and a4 are two positive constants, Eq.(9)

may be decomposed into Taylor’s series as

AR =azexp(—asG1/R)
_ 2

|1 — asGr /R + %

, (FaaGr/R)"

n!

+oe (10)

for Gt < R/a4, the terms (—ayGrt/R)"/n! with
higher order (n > 2) may be omitted, and it gives

/\2R ~ a3[1 — a4GT/R]. (11)

From Eq.(11), A2R and Gt show a linear relationship
when R is low, and the slope of the curve A2R — Gt
is negative. This is also shown in the simulated re-
sults in Fig.5(c). For Al-Si alloys, it has been found
experimentally that the empirical effect of Gt can be

written asl24]

A~ ARV2G3Y?, AT ~ BRV?G7'?,  (12)

where A and B are constants. Because of the complex-
ity of the irregular growth of Al-Si alloys, Eq.(12) is
not completely similar to Eq.(11), but it also shows
that A2R decreases with increase of Gt as seen in
Eq.(11).

In addition, when R increases and a4Gt/R < 1,
Eq.(11) is converted to

MR~ a3, (13)

which is identical to the well known JH arguments (see
Eq.(6)). This is well supported by the simulation re-
sults, shown in Figs.5(a) and 5(b). Figure 6 shows the
variation of slope of A2R — Gt curve calculated from
Eq.(9) and the present simulated results. In the case
of the small R values, the slope of A2R — Gt increases
with R, while its absolute value decreases. When R
increases, the slope will not increase continually but
tend to zero when R is large enough. The present
simulated results fit well the curve from Eq.(9), which
reflects two cases indicated by Egs.(11) and (13).
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o 1 3 3 R for Eq.[9)
Gt
Fig.5. Variation of the product A2R with Gt at dif- Fig.6. Variation of d(A2/R)/dGt with R (O for

ferent Ap.

4. Conclusions

In conclusion, we have used the MC method to
simulate the phase-separated patterns in the direc-
tional solidification of eutectic alloys. We find lamellar
spacing A is in linear relationship with the reciprocal
of chemical potential difference Ap, suggesting that
the kinetic supercooling AT} is also linear to the total

Eq.(9), + for current simulation).

supercooling. The simulated R'/2 is also linear to Ap
except that R is very low. At a very high R, the con-
voluted structure occurs, implying that the boundary
layer deviates from the steady state and the interface
instability occurs. In our simulation, the product AR
decreases with increasing G at a low R, while the
product tends to be independent of Gt when R is
high enough.
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