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The evolution of a local helical perturbation and its stability property for arbitrary magnetic shear configurations

are investigated for the case of in cylindrical geometry. An analytic stability criterion has been obtained which predicts

that a strong magnetic shear will enhance the instability in the positive shear region but enhance the stability in the

negative shear region. The perturbations with the poloidal and toroidal perturbation mode numbers m/n = 1/1 is most

unstable due to the stabilizing terms increasing with m. For m/n = 1/1 local perturbations in the conventional positive

magnetic shear (PMS) configurations, a larger gmin exhibits a weaker shear in the core and is favourable to the stability,

while in the reversed magnetic shear (RMS) configurations, a larger gg corresponds to a stronger positive shear in the

middle region, which enhances the instability. No instabilities are found for m > 2 local perturbations. The stability
for RMS configuration is not better than that for PMS configuration.
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1. Introduction

Different from the conventional positive magnetic
shear (PMS) configuration whose safety factor ¢ is
monotonic, the reversed magnetic shear (RMS) con-
figuration with a non-monotonic safety factor g leads
to the promising candidates for high bootstrap frac-
tion and steady state Tokamak operation, which is an
ultimate objective for the next generation controlled
fusion devices, for example the International Ther-
monuclear Experimental Research (ITER). However,
to what extent the adequately stable profiles can be re-
alized in reactors remains an open problem. Investiga-
tion of the ideal and resistive magnetohydrodynamic
(MHD) instabilities for RMS scenarios becomes an es-
sential issue to understand the improvement of plasma

confinement behaviour.

Much of the basic insight and the more complete
understanding concerning the MHD instabilities is due
to Shafranov,[!l Wesson,?! Beteman,®! Freidberg
and Mirnov et al.l®] Advantageous aspects of the RMS
via simulation were reported by Kessel et all®! for the
improvements in the maximum stable thermal pres-

sure, the bootstrap current contribution, and kinetic

stability to temperature and density gradient driven
modes in toroidal geometry. This was first inspected
by Levinton et all”) on the Tokamak Fusion Test Reac-
tor (TFTR), where particle and ion thermal diffusivi-
ties decrease by a factor of at least 40 to the neoclas-
sical level in the reversed shear region. Almost simul-
taneously this observation was confirmed by Strait et
all® in DITI-D H-mode discharges in which ballooning
modes are stabilized while beta and energy confine-
ment are better than L-mode. Further experimen-
tal support was given by Lazarus et all® for power
gain increased 3 times in DIII-D. In 1996, Gimblett
et al[1% obtained an analytical criterion for RMS pro-
files by expanding in inverse aspect ratio and assuming
that the minimum safety factor g¢,, is a shade below
m/n. The resistive instabilities in reversed shear are
reported by Gunter et all'll and Takeji et al.l'?!

An analytic method was introduced by Psimopou-
los and Haines['3] to describe the early time evolution
of a perturbation in plasma. This method was applied
by Psimopoulos and Lil*! to inquire the stabilizing ef-
fect of a longitudinal magnetic field on the evolution
of a helical perturbations with m = 1 in a cylindrical

plasma for the PMS configuration. This method im-
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poses no extra assumptions to instability because the
criterion can be naturally derived by comparing the
second order acceleration with the initial perturba-
tion, which makes the criterion not only sufficient but
also necessary for instability. The aim of the present
work is to investigate the short time evolution of ideal
local helical perturbations and its stability properties
with poloidal perturbation mode number m > 1 in a
cylindrical plasma where an arbitrary magnetic shear
configuration is considered.

Generally, the evolution of an arbitrary perturba-

tion, V[xs(x,t),t], can be investigated via time series:
dv a2V 2
1% (m, t) = V0($)+ <E> . t+ <F) . 5‘*’

where V(z) is an arbitrary nonzero initial perturba-
tion and the coefficients (d* V' /dtt)g, i = 1,2,..., can
be immediately derived from the ideal MHD equa-
Therefore, V (,t) and (d*V/dt?), depend

only on the initial position @ of the fluid element.

tions.

The basic equations and assumptions used in this
work are introduced in Section 2. By employing ideal
MHD equations, in Section 3, the local helical pertur-
bation velocity is expanded in time series up to the
second order. In Section 4, the stability against ideal
local helical perturbations is analyzed for PMS and
RMS respectively, where we dwell on the m/n = 1/1
perturbation rather than the m > 1 perturbations.
All the current profiles, J,p, vanish at the plasma
boundary. Finally, conclusions are stated in the last

section.
2.Basic equations and assump-

tions
A steady state plasma is considered in this work.
The perturbation velocity V', mass density p, thermal

pressure p, current density J and magnetic field B are
described by the ideal MHD equations:

‘Z—Y:%(—vaerB), )
%—?:VX(VXB), (3)
Vx B = o, (4)

Y v, (5)
%Z—’YP(V‘V)a (6)

where operator d/dt stands for the convective deriva-

tive and ~y is the ratio of specific heats. At the start,

t = 0, the plasma is characterized in cylindrical coor-

dinates by the profiles:

po = po(r), Bo = ég Byo(r) + é, B,o(r),

po =po(r), Jo=égJoo(r)+ €. J0(r),

where By is produced by the longitudinal current
density J,o and B, is generated by the external mag-
netic field. These profiles are conjuncted by the equi-
librium MHD equations:

dpo

—— = Jyo Bo — J.0 Byo, 7

ar 00 D20 0 Do (7)
1d(rB

1d(r Bo) = po J0, (8)
T dr
deO

- = po Joo- 9

dr Ho Jao ( )

Only incompressible fluid is considered in this
work. Thus, suppose that there exists an initial helical
perturbation Vo(x) at t = 0, which represents an out-
ward motion of each section of the cylindrical plasma

column and has no component in the Z-direction:
Vo =a [é, mcos(mb — kz) — ég sin(mb — kz)], (10)

where a=const. represents a local perturbation, k is
the longitudinal wave number and because of the in-
compressibility the initial perturbation (10) has a zero
divergence, namely

V-V, =2 82 [rm cos(mb — kz)]
r

r

a 0 .
~ % [sin(mé — kz)] = 0.

3. Derivation of the second order

acceleration

The coefficients (d* V' /dti)g, i = 1,2,..., of time
series (1) are going to be calculated up to the second
order by employing the ideal MHD Equations (2)—(6).
According to the momentum equation (2), the first

order acceleration is zero at time ¢t = 0, namely

dV) 1
— | = — (=Vpo+Jg x Bg) =0, (11)
( dt /o po
which is naturally held by equilibrium equation (7).
Thus it is necessary to consider the second order ac-
celeration of the perturbation to obtain a stability cri-
terion. In order to calculate the second order accel-
eration, (d2 V' /dt?)y, the momentum equation (2) is
differentiated with regard to time:
d’V._1d
dt  pdt

1dp dV
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If Equation (11) is considered, the second term in the
right hand side (RHS) vanishes at ¢t = 0:

azv 1 [d
) == |2 (= B
<dt2 )0 Po [dt ( VX )

(13)

t=0

The thermal pressure and the Lorentz force parts
in the RHS of Eq.(13) will be calculated later one by
one. It can be easily concluded by considering Eqgs.(6)
that the convective derivative of the thermal pressure
at t = 0 is zero:

dp
<E>o =—ypo (V-Vy) =0,

which shows that pressure stays constant along the
first order displacement. The derivative of the ther-

mal pressure can be expressed as

Based on the above consideration the pressure part in

the RHS of Eq.(13) is derived as

d dp
5] =Y (%), - om
. m?-1d .
=—¢épa " % sin(mé — kz)
+é,amk % sin(mf — kz). (14)
T

(56), 3 [ ()

_a <m2 dB.g

dBgg
r dr +mk dr

:e,r _—
Ho

m2k

. a
+eg —

Ho r

<—mk2 B.o +

k d-BzO m dBOO m3

. a
ezuo[ dr r dr +r2

- k*B

Bgo +m

Boo—m

The Lorentz force part is studied next. The local
derivative of the magnetic field at ¢ = 0 is calculated
by substituting the expressions of the perturbation ve-
locity Vg and the magnetic field By into Eq.(3),

0B

<E)O =V x (Vo X Bo)
R m .

=—¢é,am (7 Bygo — szo) sin(mé — kz)

dB
+éga <k B.,o—m d_eo) cos(mb — kz)
r

(15)

—é,am

B
% cos(mb — kz).

Hence the convective derivative of the magnetic field

dB OB
) (2 V,-V) B
(%), (%), + v 2y
2 _
:—éra<m 1Beo—kazo)
™

x sin(mf — kz)

+ égak B,y cos(mb — kz).

is

(16)

Allowing for Eq.(15) and Ampere’s law (4), the deriva-
tive of the current density at time ¢ = 0 can be ob-

tained as

20) sin(mf — kz)

428,
dr?

°> cos(mf — kz)

d2Bgo m2 —1

dr? T

szo} cos(ml — kz),

and the convective derivative of current density J at time £ = 0 is given as

(2),-(), o

2_14dB, dB
—¢, — (m O 4 mk S0 _ g2 Bz0> sin(mé — kz)
Lo r dr dr
2k
+ ég a (—m k? B,o + m Bgo) cos(mb — kz)
Ho T
dB, 2-1 21
+é, 4 [k o+ m(m2 ) Bgo — m szo] cos(mb — kz). 17
Lo dr r



No.9

Evolution of local ideal helical perturbations ... 1503

Thus the Lorentz part of Eq.(13) can be derived as

d dB dJ
— B = = = B
a0 m] mrox (F), (),

. a d
= —€p % [mk2 B§0+k5(390 BZO)‘I'
2

-1
_o k Bygo Bzo] cos(mb — kz)
r
ve, X (k2B2 4 kBoOBzo m2—lB2 m?2 — 1 dB? (mf — k2)
€p — m - - sin(mf — kz
? o =0 r2 00 27 dr
k dB2
—é, % [k2 Bygo B,o — de_'rO] sin(mé — kz). (18)

Finally, substituting the thermal pressure part (14) and the Lorentz force part (18) into Eq.(13) and applying

the equilibrium Eqgs.(7)-(9), the second order acceleration of the perturbation is obtained as follows:

a?v a [ d m
— | =—é, k? B, + k — (Bgo B. _—
< T )0 é 10 P4 _m 20 T dr (Beo B:o) + 2

2
-1
(m Bjy — 27k Bgg B.o) | cos(mb — k=)

+ép— &2 B%, + ™ k Bgo Bzo} sin(mf — kz)
A T

Ho Py

a

* 1o po

Therefore the short time evolution of the helical
perturbation (10) can now be approximately expressed

by the time expansion

d2v> t2 (20)

V(X,t) = V(X — ) =.
( ? ) 0( )+ < dt2 o 2|
A term proportional to (m? — 1) is a modification to
the m = 1 mode and if m = 1, the results derived by

Psimopoulos and Li are revealed.

4.Stability against ideal helical

perturbations

It is obvious that the dynamics of each fluid ele-
ment is transparent when the perturbation is explic-

itly expanded in time series (20) as in the above sec-

é (%2 Byo Boo + Z k Bgo] sin(mé — kz). (19)
L T

tion. That is, a perturbation is unstable if the second
order acceleration has the same direction as, and thus
enhances, the initial perturbation. On the other hand,
if a perturbation is unstable it must be strengthened
and accordingly the second order acceleration should
have the same direction as the initial perturbation.
Therefore, it is not only a sufficient but also a neces-
sary condition of instability that the initial perturba-
tion and the second order acceleration have the same
direction.

The stability of an ideal helical perturbation in a
cylindrical Tokamak is explored below. By introduc-
ing the safety factor q(r) = r B,/R By and k = n/R,
the second order acceleration (d? V' /d t?), is converted

to

2v a B? 2 d (r m 1 m
VY, on ; -
(dt2 )0 o [mn +n o ( >+ = n— cos(m z)
B? 1
4o, amnEl (2+—> sin(mf — k2)
mopR® \m g
By B, 1
~e T (e g) smme k), (21)

where for simplicity the subscript zero denoting equilibrium is omitted. The large aspect ratio assumption,
e=r/R << 1, and B, R = Ry B, (1 + 0 (62)) is obviously valid for a cylindrical Tokamak. Thus, the short
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time evolution equation (20) can be expressed as follows:
B2 ¢? d 2_1 2_1
V (x,t) =é.am cos(mf — kz) 41— —=— n2+£— r +m _on
2 po p R? mdr \ g q? mgq
B2 ? 1
— ég a sin(mb — kz) Qe A
2popR?2 \m ¢
By B, t* 1
Pl e L <£ + —) sin(mé — kz). (22)
)

“ T 2 p B2 m

It is found that the instability can be only produced by the r-direction perturbations because for a toroidal

system, perturbations in the longitudinal direction is less dangerous and (d? V'/dt2)gy has different sign from

Vg. The stability criterion c is hence obtained as

unstable,

I R A
=7 " Tmar q q?

m2—1] >O;
—2n
mq <0,

23
stable. (23)

The criterion ¢ comes from the r-component of (22). The term —nd(r/q)/dr in Eq.(23) is related to the

magnetic shear s(r) =r¢'/q:

w230 |

> 0 instability enhanced,
(24)
< 0 stability enhanced;

so that in the positive shear region a strong shear will enhance instability or reduce stability while in the negative

shear region the strong shear enhances stability or reduces instability.

In what follows, the stability of the ideal MHD he-
lical perturbations is analysed according to criterion
(23) by considering a type of example. Such analysis
is based on the assumption that the total longitudinal
current is constant or/and the poloidal magnetic flux

is constant, namely

o
/ J,rdrd@
0

27r?B,
Ho Rog

I

= Constant,

r=Tq

or/and

0 0 Bz
Bl'/prv/ Bgdr = rdr:Constant,
0 o Rgqg

where 7o = 1 is the normalized plasma boundary. The
safety factor, ¢(r), is taken as a function of the nor-

malized minor radius:

go (1 + hr2p)1+i

q(r) = oL hr2r

; (25)

where ¢ is the safety factor at zero, h, 0 < a < 1,
p=1,2,3,4...

responding current density can be expressed as fol-

are the positive parameters. The cor-

lows:

_2a-2h[-1+4p(-1+a)]r??

Jz(r) JUNCTE
aqy (14+hr2pP)*">

And the magnetic shear s satisfies

_2phr2p 1-|- a—1 <9
S_l—i—hr21’ p o+ hr?p '

Therefore, when 0 < a < p/(1 + p) the safety factor
exists in negative shear region and corresponds to the

RMS configuration.

Now the m/n = 1/1 mode will be studied in Sec-
tions 4.1 and 4.2 for PMS and RMS configurations,
respectively, and the m/n = 2/1 mode in Section 4.3.

4.1. Local helical perturbations with m/n = 1/1:
PMS configuration

First of all, the effect of different magnetic shear
in the core region on the instability of m/n = 1/1
perturbation is considered for a monotonic g profile.
For example, in Fig.1, the current density profiles, g
profiles and stability criterion are shown as functions
of normalized minor radius for different ¢y. The solid,
dashed and dash-dotted line respectively corresponds
to the case with safety factor ¢p=0.1, 0.2, and 0.3. The
total current does not vary in these cases because ¢
is fixed at 2.4. A large gg corresponds to a week mag-
netic shear in the core region and a flattened current
density profile. It is shown that the instability can

be suppressed when gg increases. The perturbation
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is unstable when gy = 0.1 whereas it becomes weakly
unstable when gy = 0.2 and stable when ¢y = 0.3.
Obviously, a larger go, which is here actually the qumin,
exhibits a weaker magnetic shear in the core and is
favourable to the stability. This conclusion is simi-
lar to the previous results for internal kink mode pre-
dicted by Shafranov,!!) and Wesson.[?!

20

15

Jz

0.4 0.6 0.8 1.0

T

Fig.1. Current density, g profiles, and stability crite-
rion for m/n = 1/1 perturbation in PMS configura-
tions with p = 2, g1 = 2.4: (a) solid line for go = 0.1;
(b) dashed line for gg = 0.2; (c) dash-dotted line for
qo = 0.3.

Then, the effect of different magnetic shears in the
intermediary region between the plasma core and the
boundary is analysed on the instability of m/n =1/1
perturbation for a monotonic ¢ profile. For example,
the current density profiles, g profiles and stability cri-
terion are shown as functions of normalized minor ra-
dius with different p in Fig.2. The solid, dashed and
dash-dotted line corresponds to the case with p=1,
2, and 4, respectively, and they all have the same gg
(which is also gin) which assures that the instability

is not altered by the minimum safety factor gn;n but
by other factors only. The total current still does not
vary in the three cases due to the fixed ¢; (2.4). It
is found that when p increases the magnetic shear be-
comes stronger and current density becomes steeper in
the middle region so that strong instability can be trig-
gered. The perturbation is stable when p = 1 whereas
it becomes unstable when p = 2 and more unstable
when p = 4. Thus, larger p produces a stronger mag-
netic shear in the middle region and is unfavourable
to the stability.

0.0 0.2 0.4 0.6 0.8 1.0
T

Fig.2. Current density, g profiles, and stability cri-
terion for m/n = 1/1 perturbation in PMS configu-
rations with go = 0.2, ¢1 = 2.4: (a) solid line for
p = 1; (b) dashed line for p = 2; (c) dash-dotted line
for p = 4.

4.2. Local helical perturbations with m/n = 1/1:
RMS configuration
In this section, the question of whether local he-
lical perturbations for the RMS mode are more stable

than that of the PMS configuration is investigated.
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0.0 0.2 0.4 0.6 0.8 1.0

2.5

2.0

1.5

Fig.8. Current density, g profiles, and stability cri-
terion for m/n = 1/1 perturbation in PMS and RMS
configurations with p = 2, ¢1 = 2.4: (a) solid line
for go = 2 (RMS mode); (b) dashed line for go = 0.3
(RMS mode); (c) dash-dotted line for go = 0.2 (PMS
mode).

First, the effect of reversed magnetic shear in the
plasma core on the instability of m/n = 1/1 pertur-
bation is considered for a non-monotonic ¢ profile cor-
responding to a RMS configuration. For example, the
current density profiles, ¢ profiles and stability crite-
rion are shown as functions of normalized minor ra-
dius with different ¢ in Fig.3. The dash-dotted line
corresponds to the case with gy = 0.1 in a PMS config-
uration. The dashed and solid line respectively corre-
sponds to the case with ¢ = 2 and 0.3 in RMS config-
urations. The poloidal magnetic flux is fixed; besides,
the total current does not alter in the three cases. As
in the previous section, to separate the other effects
from that of different gu;, the three lines have the
same ¢min. It is shown that instability is enhanced

when ¢g increases; meanwhile the positive magnetic

shear increases and the centre magnetic shear changes
from positive to negative. The mode is weakly unsta-
ble when ¢o = 0.1 and becomes more unstable when
go = 0.3 and gy = 2. Obviously, larger gy corresponds
to stronger negative magnetic shear in the core and
stronger positive magnetic shear in the middle for the
RMS configuration, which is unfavourable to the sta-
bility. These results indicate that the stability of RMS
configuration is not better than that of the PMS con-
figuration.

Next, we discuss how the shift of minimum g,
in the RMS configuration influences the instability of
m/n = 1/1 perturbation with a non-monotonic g pro-
file. For example, the current density profiles, ¢ pro-
files and stability criterion are shown as functions of

normalized minor radius for different p in Fig.4. The

Fig.4. Current density, g profiles, and stability cri-
terion for m/n = 1/1 perturbation in RMS config-
urations with go = 0.6, g1 = 2.4: (a) solid line for
p = 1; (b) dashed line for p = 2; (c) dash-dotted line
for p = 4.
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solid, dash and dash-dotted line respectively corre-
spond to the case with p=1, 2 and 4 and a non-
monotonic g for ¢gg = 0.6, ¢t = 2.4. The poloidal
magnetic flux and the total current remain unchanged
Although the solid line has a

smaller minimum safety factor gu;,, its positive mag-

in the three cases.

netic shear is weaker than those of the other two. The
dash and dash-dotted line have the same ¢, but
the dash-dotted line has a stronger positive magnetic
shear than the dash line. It is found that the instabil-
ity can be enhanced as p increases and the minimum
¢m is shifted form the core toward the middle region
because the positive magnetic shear increases accord-
ingly. The perturbation with m/n = 1/1 is marginal
stable as p = 1 whereas it becomes unstable as p = 2
and more unstable as p = 4. Similar to the mono-
tonic ¢ profile case, larger p corresponding to stronger

magnetic shear in the middle is unfavourable to the

Jz

0.6

stability.
4.3. Local helical perturbations with m/n =2/1

We can adopt a similar approach to study the in-
stability of perturbations with m/n = 2/1. It is hard
to find instability for m > 2 mode because the stabiliz-
ing terms in Eq.(23) are enhanced as m increases. For
simplicity, we only discuss two examples in Figs.5 and
6 where the stability of m/n = 2/1 perturbation are
shown respectively in the case of the PMS mode and
RMS mode. No instability is found in both cases even
though the current density and ¢ profiles are respec-
tively similar to the cases in Figs.1 and 3. Our conclu-
sions is that the instabilities of m/n = 2/1 perturba-
tions act very differently from those of m/n = 2/1
and therefore non-local perturbations with m > 2
should be considered, which is confirmed by a pre-

vious work.[15]

0.8 1.0

-200

—-400

Fig.5. Current density, q profiles, and stability criterion for m/n = 2/1 perturbation

in PMS configurations with p = 2, ¢1 = 4: (a) solid line for go = 0.1; (b) dashed line
for go = 0.2; (c) dash-dotted line for go = 0.3.
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0.0 0.2 0.4 0.6 0.8 1.0 0.8 1.0
T T

0.8 1.0

T

Fig.6. Current density, g profiles, and stability criterion for m/n = 2/1 perturbation in
PMS and RMS configurations with p = 2, g1 = 4: (a) solid line for go = 3.8 (RMS mode);

(b) dashed line for go =1 (RMS mode); (c) dash-dotted line for go = 0.5 (PMS mode).

5. Conclusion

In this paper we have investigated the evolution
and the stability properties of local helical perturba-
tions with m > 1 in a cylindrical plasma for an arbi-
trary magnetic shear configuration. An analytic crite-
rion has been obtained and the stability properties of
cylindrical Tokamak have been studied by considering

a specific g(r) profile.

The time expanding method describes the early
time evolution of perturbations in plasma. An ex-
pression (19) that describes the evolution of a helical
perturbation (10) in cylindrical plasma has been ob-
tained by employing the ideal MHD equations. This
result is transformed to (22) for a cylindrical Toka-
mak under the large aspect ratio assumption. Then,
the general criteria (23) are obtained directly by com-
paring the second order acceleration with the initial

perturbation. These criteria predict that:

1. In the positive shear region a strong shear will
enhance instability while in the negative shear region
the strong shear enhances stability.

2. The m = 1 mode is the most unstable mode
because the stabilizing terms in the criterion (23) are
enhanced as m increases.

These analytical conclusions have been well con-

firmed by the study on the stability properties of local

helical perturbations in cylindrical Tokamaks, where
a specific ¢(r) profile is taken as function (25). Un-
der the conditions that the total current is constant
or/and the poloidal magnetic flux is constant, the fol-
lowing results have been obtained:

1. For perturbations with m/n = 1/1 in a PMS
configuration, a larger qg, i.e. gmin, exhibits a weaker
magnetic shear in the core and is favourable to the
stability. A larger p produces a stronger shear in the
middle region and is unfavourable to the stability.

2. For perturbations with m/n = 1/1 in an RMS
configuration, a larger ¢y corresponds to a stronger
negative magnetic shear in the core and stronger
positive magnetic shear in the middle, which is un-
favourable to the stability. A larger p corresponding to
stronger magnetic shear in the middle is unfavourable
to the stability.

3. No instabilities are found for local perturba-
tions with m/n = 2/1. Thus, the instabilities of
m/n = 2/1 perturbations act very differently from
those of m/n = 2/1 and non-local perturbations with
m > 2 should be considered, which is confirmed by
the work of Ref.[15].

4. The stability for the RMS configuration is not
better than that for the PMS configuration.

Although a reasonable stability picture has been

obtained for cylindrical Tokamak, what has been
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adopted in this paper is not a real toroidal system.

The geometric effects of toroidicity shall give some

modification to the present results. The assumption

of ideal MHD imposes the constraint of fixed topol-

ogy on the magnetic field structure which causes an

overestimate of the stability. The method is readily

extended to the stabilities in a toroidal regime. This

will be the subject of a future work.
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