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The population transfer in effective three-state systems driven by laser beams has been studied based on the

theory of Lewis—Riesenfeld Hermitian invariants in the full- and partial-adiabatic approximations. A strict formulation

of adiabatic conditions is given, and a new adiabatic condition for inducing a complete population transfer is found.
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1. Introduction

The time-evolution of dynamical systems with an
explicitly time-dependent Hamiltonian has attracted
considerable attention because of its various applica-
tions. Lewis and Riesenfeld (LR) started the inves-
tigation of the dynamics and quantization of time-
dependent systems with the method of Hermitian
invariants.[!?] We study the time-evolution of an ef-
fective three-state system in which the Hamiltonian
can be expressed in terms of the generators of the
SU(2) algebra. Using LR theory, we have obtained
exact solutions of the system, then we recover both
the 7-pulse method®! based on the time-evolution op-
erator of the system and the STIRAP method!**!
in terms of instantaneous eigenstates with the help
of time-dependent gauge transformation.!®! Moreover,
adiabatic conditions of these two schemes which have
been widely investigated and generalized in many

[7-17] are discussed. Finally, a strict formula-

papers
tion of adiabatic conditions is given, and a new adi-
abatic condition for inducing a complete population

transfer is found.

2.Model and theoretical for-

malism

We consider an atomic or molecular system driven

by two or more lasers in which the major atomic tran-

sitions take place among only three of the many states
available. For a strong field the semiclassical theory
can be used and the time-dependent Schrodinger equa-
tion of the system (in units of A = 1) i% v(t) =
H(t) ¥ (t) is reduced to a simple form of a three-level
system with effective time-dependent Hamilton oper-

ator as follows:[18]

H(t) = 2 (t)K; + Q) Ky + 25(1)Ks, (1)

and ) ;
010
Ki=|10 0],
|0 0 0]
[0 0 0]
IA{2= 0o 1],
0 1 0]
00 —i
Ks=|0 00 [, (2)
i 0 0

where the coupling Rabi frequencies {2, 23 are gen-
erally time-dependent real quantities with the slowly
varying electric-field envelopes of the applied lasers,
and the vanishing of the diagonal elements implies

that frequencies of the lasers are in resonance with
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those of the atomic transitions.['9 Level 1 is assumed
to be the ground state, and levels 2 and 3 are respec-
tively labelled in such a way that the electric-dipole
transitions between levels 1 and 2 and between levels
2 and 3 are permitted by the electric-dipole selection
rule, so that §2;(¢t) and 2;(¢) generally do not van-
ish. The presence of nonzero 23(t) represents some
effective coupling between levels 1 and 3. We rewrite
the Hamiltonian in the ‘standard’ form of the SU(2)

model*8] ag

; Q@) .~ S .
H(t) = #[Kﬁ“"” + K_e 0] 4+ 05(t) Ko, (3)
where ~ _
10
Ky =2 0 ;
|0 0 0]
[0 0 0]
K =v2|1 0 0],
[0 1 0]
100
Ko=|0 0 0 (4)
0 0 -1

and 2;(t) = 2(t) cos p(t),
and equivalently the angle

Da(t) = — Q(t) sin (1),

()
91 (t) (5)

(t) = — arctan

plays an important role in the scheme to obtain the

adiabatic population transfer besides the norm of
21(t) and (), i.e. 20(t) = /22(t) + 022(t).
3. Solutions based on LR theory

According to LR theory,'? the construction of
the invariant Hermitian operator is given for SU(1,1)
and SU(2) systems,[¥l and it is shown that invari-
ant operator I can be obtained from the Hermitian
operator K, with a time-dependent unitary trans-
formation f(t) = }?(t)IA(ORT(t) , where R(t) =

t ~ . ~ .
exp % (K+ef‘ﬁ(t) — K_e‘ﬂ(t)) . The auxiliary pa-
rameters y(t) and 3(t) are related to {2 (¢t), ¢(t) and
£23(t) by the following auxiliary equations:

¥ () =5 (t) sin(p () + B (1)), (6)
B(t) =0 (1) + 2 (t) coty () cos (¢ (1) + B(¢)) (7)

dr
derived from the equation — = 0. It is easy to find

a new Hamiltonian operator using time-dependent

gauge transformation??! with the help of unitary op-

erator R, and the result is
H =R'(t) H () R(t) — iR (t) %R ) (8)
=[025 () + 202 (1)) Ko, (9)

which is equivalent to H (t), where

Q) = (ﬂ' (t) — 025 (t)) sin? @

- "QOT(t) siny (t)cos (B (t) + ¢ (t)). (10)

The time-dependent Schrédinger equation is covariant

Sy =@,
where | ¥ (t)) = Rl (t)|&7(t)> = R (t) M9 @1)),
where M= |0 10

3.1. Time evolution of quantum states

0

Assume that |n), which is time-independent, is
the eigenstate of K, with eigenvalue K,,. The eigen-
states of I(t) with the same eigenvalue K,, are obvi-
ously given by |n,t) = R(t) |n). According to Ref.[6],
the general solution of the Schrodinger equation is
obtained in a compact form in terms of the time-
fp(t)> = U (t,0) ;77(0)>, where

the time-evolution operator is regarded as

evolution operator ‘

U (t,0) = R(t)e <Ko Rt (0) (12)

and €(t) = / dt’ [£25 (t') + 282 (t')]. We assume that

0
only level 1 is initially populated, i.e. |¥(0)) = |1),

and the initial condition in K4 ¢ representation is

- A 1
expressed as ¥ (0) = MT¥(0) = E( 1 0 1)%

Then we obtain
[#@) =G0+ G012+ G013, (13)
where

= ]. i toalo Y] i t
Gy (t) =—=€ fo ﬂ(t )dt [e 38(2) Ccos _’Yé ) cos

V2
L5(t) SinW(t) : mr

7(0)
2

2 -7
+e ) sin 9

7(0)

PRI 10) [eéé(t) cos % sin 74

V2

; ¢ 0)1?
oo gy 7O M} ,
2 2
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Cs (1) :i{ sin 3 (0) siny (0) cosy (t)

1(0)
2

+ sin[6 (t) — B (0)] sin (t) cos?

+ sin[6 (t) 4+ B (0)] sin~y (t) sin® ~—~ 7(0) }
7(0)
2

Cs (t) = [ 35(t) cos T2 cos 1 )
(t) 0]
+e 2‘S(t)sm’y2 sm’y2 }
-I- 1ﬁ(0)+1,8(t [ is(t) COS sin 7(20)
t

and

t) = / (025 (t") 4+ 20(t") — B (t)]dt’

/[ns (1)) cos~ (1)
2 (') siny (#) cos (B (1) + ¢ (£))]dt! (15)

is the pulse area which is a key quantity in the m-pulse
5) that

the initial condition is satisfied. When the parame-

ters in Eqs.(14) are adjusted such that C, (t) = _\/Lﬁ’

we then achieve the complete

scheme. It is easy to verify from Eqs.(14), (1

Cy(t)=0,Cs(t) = —,
population transfer |¥ (t)) =
v)=M¥t)=(0 0o 1) (16)

|3) because of

3.2. Instantaneous eigenstates

To avoid any dynamical phase,?!] we make the
state vector a null-eigenvalue state. This idea can
be realized in the gauge of diagonalized Hamilto-
nian H’ (t), the basis vectors of which are |!P_’|_ (t)),
| @) (t)) and | ¥! (t)) corresponding to the eigenvalues

{E; (t), Ep (t), E_ (t)} respectively, where

By (t) = (1) +22(0),
Eo (t) =0,
(8 = —[2% (1) + 292 (1), (17)

| @) (t)) is the null-eigenvalue state desired, which sat-
isfies H' (t) | ¥} (t)) = 0.

We initially prepare the system as null-eigenvalue
state | ¥ (0)) and notice that | ¥, (0)) = R(0) | ¥ (0)),
and the null-eigenvalue instantaneous eigenstate is
(notice that the null-eigenvalue K | %)) = 0)

| @ (1)) =MU (¢,0) R(0) | % (0))
=MR(t) | % (0)), (18)

which is expressed as

| (£)) =isiny (£) sin B (£) 1) + cosy (£)[2)
—isiny (t)cos B (¢)3). (19)
This is a state without a dynamic phase, and our task

is to adjust time-dependent parameters to realize pop-

ulation transfer, i.e. to make

(1% (£) =0, (2] % ()] =0,
and |(3]% (1)) = 1 (20)

to achieve the complete population transfer.
4. Adiabatic approximation

We now discuss the explicit conditions for achiev-
We consider the

adiabatic approximation where the terms containing

ing a complete population transfer.
time derivatives 4, 8 in the auxiliary equations (6)
and (7) can be neglected.

4.1. Full-adiabatic approximation

If the auxiliary parameters 7 (t) and ((t) both

vary with time slowly enough, i.e.

4(t)~0, and B(t)~0, (21)
we have
81)=2nm— () tan ()= ~g010. ()
Moreover, the values of 2, and 23 are adjusted to
have
v (t) = — arctan gzgg ~ —g, (23)

which means that {25 is negligibly small compared
with the norm (2, which is finite (in the partial-
adiabatic approximation discussed later {2 is regarded

as a quantity with very high value).
4.1.1. modified m-pulse method

In the approximation shown in Eq.(21), the sim-

plified form of Cy (t) is regarded as
C, (t) = —icos 3 (0) sin &g, (t), (24)

with the pulse area Eq.(15) reduced to

5fa /

(t') + 22 (¢')dt'. (25)
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When &, (t) = nm, we have Co (t) =0, and

~ 1 . .
Ci (1) :ﬁelﬂw)ﬂﬁ(t) [1 4 cos 8. (£)]
_ zlﬁe—iﬁ@)—iﬁ(t) [1 = cos b (1)], (26)

~ 1 . .
Cs (t) :me*‘ﬂw)*’ﬂ(ﬂ [1 + cos &, (2)]
1 . .
- ﬁefﬂ%ﬁ(f) [1—cosd (t)]. (27)
If the pulse area is adjusted such that d¢, (t) = 2nm,

we have

~ 1 . .
Ci(t) = 7561[3(0)*1/3(0’

~ 1 . .

‘We assume the orders of laser beams as follows: intu-

itive order (8 (t) — B (0) = —g), whereas counterintu-

itive order (8 (t) — B(0) = g),[m] then C; (t) =
Cs(t) = %

~ 1
Cs(t) = 7 for counterintuitive order. In both cases

for intuitive order; but Cy (t) =

)

Sl LS~

the complete population transfer is achieved.
In the case of &, (t) = (2n + 1)7, the state coeffi-

cients are

& (1) = _%e—iﬁ(O)—iﬁ(t)’
G (1) = — - eBO)+iB(1) (29)

V2

For both intuitive order with 3 (t) = —g, B(0) =0,

and counterintuitive order with 3 (¢t) = 0, 8 (0) = — =,

E; Cs (t) = E

Summing up all these situations, we obtain what

we have Cy (t) = —

we call the ‘modified m-pulse method’ which in-
cludes two conditions for achieving complete popula-
tion transfer: (a) the pulse area should be controlled
to have dg, (t) = nm, and (b)

_ 2(0)
B(t) — B(0) = arctan (0)
— arctan gjgg = :i:g (30)

should be satisfied.
4.1.2. STIRAP method
Our starting point of the scheme-STIRAP is

the null-eigenvalue instantaneous eigenstate Eq.(19)

which, in the full-adiabatic approximation, is reduced

to
| W () = —isin B(t)|1) +icos B(£)[3).  (31)

Assume the counterintuitive pulse sequence in this

scheme to have the following forms, i.e.

_ .92(0) - T
B(0) = —arctan 7o) 3
and
0

B (t) = — arctan ~ 0, (32)

D(t
which lead to obvious complete population transfer
that at initial time (¢ = 0), | ¥ (0)) = i|1); and at
time ¢, | ¥ (t)) = i|3). The population transfer can
(1)
$(t)

large initially and then becomes small enough after a

~

be asymptotically achieved if the ratio is very

long time adiabatic control.
For both the above two schemes, the adiabatic

condition Eq.(21) is required. We use

B(t)=—(t)
= 9 (aretan 20 L g 33
=3 <arc an Ql(t)) ~ 0, (33)

along with Eq.(23), which is exactly satisfied particu-
larly for £2; (t) = 0, to produce the transfer. In other
words, the adiabatic time-evolution is required in the
modified 7-pulse method based on our exact solu-
tion, and the population transfer can be obtained only
asymptotically, while the original 7-pulse method,!
in which the only condition is the pulse area being
odd-multiple of m, does not hold true for an adia-
batic process. The conditions in STIRAP scheme
discussed in Ref.[7] (where §25(t) = 0) are given by

590t > 1, which can be approached by increasing {2
in a finite time period t, or in other words, the com-
plete population transfer can be achieved with strong
enough pulses even for a short pulse duration. This
is far different from our adiabatic conditions (30) and
(33), which require a long interaction time no matter

whether {25 (t) vanishes or not.
4.2, Partial-adiabatic approximation

We now demonstrate a new method to obtain
population transfer in the framework of exact solu-
tion which has not been discussed in the literature.
We consider a very high value of §2) compared with a
finite {23 (different from the full-adiabatic case where
{23 is considered as being negligibly small) such that
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Eq.(23) is still satisfied approximately. From Eq.(6)

we have
B(t)~ 240 (34)

while 7 (¢) ~ 0, so called the partial-adiabatic approx-
imation.
4.2.1. Scheme A : m-pulse method

In the partial-adiabatic approximation, we ac-
quire Cy (t) = —icos3(0)sind,, (t) with the pulse
area in the partial-adiabatic approximation reduced
to

8pa (t) = /0 t 2 (') dt'. (35)

When the norm (2 is controlled to have pulse area
dpa (t) = nm, we obtain Co (t) = 0. The condition
for complete population transfer is formally the same
as that in the full-adiabatic case with §¢, replaced by
dpa- The long time interaction required in the full-
adiabatic case to have the finite change of phase angle,
i.e. Eq.(30), is, however, not necessary in the partial-
adiabatic approximation because of the non-adiabatic
condition Eq.(34). The pulse area 4y, (t) in this case
is totally independent of 23 (¢).
4.2.2. Scheme B: STIRAP

With the condition Eq.(23), the state vector
| ¥ (t)) in Eq.(19) has the same form as that in
Eq.(31). The mechanism responsible for the complete
population transfer in the partial-adiabatic approxi-

mation is similar to that in the full-adiabatic case,

however without the long time requirement to achieve
the population transfer Eq.(32). Particularly if £2; is
large enough the interaction time t could be shorter
than spontaneous emission time, which is exactly the

point interesting experimentalists.[23]
5. Conclusion

We have investigated the time evolution of a
three-state system by using an exactly solvable time-
dependent Hamiltonian given by a linear combination
of SU(2) generators with the help of the invariant

Hermitian operator. Besides the same requirement

20(t

o() ~ —f, the modified 7-pulse and
25(t) 2

the STIRAP schemes can be realized under two dif-

ferent conditions, respectively (1) ,B(t) ~ 25(t) = 0
for a long time; (2) B (t) ~ 25 /4 0 with a short pulse

duration. The former procedure is experimentally in-

¥ = — arctan

valid since slow population transfer conflicts with the
requirement to move population more rapidly than
spontaneous emission which depletes population.[2]
The latter is a new route to realize population trans-
fer experimentally for adjustment of {25 and pulse du-
ration to have the finite change of the phase angle
Eq.(30) is an easy task. We expect the formalism
based on the explicit time-evolution operator demon-
strated in the present paper to find application in
quantum computing. Further research along this di-

rection is in progress.
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